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Abstract

We attempt to extend properties of the ‘almost open’ and ‘bounded below’ oper-
ators from normed to topological vector spaces and algebras.

It is familiar that the group of invertible elements in a Banach algebra is an open
set whose boundary consists of topological zero divisors. The extension of these facts
to bounded operators on incomplete normed spaces [1] and to normed algebras is
perhaps not entirely predictable, but holds no great surprises; it might be hoped
that incomplete normed algebras and spaces would foreshadow what happens in
more general topological algebras and spaces.

Recall that a linear operator T : X → Y between topological vector spaces is
continuous if and only if

∀V ∈ NbdY (0) ∃U ∈ NbdX(0) : T (U) ⊆ V , (0.1)

or equivalently

∀V ∈ NbdY (0) ∃U ∈ NbdX(0) : U ⊆ T−1(V ). (0.2)

We shall call the linear operator T open if and only if

∀U ∈ NbdX(0) ∃V ∈ NbdY (0) : V ⊆ T (U); (0.3)

more generally T is almost open if and only if

∀U ∈ NbdX(0) ∃V ∈ NbdY (0) : V ⊆ cl T (U). (0.4)

For example if T is open then it must be onto: for if y ∈ Y is arbitrary then for
arbitrary V ∈ NbdY (0) there is k > 0 for which

y ∈ kV , (0.5)
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and now applying (0.3) with U = X ∈ NbdX(0) gives

y ∈ kV ⊆ kT (X) = T (X).

The condition of being open is just the strengthened version of being onto, which
gives a one–one operator a continuous inverse. Notice how the definition of ‘open’
has been derived from the continuity condition (0.1); if instead we work with the
condition (0.2) we arrive at the concept of ‘boundedness below’: call T : X → Y

bounded below or ‘almost closed’ (cf. [5, definition 5.19]) if and only if

∀U ∈ NbdX(0) ∃V ∈ NbdY (0) : T−1(V ) ⊆ U. (0.6)

Lemma 1. If X is Hausdorff then

T bounded below =⇒ T one–one ; (1.1)

whether or not X is Hausdorff

T bounded below and onto =⇒ T open. (1.2)

Proof. If T is bounded below and Tx = 0 we claim

x ∈⋂{U ∈ NbdX(0) : U}, (1.3)

for if U ∈ NbdX(0) is arbitrary then there is V ∈ NbdY (0) for which T−1(V ) ⊆ U,
and if Tx = 0 then x ∈ T−1(0) ⊆ T−1(V ). If T is bounded below and onto then for
arbitrary U ∈ NbdX(0) there is V ∈ NbdY (0) and K ⊆ X with

T−1(V ) ⊆ U and V = T (K),

giving

K ⊆ T−1(V ) ⊆ U
and then

V = T (K) ⊆ T (U).

Between normed spaces [1] the sets of bounded below and of almost open
operators form open subsets of the normed space of bounded operators, each
disjoint from the boundary of the other. If we ask the same question for continuous
linear operators between topological vector spaces we must also make a choice of
the topology on the space of operators; it seems however rather difficult to adapt
the normed space arguments [1, (0.7), theorem 1.2, (1.3.1)] to the topological vector
space situation. One small fragment [1, (1.3.2)] transfers easily:

Theorem 2. There is implication

T bounded below and dense =⇒ T almost open; (2.1)
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in particular if Z ⊆ Y is a dense subspace

∀V ∈ NbdY (0) : int(V ) ⊆ cl(V ∩ Z). (2.2)

Proof. Here of course dense means ‘has dense range’. For (2.2)

y0 ∈ intY (V ) =⇒ ∃W ∈ NbdY (0) : y0 +W ⊆ V ,
and take z ∈ Z ∩ (y0 + W ). Now if U ∈ NbdX(0) there is V = int(V ) ∈ NbdY (0)
with

T−1(V ) ⊆ U,=⇒ V ∩ (TX) ⊆ TU,=⇒ V ⊆ cl(V ∩ TX) ⊆ cl(TU).

If A is a topological algebra, with identity 1 and invertible group A−1, so that A
is a topological vector space with jointly continuous multiplication, call the element
a ∈ A a left topological zero divisor if and only if La is not bounded below, and a
right topological zero divisor if and only if Ra is not bounded below. Also call the
element a ∈ A almost left invertible if and only if Ra is almost open, and almost
right invertible if and only if La is almost open. In contrast to continuous operators
between topological vector spaces we now have a preferred topology, although the
problem of whether the bounded belows or the almost opens form open sets is no
easier. Evidently

Ra onto =⇒ a left invertible =⇒ Ra open =⇒ Ra almost open (2.3)

and

La onto =⇒ a right invertible =⇒ La open =⇒ La almost open (2.4)

while

Ra onto =⇒ La bounded below (2.5)

and

La onto =⇒ Ra bounded below. (2.6)

In normed algebras [1, theorem 3.2], if right multiplication has dense range then
left multiplication is bounded below.

Problem 3. Is there implication

Ra dense =⇒ Ra almost open =⇒ La bounded below? (3.1)

Is there implication

La dense =⇒ La almost open =⇒ Ra bounded below? (3.2)

Recall that a subset of a topological vector space is said to be bounded if it is
‘absorbed’ by neighbourhoods of the origin:
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Definition 4. The subset K ⊆ X is said to be bounded if there is kU > 0 for which

K ⊆ kUU for each U ∈ NbdX(0). (4.1)

We shall call the generalised sequence (xλ)λ∈Λ in X bounded if for arbitrary U ∈
NbdX(0) there are αU ∈ Λ and kU > 0 for which

αU ≺ λ ∈ Λ =⇒ xλ ∈ kUU. (4.2)

We shall call T : X → Y almost onto if for arbitrary y ∈ Y there is a generalised
sequence (xλ) in X for which

(xλ) is bounded and Txλ → y, (4.3)

and we shall call T conditionally bounded below if there is implication, for arbitrary
generalised sequences (xλ) in X,

Txλ → 0 ∈ Y and (xλ) bounded =⇒ xλ → 0 ∈ X. (4.4)

Zelazko [6, (6)] calls the condition (4.2) ‘almost bounded’, while Vera [4, definition
2] calls it ‘ultimately bounded’.

Theorem 5. There is implication

T almost open =⇒ T almost onto (5.1)

and

T bounded below =⇒ T conditionally bounded below . (5.2)

Proof. If T is almost open then for each U ∈ NbdX(0) there is V ∈ NbdY (0) for
which

V ⊆ cl T (U)

and then if y ∈ Y there is kU > 0 for which

y ∈ kUV ⊆ cl T (kUU) :

thus there are xW ∈ X for each W ∈ NbdY (0) for which

xW ∈ kUU and y − TxW ∈W.

This gives (5.1): notice that the generalised sequence (xW ) is bounded in the simple
sense that its whole set of terms K = {xW } satisfies (4.1). For (5.2) we have, if T is
bounded below, implication for arbitrary (xλ) in X

Txλ → 0 ∈ Y =⇒ xλ → 0 ∈ X : (5.3)

simply argue

αU ≺ λ =⇒ Txλ ∈ V =⇒ xλ ∈ U.

Of course (5.1) is trivial for bounded operators between normed spaces [2].
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Theorem 6. If a ∈ A is an element of a topological algebra A there is implication

Ra almost onto =⇒ Ra almost open =⇒ La conditionally bounded below (6.1)

and

La almost onto =⇒ La almost open =⇒ Ra conditionally bounded below . (6.2)

Proof. If Ra is almost onto there is a generalised sequence (bλ) in A for which

(bλ) is bounded in A and bλa→ 1 ∈ A, (6.3)

so that there are kU > 0 for which, for arbitrary U ∈ NbdA(0), 1 ∈ cl{xa : x ∈ kUU}
and hence

y ∈ A =⇒ y ∈ cl{yxa : x ∈ kUU} ⊆ cl{xa : x ∈ kUyU}. (6.4)

Thus {y ∈ A : kUy ∈ U} ⊆ cl{xa : x ∈ UU} and finally

V = {y ∈ A : kU ′y ∈ U ′} with U ′U ′ ⊆ U (6.5)

gives V ⊆ cl{xa : x ∈ U}.
For the second implication we remember (5.1) and claim

Ra almost onto =⇒ La conditionally bounded below. (6.6)

Indeed if 1− bλa → 0 and axµ → 0 with bounded (bλ) and (xµ), then there are αU ,
kU > 0, βU , and hU > 0 for which, for arbitrary U ∈ NbdA(0),

αU ≺ λ =⇒ bλ ∈ kUU and 1− bλa ∈ U (6.7)

and

βU ≺ µ =⇒ xµ ∈ hUU and axµ ∈ U, (6.8)

so that

βU, βU ′ ≺ µ and αU, αU ′ ≺ λ =⇒ xµ = (1− bλa)xµ + bλ(axµ) ∈ U ′(hUU) + (kUU)U ′.
(6.9)

Now if U ∈ NbdA(0) there is U ′ ∈ NbdA(0) for which U ′(hUU) + (kUU)U ′ ⊆ U.
This proves (6.1), and similarly (6.2).

We shall call a ∈ A approximately left invertible, or ‘topologically left invertible’,
if and only if Ra is dense, and approximately right invertible, or ‘topologically right
invertible’, if and only if La is dense, and boundedly topologically left, or right,
invertible if and only if Ra, or La, is almost onto: this is the terminology of Thatte
and Bhatt [3]. We shall also call a ∈ A almost left, or right, invertible [1] if and only
if Ra, or La, is almost open: thus

a boundedly topologically left invertible ⇐⇒ a almost left invertible (6.10)
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and

a boundedly topologically right invertible ⇐⇒ a almost right invertible. (6.11)

In fact neither the bounded below nor the almost open operators need form open
sets, the implication (5.2) is not reversible, and the first part of both (3.1) and (3.2)
may fail. Our example (cf. Zelazko [6]) is the algebra `∞, with pointwise operations
and the ‘c0 topology’, in which a generalised sequence xλ converges if and only if
the product xλc converges in the usual `∞ norm for each c ∈ c0.

Example 7. If A is the algebra `∞ with the c0 topology and if a ∈ A there is
implication

Ra = La dense ⇐⇒ 0 6∈ {an : n ∈ N} (6.12)

and

Ra = La almost onto =⇒ infn|an| > 0 =⇒ Ra = La open. (6.13)

Also

Ra = La one–one =⇒ 0 6∈ {an : n ∈ N} =⇒ Ra = La conditionally bounded below
(6.14)

and

Ra = La bounded below =⇒ infn|an| > 0 =⇒ a ∈ A−1 invertible. (6.15)

Finally the terminating sequences are dense

clA(c00) = A. (6.16)

Proof. If an 6= 0 for all n ∈ N then La = Ra is dense: we claim that for arbitrary
c ∈ c0 and arbitrary y ∈ `∞ there is x ∈ `∞ for which

||(y − ax)c||∞ ≤ 1.

Indeed take

xn = 0 if |yncn| ≤ 1 , =
yn

an
if |yncn| > 1. (6.17)

Conversely if ak = 0 then, with c = δk ∈ c0 the Kronecker delta, we have, for
arbitrary b ∈ A,

||(1− ab)c||∞ ≥ |(1− akbk)ck| = 1.

If infn|an| > 0 then ba = 1 = ab with b ∈ A given by bn = 1/an, so that certainly
Ra = La is open; conversely, for a contradiction, suppose infn|an| = 0 and that also

(1− bλa)c→ 0 in `∞ for arbitrary c ∈ c0, (6.18)

with

supαc≺λsupk|bλkck| = Kc < ∞ for arbitrary c ∈ c0. (6.19)
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Since |an| can be arbitrarily small there is a subsequence (a′n) = (aθ(n)) for which

a′n → 0 with |a′n+1| ≤ |a′n| ≤ 1 : (6.20)

evidently both (7.7) and (7.8) hold with θ(k) in place of k. Thus if (7.7) holds and
we take c′n = cθ(n) = a′n and write b′λn = bλθ(n) we have

α′ε ≺ λ =⇒ supk|1− b′λka′k||a′k| ≤ ε,
while if (7.8) holds and we take c′n = cθ(n) =

√|a′n| we have

supαc≺λsupk|b′λk|
√
|a′k| ≤ Kc < ∞.

Thus if αc, α
′
ε ≺ λ and k ∈ N we have

(1−Kc

√
|a′k|)|a′k| ≤ (1− |b′λka′k|)|a′k| ≤ ε :

but taking 4ε = |a′k| ≤ 1/4K2
c gives a contradiction.

If ak = 0 then La(δk) = 0 6= δk , so that La is not one–one. Conversely if
0 6∈ {an : n ∈ N} suppose ‖axλc‖ → 0 for each c ∈ c0: taking in particular c = δk
the Kronecker delta it follows

|xλk| → 0 for each k ∈ N. (6.21)

The argument is reminiscent of Lebesgue dominated convergence: if at the same
time (xλ)λ∈Λ is bounded in the sense (4.2) then for each c ∈ c0 there is βc ∈ Λ and
Kc > 0 for which

supβc≺λsupn|xλncn| = Kc < ∞.
Thus for arbitrary c ∈ c0 and arbitrary ε > 0 there is N(ε) ∈ N for which

n ≥ N(ε) =⇒ |cn| ≤ ε
and then if ε′ > 0, α(ε′) ∈ Λ for which, by (7.10),

supα(ε′)≺λmaxn≤N(ε)|xλn| ≤ ε′.
Now if α(ε′) ≺ λ and βc ≺ λ then

max(maxn≤N(ε)|xλncn|, supn≥N(ε)|xλncn|) ≤ max(maxn≤N(ε)|cn|ε′, Kcε),

so choose ε > 0 and ε′ > 0 in such a way that

maxn≤N(ε)|cn|ε′ ≤ Kcε ≤ 1.

If infn|an| > 0 then we have already seen that a ∈ A−1 is invertible; conversely
to see that if infn|an| = 0 then La is not bounded below we may assume that 0 6∈
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{an : n ∈ N}: take again a subsequence a′ satisfying (7.9) and define x = (xn) = (xnk)
by setting xnm = 0 if m 6∈ θ(N) and

x′nm = xnθ(m) =
1

a′m
if n ≤ m ≤ 2n, = 0 else. (6.22)

Evidently, for arbitrary c ∈ c0,

||axnc||∞ = supm|amxnmcm| ≤ supk≥n|c′k| → 0;

but if we take c ∈ c0 with

c′m =
√|a′m| for each m ∈ N (6.23)

then ||xnc||∞ = ||x′nc′||∞ ≥ 1√
|a′n|
→ ∞. Thus, in the topology of A, anxn tends to 0

but not xn.
Finally, for (7.5), we need for arbitrary y ∈ `∞ and c ∈ c0 an element x ∈ `∞ for

which ||(y − x)c||∞ ≤ 1: so take

xn = yn if |yncn| > 1 , = 0 if |yncn| ≤ 1. (6.24)

Of course it is clear that all the implications in Example 7 are two-way. From
(7.5) in particular it is clear that, unlike normed algebras, the sets of almost open
and of bounded below multiplication operators have empty interiors, and are far
from disjoint from one another’s boundaries.

Some of this pathology survives both in Frechet algebras and in ‘locally mul-
tiplicatively convex algebras’. For example in the algebra of entire functions [5,
example 5.27] the elements that induce bounded below multiplications form an open
set, but those whose multiplications are almost open have empty interior.

Example 8. If A is the algebra of entire functions on C with the topology given by
the seminorms || · ||R for all R > 0, where

||f||R = sup|λ|=R |f(λ)| = sup|λ|≤R |f(λ)| (6.25)

for each R > 0 and each f ∈ A, then for f ∈ A there is implication

Rf = Lf one–one =⇒ f 6= 0 =⇒ Lf = Rf bounded below (6.26)

and

Rf = Lf dense =⇒ f−1(0) = ∅ =⇒ f ∈ A−1 invertible. (6.27)

Also

intAA
−1 = ∅. (6.28)

Proof. Recall that the zeroes of non-trivial holomorphic functions have no accu-
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mulation points:

0 6= f ∈ A =⇒ f−1(0) = iso f−1(0). (6.29)

Thus if 0 6= f ∈ A and R > 0 there is R′ ≥ R for which

f−1(0) ∩ {|z| = R′} = ∅ : (6.30)

now put

kR = inf |λ|=R′ |f(λ)|. (6.31)

For arbitrary g ∈ A it follows

kR ||g||R ≤ kR ||g||R′ ≤ sup|λ|=R′ |f(λ)g(λ)| = ||Lf(g)||R′ , (6.32)

giving the second implication of (8.2). Of course the first implication of (8.3), and
the second implication of (8.4), are clear: for the first implication of (8.1) argue that
if f(λ) = 0 with |λ| ≤ R then for arbitrary g ∈ A

||Rf(g)− 1||R ≥ |g(λ)f(λ)− 1| = 1. (6.33)

Finally, for (8.4) observe that for arbitrary R > 0

1− 1
n
z 6∈ A−1 and ||1− 1

n
z||R → 0. (6.34)
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