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ABSTRACT

This paper discusses the topological structure of the set of solutions of % =Vx
a.e. on [0, T, x(0) = xo.

1. Introduction

In this paper we examine the solution set of the abstract Volterra equation

dx(t)
S =V ae e[0T (1.1)
x(0) = xo,

here V is the abstract Volterra operator. By placing mild conditions on the operator
V we will show that the set of solutions of (1.1) is a R; set [6] (so in particular
non-empty, compact and connected). In the literature the solution set of differential
equations has received a lot of attention (see [4], [6] and [11] and their references).
Only [2] and [3] examine the general case (1.1). In this paper we improve and
complement the theory presented in the literature [2], [3], [6] and [11]. Our results
rely on results in [8] and [9] together with a well known result in the literature [6,
p. 161] (or see [11]). For convenience we recall the result in [6] and [11].

Theorem 1.1. Let E = C([0, T],R") and suppose that F : E — E is a continuous,
compact map such that the following conditions hold:
(1) there exists xo € R" with F(u)(0) = x¢ for all u € E;
(i1) for every € € (0, T] and every u, v € E, if u(t) = v(t) for each t € [0,€] then
F(u)(t) = F(v)(¢t) for each t € [0,€].
Then Fix(F) is a Rs set.

2. Solution set

We begin with the general problem (1.1). Solutions are sought in AC([0, T], R").
We assume that the following conditions are satisfied:

V is an abstract Volterra operator, i.e. if x(t) = y(t) fort € [0,e],e < T,
then V x(t) =V y(t) for a.e. t € [0,€], (2.1)

V :C([0,T],R") - L?([0, T],R"), 1 < p < oo, is a continuous operator, (2.2)
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for any constant r > 0 there exists u, € LP[0, T] such that for any
y € C([0, T],R") with [ylo=sup [y(t)] <r, we have [V y(1)] < w (1)
[0,7]

for ae. t€[0,T] (2.3)

and

there exists a constant M > |xo| with [y]o < M for any possible solution
y € AC([0, TI,R") to (1.1). (2.4)

Let € > 0 be given and let 7. : R" — [0, 1] be the Urysohn function for
(B(0,M), R"\B(O,M +¢)),

such that 17.(x) =1 if |x] < M and 7.(x) =0 if |x] > M + €. Let V(x) = 1(x) V(x)
and we will consider the problem

AXO _ 1) ae te0,T]
X (2.5)
x(0) = xo.

Let Sy(xo;R") denote the solution set of (1.1) and Sy (xo;R") the solution set of
(2.5).

Theorem 2.1. Suppose (2.1), (2.2), (2.3) and (2.4) hold. Let € > 0 be given and assume
[wlp < M for any possible solution w € AC([0, T],R") to (2.5). (2.6)
Then Sy(xp;R") is a Rs set.

ProoF. Notice that (2.4) and (2.6) imply Sy(xo;R") = Sy.(x0;R"). Next we define
the operator N, : C([0, T],R") — C([0, T],R") by

Noy(t) = xo+ /0 ' V(x(s)) ds.

We first show N, : C([0, T],R") — C([0, T],R") is continuous. To see this let y, — y
in C([0, T],R"). Then (2.2) and (2.3) imply

T
Noyw = Noylo < /0 e (a(s)) — 7e(($)] [V3(5)]
o %
Tq Vyus)—V ’d
T ( /0 W 3(s) — V 3() s)

1 1
-0 if 1<p<oo (here ;+5=1)
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and

T
|MW—NJbSA [t (a(s)) — 7o (¥ ()] [Vy(5)] d
LT esssup |V yals) — V y(5)
-0 if p=oo.

Thus N, : C([0, T],R") — C([0, T],R") is continuous. Next we show that N, is
compact. Now (2.3) and the definition of 7. imply that there exists u € L?[0, T with

[te(y(t)) V y(t)| < u(t) for a.e. t € [0,T] and all y € C([0, T],R").

Now N.(C([0, T],R")) is uniformly bounded since if y € C([0, T],R") then

t
INeylo < [Xo —i—/ u(s) ds.
0

Also N.(C([0, T],R")) is equicontinuous on [0, T] since if y € C([0, T],R") and
t1, tr € [0, T] with t; < t, then

5]
wwm—MWMs/u@@HOmaau

131

The Arzela—Ascoli theorem now guarantees that N, : C([0, T],R") — C([0, T],R")
is compact.
Theorem 1.1 implies that Sy, (xo;R") = Fix(N.) is a Rs set. H

Theorem 2.2. Suppose that (2.1), (2.2) and (2.3) hold and assume that the following
conditions are satisfied:

there exists o € L'[0,T] and g :[0,00) — (0,00) a Borel measurable
Sfunction such that for a.e. t € [0,T] and all y € C([0, T],R")
we have (y(t), V(y(1))) < a(0)|y(1)|g(ly(1)]) 2.7)

and
T “ dx
A OC(S) ds < /x[) @, (28)

here (., .) denotes the Euclidean scalar product. Then Sy(xo;R") is a R; set.

PrOOF. Let € > 0 be given,

T z
My=1"" (/ oc(s)ds), where I(z)z/ d—x, and M = M, + 1.
0 Ixo| ()

We will show that any possible solution u of (1.1) satisfies |u|o < My and any possible
solution y of (2.5) satisfies |ylo < My. If this is true then Theorem 2.1 implies that
Sy(xo;R") is a R; set.
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Suppose that u is a possible solution of (1.1). Then we have
lu(t) < a(t) g(Ju(t)]) ae. on {te[0,T]: |u(t) > 0}.

Lemma 3.2 in [5], applied with R = |xo|, w(x) = g(x) and z(t) = |u(t)|, implies
lu(t)] < My for all t € [0, T]. Thus any possible solution u of (1.1) satisfies |u]o < M.

Next let y be a possible solution of (2.5). Suppose there exists t € (0, T] with
ly(t)] > My. Then there exists [0,ty] = [0, T] with 0 < |y(s)] < M, for s € [0, 9] and
ly(to)] = My. Also for ae. s € [0,t9] we have y'(s) = Ve(y(s)) = V(y(s)). Thus we
have

eI < als)g(y())) ae on {s€[01] : |y(s)| > 0}.

Now Lemma 3.2 in [5] will yield a contradiction (see the argument in [5, p. 44]). Thus
[ylo < My [of course we could show |ylo < My directly also, since (y(t), Ve(y())) =

(VOO V() < a®y@lgy(0) and so [y < «(g(ly(@)]) ae. on
(tel0T]: yn)>0]. m

A special case of (1.1) is the initial value problem

dx(t) _
{ - = f(t,x(t)) ae. tel0,T] (2.9)
x(0) = xo.

We suppose that the following conditions are satisfied:

f:[0,T] xR" - R" is a L'-Carathéodory function; by this we mean that

(i) the map t+— f(t,z) is measurable for all z € R",

(i1) the map z+— f(t,z) is continuous for almost all t € [0, T],

(iii) for each r > 0 there exists u, € L'[0, T] such that

|z| <r implies |f(t,z)] < w,(¢) for almost all ¢ € [0, T] (2.10)

and

there exists a constant M > |xo| with |y|o < M for any possible solution
y € AC([0, T],R") to (2.9). (2.11)

Let € > 0 be given and let 7. be the Urysohn function as described previously.
Consider the problem

{ d;(tt) = 1.(x(1)) f(t,x(t)) ae. te][0,T] (2.12)
x(0) = xo.

Let Sy(xo;R") denote the solution set of (2.9).
Theorem 2.3. Suppose that (2.10) and (2.11) hold. Let € > 0 be given and assume that
[wlo < M for any possible solution w € AC([0, T],R") to (2.12). (2.13)

Then Sy(xo;R") is a Rs set.
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Theorem 2.4. Suppose that (2.10) holds and assume that the following conditions are
satisfied :

there exists o € L'[0,T] and g :[0,00) — (0,00) a Borel measurable
function such that for a.e. t € [0,T] and all y € R"
we have (y,f(t,y)) < o(t)lylg(ly]) (2.14)

T © dx
d — 2.15
/0 o(s) S<,/xOg(X)’ (2.15)

here (., .) denotes the Euclidean scalar product. Then S¢(xo;R") is a Rs set.

and

Next we discuss the Volterra integral equation, namely

y(t) = h(t) + /0I k(t,s)f(s,y(s))ds for te[0,T]; (2.16)

here k : [0, T] x [0,t] — R and f : [0, T] x R" — R". Suppose that the following
conditions are satisfied:

he C([0, T],R"), (2.17)

f:[0,T] xR" - R" is a L?-Carathéodory function (here ¢ > 1 is a
constant); by this we mean that

(i) the map t+ f(t,z) is measurable for all z € R",

(i1) the map z+— f(t,z) is continuous for almost all t € [0, T],

(iii) for each r > 0 there exists y, € L1[0, T] such that

|z| <r implies |f(t,z)] < wu(¢) for almost all ¢ € [0, T], (2.18)

1 1
k,(s) € LP[0,t] for each t € [0,T]; here E + 5 =1 and for each
t€[0,T], k, : [0,t] > R is defined by k(s) = k(t,s) (2.19)

13
for any ty, t, € [0, T] we have that / k¢, (5) — key(s)|Pds — O
0
as t; — t, where t3 = min{ty, 1} (2.20)
and

there exists a constant M > |h|y with |y|o < M for any possible
solution y to (2.16). (2.21)
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Let € > 0 be given and let 7. be the Urysohn function as described previously.
Consider the problem

t)+/ k(t,s)te(y(s)) f(s,y(s))ds for t e [0, T]. (2.22)

Let S(R") denote the solution set of (2.16) and S.(R") the solution set of (2.22).

Theorem 2.5. Suppose that (2.17), (2.18), (2.19), (2.20) and (2.21) hold. Let € > 0 be
given and assume

[wlo < M for any possible solution w € C([0, T],R") to (2.22). (2.23)

Then S(R") is a R; set.

Proor. Notice that S(R") = S.(R"). Define the operator N. : C([0,T],R") —
C([0, T],R") by

Ney(l)Zh(t)+/O k(t,s) e(v(s)) £ (s, y(s)) ds

A slight modification of the argument in [9] and [10] implies that N.: C([0, T],R") —
C([0, T],R") is continuous. Next we show that N. is compact. Now (2.18) and the
definition of 7. imply that there exists u € L[0, T] with

[te(y(t)) f(t, y(2))| < u(t) for ae. t€[0,T] and all y € C([0, T],R").

Now N(C([0, T],R")) is uniformly bounded since if y € C([0, T],R") and t € [0, T']

then
N T :
IN. y(0)] < Hlo + (tesur;] ( / lki(s) |”ds) )( /0 ;ﬂ(s)ds) .

Also N.(C([0, T],R")) is equicontinuous on [0, T] since if y € C([0, T],R") and
t1, tr € [0, T] with t; < t, then

r, ! T i
INe y(t1) — Ne y(02)| < [h(t1) — h(t2)] + (/0 ki, (5) — ke, (s)[P dS) (/0 wi(s) dS)

(zze (/ “S)"’dS) ) (/f ““W)q'

The Arzela—Ascoli theorem now guarantees that N. : C([0, T],R") — C([0, T],R")
is compact.
Theorem 1.1 implies that S.(R") = Fix(N¢) is a Rs set. H

Theorem 2.6. Suppose that (2.17), (2.18), (2.19) and (2.20) hold and assume that the
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following conditions are satisfied :

there exists o € L'[0,T] and g :[0,00) — (0,00) a non-decreasing
continuous function such that |k(t,s) f(s,u)| < a(s)g(Ju]) for a.e.
s€[0,t], ae t€[0,T] and all ueR" (2.24)

T “ dx
/0 a(s)ds < /h0 @ (2.25)

and

Then S(R") is a Rs set.

ProOF. Let € > 0 be given,

T z
My=1""! </ oc(s)ds), where I(z)=/ d—x, and M = M+ 1.
0 |hlo g(x)

We will show that any possible solution u of (2.16) satisfies |uly < My and any

possible solution y of (2.22) satisfies |yl < My. If this is true then Theorem 2.5
implies that S(R") is a R; set.
Suppose that u is a possible solution of (2.16). Then

[u(t)] < Ihlo ~|—/0 a(s) g(lu(s)))ds = w(t) for t e [0, T].

Now w'(t) = a(t) g(Ju(t)|) < a(t) g(w(t)) a.e. and so

w(x) ds B x& x T
/ho @_/o cwis) &= /0 «(s)ds < /0 o(s) ds

for x € [0, T]. Thus w(x) < My for any x € [0, T] and so |u(x)] < M, for all
x € [0, T].

Next let y be a possible solution of (2.22). For t € [0, T], since 7. : R" — [0, 1],
we have

(0] < Ih(t) + /0 k(t9) 7e(¥(5)) £ (5. ¥(5)) ds|
< [hlo + /0 () g((y(s)]) ds

and again we have |y(x)] < M, for all x € [0, T]. W

Remark 1. The theory presented in this paper could be extended easily to the more
general case of functional Volterra equations, i.e. to problems of the form

y(t) =V y(t) on [0,T]. (2.26)

Here V is an abstract Volterra equation and we also assume that there exists xo € R”
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with V x(0) = x¢ for all x € C([0, T],R"). We leave the details to the reader; again
one must consider an adjusted problem

y(@)="Vey(t) on [0,T]. (2.27)
For example we can write (2.16) in the form (2.26) with
Vy(t) =S o7 y),

where S : L4([0, T],R") — C([0, T],R") is given by

S x(t) = h(t) + / t k(t, s) x(s) ds
0
and 7 : C([0, T],R") — L4([0, T],R") is given by

F y (1) = f(& y(1).

Notice in this case V. y(t) = S o F . y(t) where #. : C([0, T],R") — L4([0, T],R") is
given by

F ey (t) = te(y(0) £ (&, y(1)).
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