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ABSTRACT

We use coincidence degree arguments in order to derive the existence and unique-
ness of periodic solution of equation (1.1).

1. Introduction

In this paper we prove the existence and uniqueness of 2zn-periodic solution for
the fourth order differential equation with time delay of the form

xP(t) +a X (t) + bx(t) + cx(t) + g(t, x(t — 1)) = p(t)
X0(0) = x0(2m),i = 0,1,2,3, (1.1)

where a, b, ¢ are constants, g is a Carathéodory’s function, p € L;n and t € [0,27] is
a fixed time delay. The unknown function x:[0,27] — R is defined for 0 <t < 7 by
x(t — ) = x(2n — (t — 7)). Various fourth order boundary value problems are used
to model deformations of elastic beams that have found applications in structures
such as aircraft, buildings, ships and bridges. Some of these equations have been
extensively studied in recent years (see [1], [4], and references therein). Similarly
some problems in biological or physiological systems can be modelled by fourth
order differential equations with time delay, for instance the oscillatory movements
of muscles that occur from the interaction of a muscle with its load (see [7]).

In section 2 of this paper we shall consider the problem of non-existence of non-
trivial 2z-periodic solutions of some linear analogues of (1.1). In section 3 we shall
prove that under suitable conditions on the constants a,b,c and on the asymptotic
behaviour of the ratio %yy) the equation (1.1) possesses at least one 2zn-periodic

solution for each p € L} . The technique of proof uses coincidence degree theory [6]
and the a priori estimates are obtained by adapting the methods established in [3].
Finally, in section 4 we shall obtain uniqueness results.

We use the following notations and definitions. Let R denote the real line and I
the interval [0,2x]. The following spaces will be used: L5 = LP(I,R) are the usual

Lebesgue spaces, 1 < p < oo, with x € L}, 2n-periodic

x:I — R.x,%...x*"! are absolutely

HY, = H*(I,R) = | continuous x*¢L3 and
xD(0) = x'(2n),i =0,1,2,3...k—1
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with norm [x|%, = (1 27 (1) dt) + LY N(0))2dr, and WED = (x:1 —

R, x,%...x*"! are absolutely continuous, x* € L3 and x'(0) = x'(2n),i = 0,1,2,
3...k — 1} with norm

— t)
X1 = 5 Z/ (1)\dt.

A function x € W;’: is a solution of (1.1) if it satisfies (1.1) almost everywhere on
R. For such a solution, we set x = X + X where

X(t) =ao+ Y _(axcoskt + by sinkt) (1.2)
k=1
(1) = Y (axcoskt + by sinki). (1.3)
k=n+1

2. The linear case

To motivate our study, we consider in this section the problem of non-existence
of non-trivial periodic solutions for some linear analogue of (1.1). Specifically, we
consider the equation

XU 4axX +bx+cx+dt)x(t—1)=0
Xi(0) = xi(27).i = 0,1,2,3 2.1)

where a,b, ¢ are constants and d(t) € L}
Our result is as follows.

Theorem 2.1. Let n > 1 be an integer and let the following conditions be satisfied.:
(1) a>0,
(ii) <> n?,
(iif) b < =2,
(iv) n> < b7ld(t) < (n+1)? holds uniformly a.e int € [0,2n], with strict inequalities
n? < b7ld(t), b7'd(t) < (n + 1)* holding on subsets of [0,2n] of positive
measure,
and suppose that there exist constants 6 >0, n > 0 with
(V) 0 (3;2a
then the boundary value problem (2.1) has no non-trivial periodic solution in W;’Tl.

Proor. First, we rewrite (2.1) in the form
bl x" +aX +cx]+[x+ T (O)x(t—1)] =0 (2.2)

where I'(t) = b~ 'd(t) € L} . Let x = X + X € H;_ be any solution of (2.2). Then,
on multiplying (2.2) by X(t — t) — X(t) and integrating over I, we obtain I{ + I, =0
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where
= [ =0 = SO+ + e 23)
27[ 0
and
2n
I, = 1 (xX(t — 1) — X(0)[% + ' (t)x(t — 7)]dt. (2.4)
27'[ 0
|

To estimate I;, we obtain first from definitions (1.2), (1.3) and orthogonality of
X and X that

1 2 i . 1 2n ) 1 o _
G U e R T / Ny
27'5 0 27'5 0

= Zk“(ak—i—bk)coskr— Z k*(a? + b?),

k=1 k=n+1
2n 1 2n n
3 ), (X(t — 1) — X(1))[X + X]dt = E/o X(t —1)Xdt = Zk3(af + b}) sinkr,
k=1
2n . . 1 2n
3 [ (=) —X(O)[F + Xde = E/o X(t — 1)xXdt = Zk(ak + b}) sinkr.
k=1
Thus

Ii=b" 12{ coskt 4 (ak® — ck)sinkt](a} 4 b})} — b~ Z k*(a? + b?),
k=n+1

| < |b|™! Z{[k4|coskr| + |ak?® — ck| sinkz|](a; + b3)} + |b|™! Z k*(ai + b?),
k=1 k=n+1

x 2—18‘215‘ (ai +b}).

o0
< b7 > k*(ai + b7) + alb] ™! max
k=1 - k=1

From condition (ii) we have

L < b7 KHag + bi) + b an Yk (aj + b)
k=1 k=1

where

c
—maxf—k2 -—1
n 1<k<n|a | = Ia l,
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and from condition (iii) we get
0 0
L < a) Kag + b)) +a’n Y k(@ +by)
k=1 k=1
= a|x\§§n + a2n|>'c|i%n
<(a+ azn)|x|12qzln.

The term I, can be estimated as in [5] to obtain

0

2n
+ % /0 [¥3(t — t) — T ()Xt — 7)]dt

2n
RS [T (6)%(t — 1) — Xt — 7)]dt
27'C 0

> §|x[7,, for some & > 0.

Therefore
O0=I+1>(—(a+ azn)|x|§121 .

Using condition (v) we conclude that x = 0.

3. The non-linear case

We shall be concerned here with the non-linear boundary valve problem of the
form

XY +aX +bx + cx + g(t, x(t — 1)) = p(t)
x0(0) = xD2n) i=0,1,2,3 (3.1)

where a, b, ¢ are constants and p € L} ,g:1 x R — R is such that g(t+27, x) = g(t, x)
and is a Carathéodory’s function with respect to L} , that is
(1) g(.,x) is measurable on I for each x € R,
(i1) g(t,.) is continuous on R for aet €1,
(iii) for each r > 0 there exists Y, € L} such that

lg(t, x)| < Y,(1)3.2) (3.2)

for almost every t € I and all x € R such that |x| < r.
First, we shall prove the following lemma.
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Lemma 3.1. Let all the conditions of Theorem 2.1 be satisfied. Assume that o, € L}
satisfy the following conditions:

n <bla(t)y <b7IB(t) < (n+1)? (3.3)

for a.e t € [0,2n] where n > 1 is an integer, and n> < b~'a(t), b1 p(t) < (n+ 1)?
on subsets of [0,2n] of positive measure. Suppose that there exist constants ¢ > 0 and
0o > 0 with

b~la(t)—e < b7 ld(r) < b1 B(t) + ¢,
then

2n
/ X 4 a¥ b 4k + d(Ox(t — D|dt = S| . (34)
o 2n

PrROOF. Assume that the conclusion of the lemma does not hold. Then there exists
a sequence

(xXa} € Wi with [x,] 0 =1
2n

and a sequence {d,(t)} € L1 with

at) 1 _dt) _B() 1
—— - < < 24— .
b n= b S b Ta (3:3)
for a.e, t € [0,2n] such that
; 1
‘xizv + axy + bxn + an + dn(t)xn(t - T)|L£ < % (36)
(3.5) implies
b~ dy(1)] < pt) (3.7)
for some p € L} where u(t) can be taken as
B() (1)
— +1 — —1
S+ 1+ 15—

using the compact embeddings
41 31 21
W27‘[ < W27z < WZTL

. . 21 . . .
and the continuous embedding of W’ into Ci_, and, going if necessary to subse-
quences, we can assume that

x, — x in C'[0,27]
%, — X in L}
X, — X in L%n.

By (3.5) we have

? <bld(r) < @ (3.8)
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Moreover by corollary 4.8.11 of [2] and (3.7) we have that
d,(t) — d(t) in L.

Now for all y € L5 we have

2n
|b|~!| /0 P(O)dn(t)xn(t — 1) — d(1)x(t — 7)]d1]

2n 2n
< b7 /0 dn(0)[xn(t — 7) — x(t — D)]p(t)dt| + | 5 (dn(t) — d(0))p()x(t — 7)dt|}

2n
< klxalt —7) = x(t =)+ [bI7"| [ (da(t) = d(£)x(t — Typ(t)de|
0

where
k= lylp-.|u(@)l -
So that
b7 d,(t)xu(t — T) = b~ 'd(t)x(t — 1) in L1 .
By (3.6) we deduce that
X — aX —bx — cx — d(t)x(t — 7).
The weak closedness of the graph of the linear operator % implies that x € W;’Tl
and
x4+ aX +bx + cx 4+ d(t)x(t — 1) = 0.
By (3.8) and Theorem 2.1 we deduce that x = 0. Thus x, — 0. This contradicts

|xu| 40 =1 foralln. m
2n

We shall now prove the following existence result for equation (3.1).

Theorem 3.2. Let a,b,c be constants such that
(i) a>0,
(i) £ > n?,
(iii) b < —n?,
and let g be a Carathéodory function such that the inequalities
- 0 glt,x) _ p(r)

X
< < < 1 2 )
p = Mim inf =5 =< lim sup = = < 5= < (14 1) (3.9)

hold uniformly for a.e t € I, where n > 1 is an integer, o, f € L}, and the strict
inequalities

n? < b7 Yd(t),b~ld(t) < (n + 1)?
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hold on subsets of I of positive measure. Suppose that there exist constants 6 > 0,1 =
|¢ — 1] with
0—a

0<
a2

=n

= 1>

then the boundary value problem (3.1) has at least one solution in W;’Il.

PrOOF. Let ¢ > 0 be associated to o, in Lemma 3.1. Then by (3.9) there exists a
constant R = R(e) such that

0 _, g f0)

forae ¢ €1 and all x € R with |x| > R.
Define a function Y:R — R by

xg(t,x)if |x| > R
Y(t,x)=<{ xR2g(t,R)+ (1 —xR'B(1),0<x <R (3.10)
XR7g(t,R) + (1 + xR™)B(1).—R < x <.

Hence

“(bt) 6 < Y(Z’x) < ? T (3.11)
for a.e t € [0,2n] and all x € R.

Define & and ¢ by g(t,x) = Y (¢, x)x.¢(t,x) = g(t,x) — §(t,x) and observe that
both g and ¢ are Carathéodory’s functions.

Thus there exists Yg € L} such that

(2, x)| < Yr() (3.12)
for a.e t € I and all x € R where

Yr = Yr(x, ).
The equation (3.1) is thus equivalent to

X"+ aX +bx + cx + YV (6, x(t — 7)x(t — 1) + $(t, x) = p(t)
x0(0) = xV(2n),i = 0,1,2,3. (3.13)

To apply coincidence degree theory [6] to (3.1) written in the form (3.13) we set
X = W247,z]’ Z = Lén
domL = {x € X:x"(0) = x)(2%) and X is absolutely continuous on [0, 27]}.

L:domL <X —>Z, x—x"+aX+b%+cx
H:domL <X —>Z, x-—g(t,x(t—r1))
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A:domL <X —>Z, x-— p(t)x(t—1)
G:domL <X —>Z, x-— ¢(t,x(t—r1))
T:domL <X —>Z, x-— —p(t).

It is easily checked that H and G are well defined and L-compact on bounded
subsets of X, and that L is a linear Fredholm mapping of index zero.
Thus problem (3.1) is equivalent to solving the equation

Lx+Gx+Hx+Tx=0 (3.14)

in domL, where / € [0, 1].
By theorem 4.5 of [6], equation (3.14) will have a solution if we can show that
for each 4 € [0,1] and each x € domL such that

Lx+(1—2)Ax+ AGx+ AHx+ 2Tx =0 (3.15)

we have
|x[y41 < p for some p > 0.
2n
Let x € domL satisfy (3.15) for some 4 € [0, 1]. Then
x4 aX 4+ bx 4 cx+ (1= 2)p(t) + AY (¢, x(t — 1)x(t — 1)
+ Ap(t,x(t — 1)) — Ap(t) =0
and by (3.11) we have

an —Z»)ﬁ(t) +)hf’(t,xg—f)) < ﬁl(;t)

Therefore using Lemma 3.1 and (3.12) we get

0=|x"4+aX +bx +cx + (1 — A)B(t) + AY (t,x(t — 7))x(t — 1)
Fap(t,x(t — 1) = AP(O)] 1y = Solxlyas — |Vl — Pl

and hence
[¥lysr < 05 (1 YRILy, +IPlLy )-
To complete the proof we take any p > 5;1(|YR|L% + \P|L; ) |
4. Uniqueness result
In this section we shall prove a uniqueness result for equation (3.1).
Theorem 4.1. Let all the conditions of Theorem 3.1 hold with g satisfying

n%gggﬂ%i%ﬂg%km+w (4.1
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for aet €l and x #+ y € R. Then the boundary value problem (3.1) has a unique
solution for each p € L} .

PRroOOF. Since condition (4.1) implies (3.9), Theorem 3.1 ensures the existence of at
least one solution.

Now let x and y be solutions of (3.1) and set v = x — y. Then v is a solution of
the boundary value problem

v+ aX 4+ b+ co +g(t,o+y) —g(t,y) =0
v@(0) = v (27),i = 0,1,2,3. (4.2)

Define f:1 x R —» R by

_ [ v et +y) =gty ifv#0
ﬂ”_{ () if =0 :

Then (4.2) can be written in the form
v at +bv4co+ f(t =0

with
at) _ £

t
<—/F<
b b

B()
b

foraetel and allv € R.
By Theorem 2.1 we deduce that v =0,i.e. x=y ae. N

REFERENCES

[1]1 R.P. Agarwal, On fourth order boundary value problems arising in beam analysis, Differential
Integral Equations 2 (1989), 91-110.

[2] N. Dunford, and J.T. Schwartz, Linear operators, vol. 1, Interscience, New York, 1964.

[3] J.O.C. Ezeilo and M.N. Nkashama, Resonant and nonresonant oscillations of some third order
ordinary differential equations, Nonlinear Analysis Theory and Applications 12(10) (1988), 1029—
46.

[4] C.P. Gupta, Existence and uniqueness theorems for the bending of an elastic beam equation,
Applicable Analysis 26 (1988), 289-304.

[5] R. Iannacci and M.N. Nkashama, On periodic solution of forced second order differential equa-
tions with deviating argument, Proceedings of the Dundee Conference on Ordinary and Partial
Differential Equations 1984, Lecture Notes in Mathematics 1151, Springer, Berlin, 1985.

[6] J. Mawhin, Topological degree methods in nonlinear boundary value problems, NSF-CBMS Regional
Conference in Mathematics no. 40, American Mathematical Society, Providence, RI, 1979.

[7]1 N.N. Oguztoreli and R.B. Stein, An analysis of oscillations in neuromuscular systems, Journal of
Mathematical Biology 2 (1975), 87-105.



