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Abstract

In this paper we use the idea of a morphism to present some new fixed point
theory for admissible maps in the sense of Gorniewicz and Granas. These fixed point
results will then be used to establish new coincidence theory, analytic alternatives
and minimax inequalities.

1. Introduction

Let X and Y be metric spaces. A continuous single valued map p : Y → X is
called a Vietoris map [2] if the following two conditions are satisfied:

(i) for each x ∈ X, the set p−1(x) is acyclic;
(ii) p is a proper map, i.e. for every compact A ⊆ X we have that p−1(A) is

compact.
In [6] and [7] we obtained a variety of fixed point results for strongly admissible

maps. Recall a multifunction φ : X → C(Y ) (here C(Y ) denotes the family of non-
empty, compact subsets of Y ) is strongly admissible, and we write φ ∈ Ad(X,Y ),
if φ : X → C(Y ) is u.s.c. (upper semicontinuous), and if there exists a metric space
Z and two continuous maps p : Z → X and q : Z → Y such that:

(i) p is a Vietoris map;
(ii) φ(x) = q(p−1(x)) for any x ∈ X.

[We remark that φ : X → C(Y ) u.s.c. is redundant in the above definition since (ii)
and [4, p. 179] automatically guarantee it].

This paper is concerned with obtaining new fixed point theory and coincidence
theory for maps that are admissible in the sense of Gorniewicz and Granas.

Definition 1.1 [3]. A multifunction φ : X → C(Y ) is admissible in the sense of
Gorniewicz and Granas, and we write φ ∈ AGG(X,Y ), if there exists a morphism
ψ : X → Y such that the map determined by ψ is a selector of φ (i.e. ψ(x) ⊂ φ(x)
for each x ∈ X).

The definition of a morphism in this paper is that given in [3]. For completeness

we give the definition here. Let D(X,Y ) be the set of all pairs X
p← Z

q→ Y , where
p is a Vietoris map and q is continuous. We will denote every such diagram by (p, q).

Given two diagrams (p, q) and (p′, q′), where X
p′← Z ′

q′→ Y , we write (p, q) ∼ (p′, q′)
if there are maps f : Z → Z ′ and g : Z ′ → Z such that q′ ◦ f = q, p′ ◦ f = p,
q ◦ g = q′ and p ◦ g = p′. The equivalence class of a diagram (p, q) ∈ D(X,Y ) with
respect to ∼ is called a morphism from X to Y . A multivalued map ψ : X → C(Y )

is said to be determined by a morphism (X
p← Z

q→ Y ) provided ψ(x) = q (p−1(x))
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for every x ∈ X; the morphism that determines ψ is also denoted by ψ. It is
immediate [4, p. 179] that if ψ : X → Y is a morphism then the multivalued map
determined by ψ is u.s.c.

For the remainder of this section we recall some theory which will be needed in
Section 2.

Theorem 1.1 [6; 7]. Let E be a Fréchet space, Q a closed, convex subset of E and
0 ∈ Q. Let H ∈ Ad(Q,E) be a compact map, and assume

 if {(xj, λj)}∞1 is a sequence in ∂Q× [0, 1] converging to (x, λ)
with x ∈ λH(x) and 0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....}
with {λj H(xj)} ⊆ Q for each j ≥ j0

(1.1)

is satisfied. Then H has a fixed point in Q.

Remark 1.1. If E is a Hilbert space then H ∈ Ad(Q,E) compact can be replaced [6]
by the less restrictive assumption H ∈ Ad(Q,E) condensing with H(Q) bounded. If
we consider condensing maps in Fréchet spaces which are not Hilbert then we need
an extra technical assumption (see [5]).

Remark 1.2. In this paper we consider Q closed with 0 ∈ Q. If 0 ∈ int (Q) then we
could use a non-linear alternative of Leray–Schauder type [6; 7] instead of Theorem
1.1 if we wish. We will not mention this further since the analogue of the results
presented in this paper are immediate if we wish to use such a Leray–Schauder
alternative.

Let Z and W be subsets of Hausdorff topological vector spaces E1 and E2 ,
respectively, and let F be a multifunction. We say [1], F ∈ DKT (Z,W ) if W

is convex (i.e. a convex subset of E2) and if there exists a map B : Z → W

with co (B(x)) ⊆ F(x) for all x ∈ Z , B(x) 6= ∅ for each x ∈ Z and the fibres
B−1(y) = {z : y ∈ B(z)} are open (in Z) for each y ∈ W . Finally we recall a
result [1] concerning DKT maps (as above Z and W are subsets of Hausdorff
topological vector spaces E1 and E2).

Theorem 1.2 [1]. Let Z be paracompact and W be convex. If F ∈ DKT (Z,W )
then there exists a continuous selection (single valued) f : Z →W of F .

2. Theory

We begin this section by presenting a fixed point result for admissible maps in
the sense of Gorniewicz and Granas.
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Theorem 2.1. Let E be a Fréchet space, Q a closed, convex subset of E and 0 ∈ Q.
Let φ ∈ AGG(Q,E) be a compact map, and assume if {(xj, λj)}∞1 is a sequence in ∂Q× [0, 1] converging to (x, λ)

with x ∈ λφ(x) and 0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....}
with {λj φ(xj)} ⊆ Q for each j ≥ j0

(2.1)

is satisfied. Then φ has a fixed point in Q.

Proof. Now since φ ∈ AGG(Q,E) there exists a morphism ψ : Q→ E such that the
map determined by ψ is a selection of φ (i.e. ψ(x) ⊂ φ(x) for each x ∈ Q). Notice
ψ ∈ Ad(Q,E) is a compact map (since φ is a compact map). Also if {(xj, λj)}∞1 is
a sequence in ∂Q× [0, 1] converging to (x, λ) with x ∈ λψ(x) and 0 ≤ λ < 1, then
x ∈ λφ(x). Now (2.1) implies that there exists j0 ∈ {1, 2, ....} with {λj φ(xj)} ⊆ Q

for each j ≥ j0. Consequently {λj ψ(xj)} ⊆ Q for each j ≥ j0. Thus (1.1) holds with
H = ψ. Apply Theorem 1.1 to deduce that ψ (and hence φ) has a fixed point in Q.

Remark 2.1. If E is a Hilbert space then we may replace φ ∈ AGG(Q,E) compact
with φ ∈ AGG(Q,E) a condensing map with φ(Q) bounded. The result follows from
Theorem 1.1 and Remark 1.1 once one notices that ψ ∈ Ad(Q,E) is a condensing
map with ψ(Q) bounded.

Next we obtain three coincidence theorems for AGG maps.

Theorem 2.2. Let E be a Fréchet space with X and Q closed, convex subsets of E
and 0 ∈ Q. Let G ∈ AGG(Q,X) and F ∈ DKT (X,E). Define the map Θ : Q → E

by

Θ(x) = F ◦ G (x) for x ∈ Q.
Assume the following conditions are satisfied:

Θ : Q→ E is a compact map (2.2)

and  if {(xj, λj)}∞1 is a sequence in ∂Q× [0, 1] converging to (x, λ)
with x ∈ λΘ(x) and 0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....}
with {λj Θ(xj)} ⊆ Q for each j ≥ j0.

(2.3)

Then G and F−1 have a coincidence. That is, there exists (x0, y0) ∈ Q × X with
y0 ∈ G(x0) ∩ F−1(x0) (i.e. there exists x0 ∈ Q with G(x0) ∩ F−1(x0) 6= ∅).

Proof. Let f : X → E be a continuous selection (guaranteed from Theorem 1.2)
of F . Let

φ = f ◦ G.
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Now [2] implies φ ∈ AGG(Q,E). Also φ is a compact map and Θ satisfying (2.3)
implies that φ satisfies (2.1). Thus Theorem 2.1 guarantees that there exists x0 ∈ Q
with x0 ∈ f G (x0). Thus x0 = f y0 for some y0 ∈ G(x0). Also x0 = f (y0) ∈ F (y0)
so y0 ∈ G(x0) ∩ F−1(x0).

Remark 2.2. If E is a Hilbert space then (2.2) can be replaced by the less restrictive
assumption

Θ : Q→ E is a bounded, condensing map (2.4)

in Theorem 2.2.

Theorem 2.3. Let E be a Fréchet space with X and Q closed, convex subsets of E
and 0 ∈ Q. Let G ∈ DKT (Q,X) and F ∈ AGG(X,E). Define the map Θ : Q → E

by

Θ(x) = F ◦ G (x) for x ∈ Q,
and assume (2.2) and (2.3) hold. Then G and F−1 have a coincidence.

Proof. Let g : Q→ X be a continuous selection of G and let φ = F ◦ g.

Theorem 2.4. Let E be a Fréchet space with X and Q closed, convex subsets of
E and 0 ∈ Q, 0 ∈ X. Let G ∈ AGG(Q,X) and F ∈ AGG(X,E). Define the map
J : Q×X → E ×X by

J(x, y) = F (y) × G (x) for (x, y) ∈ Q×X.
Assume the following conditions are satisfied:

J : Q×X → E ×X is a compact map (2.5)

and
if {(zj , λj)}∞1 with zj = (xj, yj) is a sequence in ∂(Q×X)× [0, 1]
converging to (z, λ), with z = (x, y), with (x, y) ∈ λ J(x, y) and
0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....} with
{λj J(xj, yj)} ⊆ Q×X for each j ≥ j0.

(2.6)

Then G and F−1 have a coincidence. That is, there exists (x0, y0) ∈ Q × X with
y0 ∈ G(x0) ∩ F−1(x0).

Proof. Notice that [2] implies J ∈ AGG(Q × X,E × X). Apply Theorem 2.1 (with
J instead of φ) to deduce that there exists (x0, y0) ∈ Q×X with (x0, y0) ∈ J(x0, y0).

Remark 2.3. If E is a Hilbert space then (2.5) can be replaced by the less restrictive
assumption

J : Q×X → E ×X is a bounded, condensing map (2.7)

in Theorem 2.4.
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We will now use our coincidence theory to establish some new analytic alterna-
tives and minimax inequalities.

Theorem 2.5. Let E be a Fréchet space with X and Q closed, convex subsets of E
and 0 ∈ Q. Let F ∈ AGG(X,E) and suppose f, g : Q × X → R are two functions
which satisfy

f(x, y) ≤ g(x, y) for all (x, y) ∈ Q×X. (2.8)

Fix α ∈ R and let

G(x) = {y ∈ X : g(x, y) > α} for x ∈ Q
and

B(x) = {y ∈ X : f(x, y) > α} for x ∈ Q.
[Notice that B : Q → X is a selection of G.] Assume the following condition is
satisfied:

if B(x) 6= ∅ for every x ∈ Q then G ∈ DKT (Q,X) (and let g : Q→ X

be a continuous selection of G) with Λ = F ◦ g : Q→ 2E a compact
map, and if {(xj, λj)}∞1 is a sequence in ∂Q× [0, 1] converging to (x, λ)
with x ∈ λΛ(x) and 0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....}
with {λj Λ(xj)} ⊆ Q for each j ≥ j0.

(2.9)

Then either

(A1) there exists z0 ∈ Q with f(z0, y) ≤ α for all y ∈ X ,
or
(A2) there exists (x0, y0) ∈ Q×X with x0 ∈ F(y0) and g(x0, y0) > α

occurs.

Remark 2.4. If E is a Hilbert space then Λ compact in (2.9) can be replaced by Λ

condensing and bounded.

Remark 2.5. We can generalise Theorem 2.5 if we replace condition (2.8) with any
condition that guarantees that there exists a map B : Q→ X with co (B(x)) ⊆ G(x)
for x ∈ Q. Of course (A1) has to be appropriately adjusted (i.e. (A1) would become:
there exists z0 ∈ Q with B(z0) 6= ∅).

Proof. There are two cases to consider.

Case (i). B(x) 6= ∅ for every x ∈ Q.

Thus G ∈ DKT (Q,X) and Theorem 2.3 guarantees that there exists (x0, y0) ∈
Q×X with x0 ∈ F(y0) and y0 ∈ G(x0) (i.e. x0 ∈ F(y0) and g(x0, y0) > α), so (A2)
occurs.

Case (ii). B(x) 6= ∅ for every x ∈ Q does not hold.

Then there exists z0 ∈ Q with B(z0) = ∅, i.e. there exists z0 ∈ Q with f(z0, y) ≤ α
for all y ∈ X, so (A1) occurs.
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We now use Theorem 2.4 to obtain another analytic alternative.

Theorem 2.6. Let E be a Fréchet space with X and Q closed, convex subsets of E
and 0 ∈ Q, 0 ∈ X. Let g : Q×X → R and s : E ×X → R be two functions which
satisfy

g(x, y) ≤ s(x, y) for all (x, y) ∈ Q×X. (2.10)

Fix α ∈ R and let

G(x) = {y ∈ X : g(x, y) > α} for x ∈ Q
and

F(y) = {x ∈ E : s(x, y) < α} for y ∈ X.
Assume the following condition is satisfied:

if G(x) 6= ∅ for every x ∈ Q then G ∈ AGG(Q,X) and if F(y) 6= ∅ for
every y ∈ X then F ∈ AGG(X,E) with J : Q×X → 2E×X (defined by
J(x, y) = F(y) × G(x)) compact and if {(zj , λj)}∞1 , with zj = (xj, yj),
is a sequence in ∂(Q×X)× [0, 1] converging to (z, λ), with z = (x, y),
with (x, y) ∈ λ J(x, y) and 0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....}
with {λj J(xj, yj)} ⊆ Q×X for each j ≥ j0.

(2.11)

Then either

(A1) there exists z0 ∈ Q with g(z0, y) ≤ α for all y ∈ X ,
or
(A2) there exists w0 ∈ X with s(x, w0) ≥ α for all x ∈ E
occurs.

Proof. There are three cases to consider.

Case (i). G(x) 6= ∅ for every x ∈ Q and F(y) 6= ∅ for every y ∈ X.

Then Theorem 2.4 guarantees that there exists (x0, y0) ∈ Q×X with y0 ∈ G(x0)
and x0 ∈ F(y0), i.e. s(x0, y0) < α < g(x0, y0). This contradicts (2.10).

Case (ii). G(x) 6= ∅ for every x ∈ Q does not hold.

Then there exists z0 ∈ Q with G(z0) = ∅ , i.e. (A1) occurs.

Case (iii). F(y) 6= ∅ for every y ∈ X does not hold.

Then there exists w0 ∈ X with F(w0) = ∅ , i.e. (A2) occurs.

Remark 2.6. If E is a Hilbert space, then J compact in (2.11) can be replaced by
J condensing and bounded.

Next we obtain some new minimax inequalities (see [6; 7; 8; 9]).

Theorem 2.7. Let E be a Fréchet space with X and Q closed, convex subsets of E
and 0 ∈ Q, 0 ∈ X. Let g : Q×X → R and s : E×X → R and suppose (2.10) holds.
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For each α ∈ R let

Gα(x) = {y ∈ X : g(x, y) > α} for x ∈ Q
and

Fα(y) = {x ∈ E : s(x, y) < α} for y ∈ X.
Assume the following condition is satisfied:

for each α ∈ R, if Gα(x) 6= ∅ for every x ∈ Q then Gα ∈ AGG(Q,X)
and if Fα(y) 6= ∅ for every y ∈ X then Fα ∈ AGG(X,E) with
Jα : Q×X → 2E×X (defined by Jα(x, y) = Fα(y) × Gα(x)) compact and
if {(zj , λj)}∞1 ,with zj = (xj, yj), is a sequence in ∂(Q×X)× [0, 1]
converging to (z, λ), with z = (x, y), with (x, y) ∈ λ Jα(x, y)
and 0 ≤ λ < 1, then there exists j0 ∈ {1, 2, ....} with
{λj Jα(xj, yj)} ⊆ Q×X for each j ≥ j0.

(2.12)

Then

a0 ≡ inf
x∈Q sup

y∈X
g(x, y) ≤ sup

y∈X
inf
x∈E s(x, y) ≡ b0. (2.13)

Proof. Let b0 < ∞ and a0 > −∞. Suppose a0 > b0. Then there exists α ∈ R with

b0 < α < a0. (2.14)

Apply Theorem 2.6. If (A1) occurs then there exists z0 ∈ Q with g(z0, y) ≤ α

for all y ∈ X. Thus supy∈X g(z0, y) ≤ α and so a0 ≤ α. This contradicts (2.14).
If (A2) occurs then there exists w0 ∈ X with s(x, w0) ≥ α for all x ∈ E. Thus
infx∈E s(x, w0) ≥ α and so b0 ≥ α. This contradicts (2.14).

Theorem 2.8. Let E be a Fréchet space with X and Q closed, convex subsets of E
and 0 ∈ Q. Let F ∈ AGG(X,E) and suppose f, g : Q × X → R satisfy (2.8). For
each α ∈ R, let

Gα(x) = {y ∈ X : g(x, y) > α} for x ∈ Q
and

Bα(x) = {y ∈ X : f(x, y) > α} for x ∈ Q.
Assume the following condition is satisfied:

for each α ∈ R, if Bα(x) 6= ∅ for every x ∈ Q then Gα ∈ DKT (Q,X)
(and let gα : Q→ X be a continuous selection of Gα) with Λα = F ◦ gα :
Q→ 2Ea compact map and if {(xj, λj)}∞1 is a sequence in ∂Q× [0, 1]
converging to (x, λ) with x ∈ λΛα(x) and 0 ≤ λ < 1, then there exists
j0 ∈ {1, 2, ....} with {λj Λα(xj)} ⊆ Q for each j ≥ j0.

(2.15)

Then

inf
x∈Q sup

y∈X
f(x, y) ≤ sup {g(x, y) : x ∈ Q, y ∈ X, x ∈ F(y) }. (2.16)
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Proof. Let

α = sup {g(x, y) : x ∈ Q, y ∈ X, x ∈ F(y) }.
The case α = ∞ is trivial so from now on we assume α < ∞. Apply Theorem 2.5.
Notice that (A2) cannot occur (see the definition of α). Then there exists z0 ∈ Q
with f(z0, y) ≤ α for all y ∈ X. Thus supy∈X f(z0, y) ≤ α and so (2.16) follows.
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