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ABSTRACT

In this paper we derive the exact covariance of some sample moments for ‘simple
random sampling with replacement’ (SRSWR) of a finite population. An application
of the results is given for estimating the finite population mean with linear regression
estimators.

1. Introduction

When the finite population is available in data base form it is simplest to use
the ‘simple random sampling with replacement’ (SRSWR) design for programming
the sample selection (see [6]).

Ruiz Espejo [5] dealt with the problem of the determination of the covariance of
sample moments under ‘simple random sampling without replacement’ (SRSWOR)
for a finite population. For concrete concepts of sampling designs the reader is
referred to [4].

This paper considers the problem of obtaining the covariance of (i) the
sample non-central moments of any orders, for two variables x and y, and (ii)
the sample non-central moment of any order for x, with the sample variance for y
(sample central moment of order 2 for y).

Applications of these basic investigations are provided in §3 for generalised
regression punctual estimators for the finite population mean.

2. Results

Theorem 2.1. For simple random sample of size n drawn with replacement from a finite
population of size N, we have:

2.1 o
( ) Cov (aio, a()j) = i T 0%y :100‘0],
(2.1.ii) o
Cov (aip, mp2) = 7(%’2 — otigotgr — 2001041 + 2040063y )
2(n—1)(n—2)
T aN
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where a;; = (l/n) e x};y,{ is the sample joint non-central moment of order i and j,
My = (l/n) Yot ke — a1 )? is the sample marginal variance of the second variable
y; and o = (I/N) Z,iV:l xiyl is the population joint non-central moment of order i
and j.

The first result (2.1.1) is also valid for any ‘population’ with such finite parameters,
since for any ‘population’ we can build a succession of finite populations convergent
in law to such ‘population’. The second result (2.1.ii) is also valid for an infinite
population, when N — co.

Corollary 2.2. For simple random sampling of size n from a finite population of size
N,

n—1 )
Cov (aoi, mo2) = p (0,42 — otoicto2 — 20010041 + 20t0;0%5, )

2(n—1)(n—2)
n*N?

00,i4-2-

The result is a particular case of (2.1.ii) when the first (x) and the second (y)
variables are the same (x; = y,: k=1,2,..,N).

Corollary 2.3. For simple random sampling of size n from a finite population of size
N,

(2.3.0)

Hit
Cov (aio, ao1) = P

(2.3.i)

n—1 2h—1)(n—2
Cov(ato,mp) = —5—pi2 + ( nzl)\(ﬁ )

%12,

where ;; = (I/N) Z,iV:l (xk — a10)’ (yk — ao1)’ is the population joint central moment
of order i and j.

This is a consequence of Theorem 2.1 when i = j = 1.

Corollary 2.4. Denoting si = nm,/ (n — 1), for simple random sampling of size n from
a finite population of size N, we have

)Z& 2(n—2)

Cov (ayg 52
(a0 "

o12.

This follows from (2.3.ii).
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Corollary 2.5. For simple random sampling of size n,

0o,i+j — %0i%oj

Cov (d()i, aoj) = "

This follows from (2.1.i) when the first and second variables are the same.

Corollary 2.6. For simple random sampling of size n,

d12 — 010002
7}1 .

Cov (aro, ag2) =
This follows from (2.1.1).

Corollary 2.7. For simple random sampling of size n from a finite population of size
N,

(2.74)

V(ay) = %,

(2.7i)

(n—Dpz  2(n—1)(n—2)az
n2 + n2N?2 '

Cov (ajo, my) =

This follows from Corollary 2.3, when the first and second variables are the same.
The result (2.7.ii) was given by Crameér [1, p. 401] for infinite populations (when
N — o) and then the second term of (2.7.ii) would be (n — 1) uzo/n’.

3. Applications

Some regression estimators of oo are:

810 = a0 + by (001 — ao1) + bz (12 — s7) , (1)

819 = aro + by (o1 — ao1) + ba (202 — ag2) . (2)

The treatment of these estimators can be solved with the previous results. For
example, for (1), considering b; and b, two constants, the variance is

V (810) = V (a10) + b1V (ao1) + b3V (s3) — 2b1Cov (ayo, dor)

—2b,Cov (alo,sﬁ) + 2b1b,Cov (am,si) ,
which is minimised when

b Cov (ar,a01) V (s3) — Cov (aor,s3) Cov (ar, s})
b V (ao1) V (s3) — Cov? (a1, s3)
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and
V (ao1) Cov (ay0,53) — Cov (aot, s3) Cov (aro, aor)

by —
2 V(ap)) V (sf) — Cov? (am,s%)

(4)

If the auxiliary variable or second variable y is known for all population units,
then b; and b, of (3) and (4) are known, except the values of Cov (ajy,ap;) and
Cov (ayo, si), which can be estimated, following Olkin [3]. The consistent estimates
of Cov (ayg, ao1) and Cov (ayo, si) are respectively given by

Couv (ao, agr) = fu_ Mo (5)
n n
and
—— o B 2n=2),  mp  2(n—2)
Cov (ai0,5}) = - + N 2= N 2 (6)

where my; = (1/n) 370 (xk — a10)' (v — aor Y-
Alternative unbiased estimators of Cov (ayg, ag;) and Cov (ayo, sf,) are respectively
given by
{50\17 (aro, 6401)] L= (a1 — ajoxor) /n (7)

and

2(n—2)

_— 1
[Cov (alo,sf)h = [a12 — 2ay001 + ao (20531 —ap)] + N2

ar. (8)

Using (5) and (6) in (3) and (4) we can get the consistent estimates of b; and b,

as
; [(To\v (ar0,a01) V (s3) — Cov (o1, s}) Cov (ato, sf)] o
1 Vi@V () - [Cov ()]}
and

; [V (ap1) Cov (ar0,52) — Cov (a1, s3) Cov (ajo, 001)} (10)
2 Vv ) - lcovnsp)?}

Alternative estimates of b; and b, can be obtained by using (7) and (8) in (3) and
(4) as

o Alem@nan] v () - o o) [ @]}
. {V(am) V (s2) — [Cov (am,s%)]z} )

and
o Lyt [Gon o], —Con ans) [Covtaman] }
’ {V (@ v () = [Cov (an.5)]} |
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Thus the regression estimator in (1), based on ‘estimated optimum’, is given by
830 = aio + b1 (a1 — aor) + ba (no2 — Sf) ; (13)
alternatively,
810 = aro + b (cor — ao1) + b3 (o2 — Si) . (14)
To obtain an estimator of V (&), we write the consistent estimate of V (ayo) as

¥ (a) = 20 = 22X, (15)

Alternatively, the unbiased estimator of V(ajp) is given by

Mg

Vi (ar0) = 1 (16)
Also,
V (ao1) = % from (2.7.0), (17)
Vi(s) = % — (:lz(_n3—)lll§2’ from [2, p. 99], (18)
and
Cov (o1, 52) = % + W from (2.7.ii). (19)

Using (5) (or (7)), (6) (or (8)), (9) (or (11)), (10) (or (12)), (15) (or (16)), (17), (18)
and (19) one can easily get the estimate of V (&10). Thus the problem of making the
estimator (1) practicable is solved.

Other generalisations to univariate auxiliary variable regression estimators, and
for other population parameters, are straightforward.

4. Proof of Theorem 2.1

(2.1.1) For the population of size N, we have

E (apao;) = E l(i ixiq) (i ZN:y{;ehﬂ

N N N
1 . .
- L6 (Sl + 3 sl
k=1 k=1 h#k
1 n(N—1)+n?

= |:N05ijN-2+ (Nzoﬁ,‘()(x()j—NOC,‘j)

nn—1)
B A S

N2
a; + (n — 1) oo
n 9
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where (ey, e, ...,ex) follows the multinomial distribution of n trials and equal prob-
ability 1/N of success. Thus,

Cov (a0, a0j) = E (ainao;) — E (ai) E (ao;)
_ %ij + (= 1) ooty %ij — ®%io%o;

— GipQoj =
n n

This proves (2.1.1).
(2.1.11) Since

Cov (ajp, mgy) = Cov (ay, agy) — Cov (%’0,‘1(2)1) >
we have from (2.1.i) that
Cov (aio, an2) = (a2 — tiootg2) /1.
The covariance between a; and a3, can be expressed as

Cov (ai, ay,) = E (awag;) — E (an) E (agy) ,

where
| NN N
E (aioa(z)l) =E (1’13 Z Z Z X;cyh))mekehem>
k=1 h=1 m=1
1
=3 XiVk E ek +222xkykyh ekeh
k=1 k=1 h+k
N N N N N
+ Z Z X;(yiE (eke%) + Z Z Z X;cyhymE (ekehem)
k=1 h+k k=1 hetk mstk
m=#h
_ —2n—1)(n—2) 2(n—1)
= U2 2N? =+ 010001 2
n—1 m—1)n-2
TS B Uil e §
n? n
E (ajp) = ajp,
and
2 _ %02 — “31 2
E (a5,) = V (a10) + [E (ao))]* = —— T
Thus
n—1 2m—1)(n—2
Cov (aj, mgr) = ) (O‘i2 — oipto2 — 20601 %1 + Zaiofx(zn) + %%2,

which proves (2.1.i1).
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