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Abstract

Arhangel’skii and his co-workers have defined and developed notions of split-
tability or cleavability for topological spaces. We apply the analogous idea in
partially-ordered sets (posets) and identify those posets that are splittable over a
finite chain and those posets over which a given chain (finite or infinite) is splittable.

1. Introduction

A partial order on a non-empty set E is a binary relation on E (usually denoted
by ≤) that is reflexive, transitive and antisymmetric. A mapping f from one partially-
ordered set (poset) E to another E ′ is called order-preserving or increasing if x ≤ y
in E implies f(x) ≤ f(y) in E ′. The basic form of Arhangel’skii’s definition [1] in
topology is that a (topological) space X is splittable over a space X ′ if, to every
subset A of X, there corresponds a continuous mapping from X into X ′ under
which the images of A and of X\A are disjoint; by direct analogy, let us say that the
poset E is splittable over the poset E ′ if, to every subset A of E, there corresponds
an order-preserving mapping from E into E ′ under which the images of A and of
E\A are disjoint. The fundamental problem is to determine convenient, necessary
and sufficient conditions for this to happen and, as in topology, it appears to be a
difficult problem. The purpose of this article is to solve it in the special cases where

(i) E is a chain or
(ii) E ′ is a finite chain.

(A poset is called a chain when, for every two of its elements x and y, either x ≤ y or
y ≤ x is true.) The discussion falls naturally into two sections, according to whether
it is the domain or the codomain that is taken to be a chain. We shall discuss the
codomain case first.

2. Splittability over a chain

For each n ≥ 1 let us denote by Cn the archetypal n-point chain {1, 2, 3, . . . , n}
under its natural order. It is easy to see that Cn+1 is not splittable over Cn since,
choosing A to be the subset {1, 3, 5, . . .} of Cn+1, any order-preserving map f from
Cn+1 to Cn for which f(A) was disjoint from f(Cn+1\A) would need to be one-to-one,
which is clearly impossible. Also, if Cn ⊕ Cn denotes the direct sum of two copies
of Cn (that is, the set {1, 2, . . . , n, 1′, 2′, . . . , n′} ordered by taking the natural orders
within {1, 2, . . . , n} and {1′, 2′, . . . , n′}) then Cn ⊕ Cn is not splittable over Cn: for,
letting B denote the subset {1, 3, 5, . . . , 2′, 4′, 6′, . . .} of Cn ⊕ Cn, an order-preserving
map from Cn⊕Cn into Cn that ‘kept B and its complement apart’ would have to be
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one-to-one on each summand Cn, yielding again a contradiction. We readily deduce
the following proposition.

Proposition 1. If E is splittable over Cn then
(i) E contains no chain of n+ 1 (or more) elements, and
(ii) E contains no two disjoint n-element chains.

The principal result of this section is that the converse of Proposition 1 is also
valid: conditions (i) and (ii) are both necessary and sufficient for E to be splittable
over Cn. For the demonstration, we shall regard n as fixed, and we shall call a poset
E restricted if it satisfies conditions (i) and (ii).

Lemma 2. Suppose that x1 < x2 < . . . < xn and y1 < y2 < . . . < yn are two n-element
chains in a restricted poset. Whenever xi = yj we have i = j.

Proof. If, for example, i < j, we obtain {y1, y2, . . . , yj , xi+1, xi+2, . . . , xn} as a chain of
more than n elements.

Lemma 3. Suppose that X,Y and Z are three n-element chains within a restricted
poset. There is a point common to all three of them.

Proof. Let us suppose otherwise. Enumerating the three chains as X = {x1 < x2 <

. . . < xn}, Y = {y1 < y2 < . . . < yn} and Z = {z1 < z2 < . . . < zn}, we note from
Lemma 2 that xi = yj or xi = zj or yi = zj are only possible when i = j. We describe
how to construct, upwards from their least elements, two disjoint n-element chains
S and T .

Without loss of generality, the first coincidence of xi and yi occurs ‘before’ the
first coincidence of xj and zj: that is, we find the least value of i for which xi = yi,
and we have that for each j ≤ i, xj 6= zj . Let us define sk = xk and tk = zk for
1 ≤ k ≤ i, and remark that the chains {s1 < s2 < . . . < si} and {t1 < t2 < . . . < ti}
are at present disjoint. Now seek the least value of m > i for which zm ∈ {xm, ym}.
If zm = xm, define sk = yk and tk = zk for i + 1 ≤ k ≤ m; on the other hand, if
zm = ym, let sk = xk and tk = zk for i+ 1 ≤ k ≤ m. The chains {s1 < s2 < . . . < sm}
and {t1 < t2 < . . . < tm} have remained disjoint. Since there are, by supposition,
no three-way coincidences of the form xp = yp = zp, this process of allowing the s-
or t-sequence to ‘change tracks to avoid the next threatened collision’ will continue
until S = {s1 < s2 < . . . < sn} and T = {t1 < t2 < . . . < tn} are completed as disjoint
n-point chains, contrary to the ‘restricted’ nature of E. (A fuller account of this and
of subsequent arguments can be found in [3].)

The above is merely the first step in an induction process, and is included here
only to make the following general step more accessible.

Lemma 4. Suppose that X1, X2, . . . , Xm are finitely many n-point chains in a restricted
poset, where m ≥ 2. There is a point common to all m of them.
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Proof. For m = 2 and m = 3 this is known from the definition or from Lemma 3.
Proceeding inductively, we shall assume it to be valid for m = k (where k ≥ 3) and
for every positive integer n, and seek an intersection for k + 1 chains Xi = {xi1 <
xi2 < . . . < xin} where 1 ≤ i ≤ k + 1.

Supposing that there is no (k + 1)-fold coincidence of the form x1
p = x2

p =

. . . = xk+1
p , we consider those values of p for which k-many of the terms xip are

equal, and we shall say that a k-chain node occurs at p for such an index p.
Assuming that the labelling has been arranged so that the first k-chain node occurs
at p(0), and involves X1, X2, . . . , Xk but excludes Xk+1, we note that the subset
C = {xij : 2 ≤ i ≤ k + 1, 1 ≤ j ≤ p(0)} consists of k chains that do not have
a common point, but contains no chain of p(0) + 1 elements. By the inductive
assumption, C contains two disjoint p(0)-element chains s1 < s2 < . . . < sp(0) and
t1 < t2 < . . . < tp(0), and it is clear that sp(0) = x1

po
(= x2

p(0) = . . . = xkp(0)) and

tp(0) = xk+1
p(0) (or vice versa).

Now find the index p(1) at which the next k-chain node occurs. By applying the
same argument to the set of points xij for p(0) ≤ j ≤ p(1) and all values of i excepting

an i(0) chosen so that Xi(0) is involved in the k-chain nodes at p(0) and at p(1), we
find within this set two disjoint (p(1)− p(0) + 1)-element chains that have sp(0) and
tp(0) as their least elements. Attaching these onto the chains that were previously
identified gives two disjoint p(1)-element chains, and establishes a pattern that will
generate disjoint n-element chains once again, leading to the desired contradiction.

Next, we show that we can remove the assumption of finiteness of the family of
chains from Lemma 4.

Lemma 5. Any family {Xα : α < τ} of n-element chains in a restricted poset must
have a common point.

Proof. Suppose that there is no point common to every chain

Xα = {xα1 < xα2 < . . . < xαn}.
For each i in the range from 1 to n we can therefore choose β(i) < τ such that
xii 6∈ Xβ(i). The chains

X1, X2, . . . , Xn, Xβ(1), Xβ(2), . . . , Xβ(n)

must, by Lemma 4, share a common point q. Lemma 2 reminds us that there is
therefore a single value of the index j such that

q = x1
j = x2

j = . . . = xnj = x
β(1)
j = x

β(2)
j = . . . = x

β(n)
j

and the observation

x
j
j = x

β(j)
j ∈ Xβ(j)

reveals the contradiction.
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Using Lemma 5, we shall now demonstrate how to ‘split’ any restricted poset
over Cn. Recall first that, in a poset whose chains are uniformly finite, the height
ht(x) of a point x is defined as the largest number of elements in a chain having x
as its maximum. This may be envisaged as stratifying the points in a natural way,
where stratum 1 consists of the minimal elements and, thereafter, x is allocated to
stratum k precisely when k − 1 is the highest stratum in which there exists y with
y < x. Now if E is restricted and, in addition, all of its maximal chains have the
same length n, every maximal chain must include one point out of each stratum.
In the notation of Lemma 5, then, xαi is the point in common between chain Xα

and stratum i. Furthermore, to confirm that a mapping f defined on such a poset is
order-preserving, it is enough to check that whenever x and y lie in adjacent strata
and satisfy x < y, then f(x) < f(y).

Lemma 6. Let E be restricted. Given a subset A of E, we can construct an order-
preserving mapping from E into Cn such that f(A) is disjoint from f(E\A).

Proof. We first consider the case in which E is a union of n-element chains. By
Lemma 5 (and in the notation which it employed) there is a point x and an index
i(0) between 1 and n inclusive such that x is the i(0)th element xαi(0) of every chain
Xα. There is no loss of generality in assuming that x belongs to A. We shall also
suppose that i(0) is odd—the argument for even values of i(0) being similar.

The formula

f(xαi ) =



i i odd, i ≤ i(0), xαi ∈ A
i+ 1 i odd, i < i(0), xαi 6∈ A
i+ 1 i even, i < i(0), xαi ∈ A
i i even, i < i(0), xαi 6∈ A
i i odd, i > i(0), xαi ∈ A
i− 1 i odd, i > i(0), xαi 6∈ A
i− 1 i even, i > i(0), xαi ∈ A
i i even, i > i(0), xαi 6∈ A

will be found to satisfy the requirements. It maps each point of A to an odd member
of Cn, namely its height or the height one step closer to the critical ioth stratum, and
it maps each point of the complement of A to an even member of Cn in a similar
fashion. The order-preserving character of f can be confirmed by considering pairs
of points in adjacent strata, as remarked above.

Now let us examine the general case, where some of the maximal chains in E have
fewer than n elements. We partition E into (at most) n subsets Z, S1, S2, . . . , Sn−1 where
Z comprises all points that belong to an n-element chain in E and (for 1 ≤ k ≤ n−1)
Sk is the subset of stratum k that lies outside Z . The previous paragraph shows how
to determine an order-preserving function f from Z into Cn that maps points of
Z ∩A to odd integers and points of Z\A to even integers. The corresponding task in
the complement of Z is easier since, here, there are no n-element chains: whenever
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y ∈ Si, put

g(y) =


i i odd, y ∈ A
i+ 1 i odd, y 6∈ A
i+ 1 i even, y ∈ A
i i even, y 6∈ A

and we obtain another order-preserving map g :
⋃n−1

1 Si → Cn that takes points
within A to odd integers and points outside A to even ones. Consider now z ∈ Z
and s ∈ ⋃n−1

1 Si. If z < s we see that

f(z) ≤ ht(z) + 1 ≤ ht(s) ≤ g(s).

Also, if s < z then ht(z) must exceed ht(s) by 2 or more because, if not, the points
from z upwards in a maximal (n-point) chain combined with a chain of ht(s)-many
points having s as maximum would give an n-element chain incorporating s, contrary
to its membership of

⋃n−1
1 Si. Therefore

g(s) ≤ ht(s) + 1 ≤ ht(z)− 1 ≤ f(z).

It follows that the map h : E → Cn specified by

h(x) =

{
f(x) if x ∈ Z
g(x) if x ∈ ⋃n−1

1 Si

is order-preserving, and it gives A and E\A disjoint images.

Combining Proposition 1 and Lemma 6 we have the following theorem.

Theorem 7. A poset is splittable over an n-point chain if and only if it contains neither
an (n+ 1)-point chain nor a pair of disjoint n-point chains.

Notice that whether the poset in Lemma 6 is finite or infinite is irrelevant, but
that the finiteness of the codomain chain is essential since, for instance, the poset
(0, 1) ⊕ (0, 1) is embeddable into (0, 1) (where the interval (0, 1) of real numbers is
ordered in the natural way) and therefore a fortiori splittable over it.

3. Chains splittable over a poset

Since a one-to-one order-preserving map defined on a chain is necessarily an
order-isomorphism, the argument in the first paragraph of section 2 already shows
that the finite chain Cn is splittable over a poset E only in the extreme case where
E contains an embedded copy of Cn. By consideration of order-dense subsets it is
possible to dispense with the assumption of finiteness here. The full argument has
already been published [4], so it is appropriate merely to state the conclusion.

Theorem 8. A chain C is splittable over a poset E if and only if C is order-embeddable
into E.
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This has a formal similarity to Arhangel’skii’s classical result [2] that a compact
Hausdorff space is splittable over the real line precisely when it is topologically
embeddable into it, and raises the question of what other topological conclusions
have analogues in ordered structures of one kind or another. Investigations are
proceeding; see, for example, [5] and [6].
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