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ABSTRACT

Let X1, X2, . . . be a sequence of independent Bernoulli random variables. For any
fixed integer K ]/1, let xK �/ (x1, x2, . . . , xK) be any one of the 2K vectors each of
whose components is 0 or 1. We study the first occurrence of the pattern xK in
X1, X2, . . . , and characterise the factors that explain why some sequences xK are more
likely to occur before other sequences of the same length. Explicit formulae
and a simple recursion are derived for the distribution of the first occurrence of
the vector xK in the sequence X1, X2, . . . .

1. Introduction

This paper is concerned with the distribution of the first occurrence of any given

vector in a sequence of outcomes of independent Bernoulli random variables. Let

X1, X2, . . . be a sequence of independent random variables with the Bernoulli

distribution P(X �x)�ux(1�u)1�x; x�/0, 1. In coin tossing, for example, we can

set Xi equal to 1 or 0 according to whether a head (H) or a tail (T) results from the

ith toss. Let K be any positive integer and let xK � (x1; x2; . . . ;xK ) be any one of the

2K possible values of X �(X1;X2; . . . ;XK ): For i�/1,2, . . . , we denote by block i the
K positions occupied by the variables Xi , Xi�1, . . . , Xi�K�1, and we let N�N(xK )
be the number of the block at which xK occurs for the first time in the sequence X1,

X2, . . . . In queueing terminology, N may be referred to as the waiting time until the

sequence first occurs. For example, if the vector of interest is x3�/(1, 1, 0), then the

waiting time N would have the value n�/7 if we observe a sequence beginning

with 1,0,1,0,0,0,1,1,0, . . . , and N would have the value 2 for any sequence that

commences with either 0,1,1,0 or 1,1,1,0. In his applications of renewal theory, Ross

[6] refers to xK as a pattern , and N (denoted T in [6]) is called the first renewal time of
the pattern.

For K�/1 and x1� (1); the density of N is, of course, geometric: P(N�n)�
(1�u)n�1

u; n�/1,2, . . . . The case K�/2 is solved in Hombas [3]. Our goal is the

derivation of the distribution N for any given vector xK of arbitrary length K .

The motivation for the present work is as follows. In the context of an experiment

involving tossing of a fair coin (u�1=2); Konold [4] describes an interesting

simulation study to compare the probabilities of first occurrence of the sequences

HHHHH and HTHHT, i.e. x5�/(1, 1, 1, 1, 1) and x5�(1; 0; 1; 1; 0); and points out
that Engel [1] gives an algorithm to determine that the expected number of
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tosses until (1, 1, 1, 1, 1) occurs is 62, while for (1, 0, 1, 1, 0) it is only 36. Even in the

comparison of first occurrence of sequences of length K�/2, one’s intuition may

prove unreliable. Indeed while each one of the sequences HH and HT has equal

probability (1/2) of occurring before the other, the same is not the case for the
sequences HH and TH. In fact TH has a 75% chance of occurring before HH. To see

this, a little reflection shows that if the event HH is to occur before TH, then the first

two flips must both result in H (because any occurrence of T in either of the first two

flips means that with probability 1, TH will occur before HH.

Classroom experience suggests that this result is counter-intuitive to most

students, perhaps because in any two flips, the occurrence of two heads is just as

likely as the occurrence of a tail followed by a head. Similarly, the probability with

which HHH precedes HHT can be seen to be 1/2, but the probability with which
HHH precedes HTH is only 2/5. It was found that repetitions by students of either

simulations (as described in [4]) or empirical studies of experiments to verify the

above results, gave numbers that prove useful in clarifying the laws of large numbers

and in verifying theoretical results relating to the magnitude of variation to be

expected in sample results.

The above results may seem surprising since in n repetitions the expected number

of occurrences is the same for any two sequences of equal length with the same

number of ones. In general, if xK is any sequence consisting of K1 ones and K2

zeros (K1�K2�K5n); then the expected number of occurrences of xK in

(X1; . . . ;Xn) is:

(n�K�1)uK1 (1�u)K2 : (1)

This result has the following simple derivation if one employs an indicator

(characteristic) variables method and linearity of the expectation operator.

For i�/1, 2, . . . , n�/K�/1, define

Li �
1; if Xi�x1;Xi�1�x2; . . . ;Xi�K�1�xK

0; otherwise:

�

Note that xK occurs at the ith block if and only if Li �/1. Then since the number

of occurrences of xK in (X1, . . . , Xn) is evidently
Pn�K�1

i�1 Li; the expected number of

occurrences is E(
Pn�K�1

i�1 Li)� (n�/K�/1)P (Xj �/x1, Xj�1�/x2, . . . , Xj�K�1�/xK)

for any j�/1,2, . . . , n�/K�/1, and hence (1) holds.

If we specialise (1) to our coin tossing example and put K�/3, we find that the

expected number of occurrences of each of the outcomes HHT and HTH in n flips of

the coin is (n�2)ð1
2Þ3

: Why then, one may ask, is the event HTH more likely than

HHT to occur before HHH? Note that of course the first occurrence of an event is

quite a different concept from the number of occurrences of that event in a specified

number of trials. This paper explains why certain sequences are more likely to precede
other sequences and derives an explicit formula for the distribution of N along with a

simple recursion for the distribution.
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2. Factors that determine the probability of first occurrence

As in Section 1, let N be the number of the block at which a given sequence xK�/

(x1, x2, . . . , xK) occurs for the first time in the sequence X1, X2 . . . . For each n�/

1, 2, . . . , it is clear that N takes the value n if and only if block n is the given sequence

and no previous block constitutes the sequence. Thus if we let Ai be the event that the

ith block is the (given) sequence xK ; we have

P(N�n)�P

�[n

i�1

Ai

�
�P

�[n�1

i�1

Ai

�
: (2)

Now in (2) we first employ the principle of inclusion�/exclusion, then the obvious

fact that there is a ‘one-dependence’ between the Ai (e.g. that the conditional

probabilities P(Ai1
½Ai2

S Ai3
) and P(Ai1

½Ai2
) are equal for i1�/i2�/i3), and finally the

fact that P (Ai ) is independent of i (so that we may write P (Ai )�/P (A )).

We then obtain

P(N�n)�
�Xn

i�1

P(Ai)�
Xn

iBj

P(AiSAj)�
Xn

iBjBl

P(AiSAjSAl)

�. . .� (�1)n�1
P

�\n

i�1

Ai

��
�
�Xn�1

i�1

P(Ai)�
Xn�1

iBj

P(AiSAj)

�
Xn�1

iBjBl

P(AiSAjSAl)� . . .� (�1)n�2
P

�\n�1

i�1

Ai

��

�P(An)�
Xn�1

i�1

P(AiSAn)�
Xn�1

iBj

P(AiSAjSAn)� . . .

�(�1)n�1
P

�\n

i�1

Ai

�

�P(An)�
Xn�1

i�1

P(Ai)P(An½Ai)�
Xn�1

iBj

P(Ai)P(Aj ½Ai)P(An½AiSAj)

�. . .� (�1)n�1
P(A1)P(A2½A1)

�P(A3½A1SA2) . . . P(An½A1SA2S . . .SAn�1): (3)

Thus

P(N�n)�P(A)

�
1�

Xn�1

i�1

P(An½Ai)�
Xn�1

iBj

P(Aj ½Ai)P(An½Aj)

�
Xn�1

iBjBl

P(Aj ½Ai)P(Al ½Aj)P(An½Al)

�. . .� (�1)n�1
P(A2½A1)P(A3½A2) . . . P(An½An�1)

�
; n�1; 2; . . . :

(4)
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For clarity of exposition we now confine ourselves to the case where u�1=2; so

that P(A)�ð1
2ÞK

: (We remark that the general case is technically no more difficult,

but the notation is more cumbersome, for it is only when u� 1
2

that u and 1�u

become equal.)

Now for any i]1; consider P (Ai�1jAi), that is the conditional probability that

block i�/1 is the given sequence knowing that block i is the given sequence xK : Some
reflection shows that

P(Ai�1½Ai)�
1
2
; if all elements of xK are the same

0; otherwise:

�
(5)

Some further reflection reveals that

P(Ai�2½Ai)�
ð1

2ÞK
; if K52

ð1
2Þ2

; if K]3 and every second element of xK is the same

0; otherwise:

8>><
>>: (6)

In writing ‘every second element of xK is the same’, we mean that xi �/xi�2 for all

i�/1, 2, . . . , K�/2. It is important to note that such a sequence may also have other

subsequences of elements the same. Therefore, while the sequence (1, 0, 1, 0) has only

every second element the same, the sequence (1, 0, 1, 0, 1, 0) has every second and
every fourth element the same. In fact if a sequence has every second element the

same, such as (1, 0, 1, 0, 1, 0, 1), it will also have every fourth element the same (when

K]5) and every sixth element the same (when K]7); and so on. Similarly, a

sequence that has every third element the same will have every sixth and ninth

element the same, and so on. (It will not affect our calculations if a statement like

‘every uth element is the same’ is vacuously true. Thus the sequence (1, 0, 1, 0), which

has every second element the same, may also be said to have every fourth and fifth

element the same, even though this sequence does not have a fifth element.) The
distribution of N, and hence the probability with which any given sequence will occur

before any other given sequence of the same length, depends on the length K of the

sequence, and on a property we call periodicity. This property relates to whether or

not, for each fixed i , xK has the property that ‘every ith element of xK is the same’. In

fact each sequence can be classified according to the following events, some of which

are not pairwise disjoint: every element of the sequence is the same; every second but

not every third element is the same; every third but not every second element is the

same; and so on. More precisely, sequences are classified by their length K , the
smallest even integer u and the smallest odd integer u for which every u th element is

the same. It is such a classification that enables us to distinguish, for example, the

sequences HHH, HHT and HTH discussed in Section 1. The fact that P (N�/n)

depends on the above factors is clear from (3) above and (7) below.
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In general, we obtain

P(Ai�u½Ai)�
ð1

2ÞK

; if K5u

ð1
2Þ

u
; if K�u and every uth element of xK is the same

0; otherwise:

8><
>: (7)

It is important to observe from (7) that P (Aj jAi )�/P (Ai�(j�i )jAi) depends on

i and j only through the difference u�/j�/i . Thus we have

gu :�P(Ai�u½Ai) is independent of i: (8)

Using this fact, and recalling that P(A)�ð1
2ÞK

; we find that (3) may be re-written as

P(N�n)�ð1
2Þ

K
�

1�
Xn�1

i�1

gn�i�
Xn�1

iBj

gj�ign�j�
Xn�1

iBjBl

gj�igl�jgn�l�. . .�(�1)n�1
gn�1

1

�
:

(9)

3. The distribution of first occurrence

We are now in a position to give the main theorem that provides an explicit

expression for the distribution of N. We use the notation p(m) for a partition

(1r1 ; 2r2 ; . . . ;mrm) of a positive integer m ; thus the non-negative integers ri satisfyPm

i�1iri�m: Also let
P

p(m) denote summation over all partitions of m . For non-

negative integers j1, j2, . . . , jm satisfying
Pm

i�1 ji� j; write j

j1; j2; . . . ; jm

� �
for the correspond-

ing multinomial coefficient
j!

j1 ! j2 !...jm!
:

Introduce the generating function G(x)�
P�

u�1guxu; a formal power series

in x . Let Gm(x)�
Pm

u�1guxu; put H(x)�[1�G(x)]�1; and denote by Hm(x) :�
f[1�G(x)]�1gm�f[1�Gm(x)]�1gm the terms in the expansion of H as a power

series in x as far as the term xm .

Theorem 3.1. The density function of N, the number of the block at which any given

vector xK of ones and zeros occurs for the first time in a sequence of Bernoullið1
2Þ

random variables, is given by each of the following :

P(N�n)�ð1
2ÞK

Hn�1(1); n�1; 2; . . . (10)

and

P(N�n)�ð1
2ÞK Xn�1

j�0

(�1) j
Xn�1

m�j

Bm; j(g1; g2; . . .); n�1; 2; . . . ;

where Bm; j(g1; g2; . . .)�
P

p(m)
j

j1; j2; . . . ; jm

� �
g

j1
1 g

j2
2 . . . g jm

m ;
Pm

i�1 ji� j; p(m) denotes the

partition (1j1 ; 2j2 ; . . . ;mjm ) of m , and gu �/P (Ai�u jAi ) is given by (7).

PROOF. Observe first that by direct calculation (see also [5, pp. 189�/91]) the

coefficient of xm in the power series expansion of [G(x)]j �[
P�

u�1guxu]
j

is routinely

(11)
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seen to be Bm; j(g1; g2; . . .): It follows that

f[1�G(x)]�1gn�1�1�fG(x)gn�1�f[G(x)]2gn�1�f[G(x)]3gn�1� . . .

�1�
Xn�1

m�1

Bm;1(g1; g2; . . .)xm�
Xn�1

m�1

Bm;2(g1; g2; . . .)xm

�. . .� (�1)n�1
Xn�1

m�1

Bm;n�1(g1; g2; . . .)xm: (12)

Since Bm; j(g1; g2; . . .)�0 for each m and j satisfying m B/j , we see from (12) and

the definition of Hn�1(x ) that

ð1
2ÞK

Hn�1(1)�ð1
2ÞK



1�

Xn�1

m�1

Bm;1(g1; g2; . . .)�
Xn�1

m�2

Bm;2(g1; g2; . . .)

�. . .� (�1)n�1
Bn�1;n�1(g1; g2; . . .)

�
: (13)

It follows that the right hand sides of (10) and (11) are equal, since we also have

Xn�1

m�0

Bm;0(g1; g2; . . .)�B0;0(g1; g2; . . .)�1:

From (9), (10) and (13) the proof is thus complete if we can show that

1�
Xn�1

m�1

Bm;1(g1; g2; . . .)�
Xn�1

m�2

Bm;2(g1; g2; . . .)� . . .�(�1)n�1
Bn�1;n�1(g1; g2; . . .)

�1�
Xn�1

i�1

gn�i�
Xn�1

iBj

gj�ign�j�
Xn�1

iBjBl

gj�igl�jgn�l � . . .�(�1)n�1
gn�1

1 : (14)

The sum that appears in the second term on the left side of (14) is

Xn�1

m�1

Bm;1(g1; g2; . . .)�
Xn�1

m�1

X
p(m)

1

j1; j2; . . . ; jm

� �
g

j1
1 g

j2
2 . . . g jm

m

�
1

1

� �
g1

1�
1

0; 1

� �
g0

1g1
2�

1

0; 0; 1

� �
g0

1g0
2g1

3

�. . .�
1

0; 0; . . . ; 0; 1

� �
g0

1g0
2 . . . g0

n�2g1
n�1�

Xn�1

i�1

gi;

and this is the sum in the second term on the right side of (14).
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Next, the sum appearing in the third term on the left side of (14) is

Xn�1

m�2

Bm;2(g1; g2; . . .)�
X
p(2)

2

j1; j2

� �
g

j1
1 g

j2
2

�. . .�
X

p(n�1)

2

j1; j2; . . . ; jn�1

� �
g

j1
1 g

j2
2 . . . g

jn�1

n�1

�
2

2; 0

� �
g2

1g0
2�

2

1; 1; 0

� �
g1

1g1
2g0

3

�
2

1; 0; 1; 0

� �
g1

1g0
2g1

3g0
4�

2

0; 2; 0; 0

� �
g0

1g2
2g0

3g0
4


 �

�
2

1; 0; 0; 1; 0

� �
g1

1g0
2g0

3g1
4g0

5�
2

0; 1; 1; 0; 0

� �
g0

1g1
2g1

3g0
4g0

5


 �

�
2

1; 0; 0; 0; 1; 0

� �
g1

1g0
2g0

3g0
4g1

5g0
6




�
2

0; 1; 0; 1; 0; 0

� �
g0

1g1
2g0

3g1
4g0

5g0
6

�
2

0; 0; 2; 0; 0; 0

� �
g0

1g0
2g2

3g0
4g0

5g0
6

�
� . . .

�
2

1; 0; . . . ; 0; 1; 0

� �
g1

1g0
2 . . . g1

n�2g0
n�1� . . .


 �
�g2

1�2g1g2�[2g1g3�g2
2]�[2g1g4�2g2g3]

�[2g1g5�2g2g4�g2
3]� . . .�2g1gn�2: (15)

On the other hand, the sum appearing in the third term on the right side of

(14) is

g1

Xn�2

i�1

gn�i�1�g2

Xn�3

i�1

gn�i�2� . . .�gn�2g1

�g1

Xn�2

i�1

gi�g2

Xn�3

i�1

gi� . . .�gn�2g1�
Xn�2

i�1

Xn�i�1

j�1

gigj;

which is (15).

We continue now using induction. (This method may seem rather prosaic, but

we feel it is instructive in providing insight into the equivalence of (9), (10) and (11).

In addition, some of the algebra we exhibit will be used again in our proof of
Theorem 3.2 below.)

Suppose that

Xn�1

m�w�1

Bm;w�1(g1; g2; . . .)�
Xn�1

i1Bi2B...Biw�1

gi2�i1
gi3�i2

. . . giw�1�iw�2
gn�iw�1

: (16)
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We will show that

Xn�1

m�w

Bm;w(g1; g2; . . .)�
Xn�1

i1Bi2B...Biw

gi2�i1
gi3�i2

. . . giw�iw�1
gn�iw

: (17)

From [5, p. 190], the Bm;r(g1; g2; . . .) satisfy the recurrence relation

Bm;r�1(g1; g2; . . .)�g1Bm�1;r(g1; g2; . . .)�g2Bm�2;r(g1; g2; . . .)

�. . .�gm�rBr;r(g1; g2; . . .): (18)

It follows from (18) and an interchange of the order of summations (and

replacing m�/r by t) that the left hand side of (17) can be expressed as

Xn�1

m�w

Bm;w(g1; g2; . . .)�
Xn�w

r�1

gr

Xn�1

m�w�r�1

Bm�r;w�1(g1; g2; . . .)

�
Xn�w

r�1

gr

Xn�r�1

t�w�1

Bt;w�1(g1; g2; . . .): (19)

Inserting (16) into (19), with n in (16) replaced by n�/r, we see that

Xn�1

m�w

Bm;w(g1; g2; . . .)�
Xn�w

r�1

gr

Xn�r�1

i1Bi2B...Biw�1

gi2�i1
gi3�i2

. . . giw�1�iw�2
gn�r�iw�1

:

With iw �/n�/r, this agrees with the right hand side of (17), and the proof is
complete. j

Theorem 3.2. The density function of N, the number of the block at which any given

vector xK of ones and zeros occurs for the first time in a sequence of Bernoullið1
2Þ

random variables satisfies the recursion

P(N�n)�ð1
2ÞK

�
Xn�1

j�1

gn�jP(N� j); n�1; 2; . . . : (20)

PROOF. Write (11) as P(N�n)�ð1
2ÞKf1�

Pn�1

w�1(�1)wPn�1

m�wBm;w(g1; g2; . . .)g:Apply-
ing (19) gives

P(N�n)�ð1
2ÞK

�
1�

Xn�1

w�1

(�1)w
Xn�w

r�1

gr

Xn�r�1

t�w�1

Bt;w�1(g1; g2; . . .)

�
: (21)

If we interchange the first two summations that appear in (21) we find that

P(N�n)�ð1
2ÞK

�
1�

Xn�1

r�1

gr

Xn�r

w�1

(�1)w
Xn�r�1

t�w�1

Bt;w�1(g1; g2; . . .)

�
:

After an application of (11), again with j and n replaced by w�/1 and n�/r,

respectively, we see that
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P(N�n)�ð1
2ÞK

�
Xn�1

r�1

grP(N�n�r); n�1; 2; . . . :

Since this is the same as (20), the proof is complete. j

4. Examples

We now present some examples to illustrate the theorems. These examples are

designed primarily to show the techniques involved in obtaining more explicit

expressions when the values of the gu are specified. While Section 3 provides general

formulae and a simple recursion, the computations required in practice may be

carried out using expressions that have inserted into the general formulae the specific

values for the gu appropriate for the pattern being studied.

Example 4.1. (The aperiodic case). Consider any vector xK for which there does not

exist any u (u�/1, 2, . . . , K�/1) where the statement ‘every uth element of xK is the

same’ holds. Examples of such vectors when K�/5 are (1, 1, 1, 0, 0) and (1, 1, 0, 0, 0).

We call such a vector aperiodic and from (7) and (8) it is clear that for such vectors we

have gu�ð1
2ÞK

; for u]K and gu �/0 for 15uBK :

For illustrative purposes, we shall derive P (N�/n) for such aperiodic sequences

by using each of (10) and (11) in turn.

Using (10) first, note that for aperiodic sequences we have

G(x)�ð1
2ÞK X�

u�K

xu�ð1
2ÞK

xK (1�x)�1

and hence

H(x)� [1�G(x)]�1�1�
X�

j�1
(�1)j



ð1

2ÞK
xK (1�x)�1

�j

:

To obtain Hn�1(x ), we require all terms up to xn�1 in H (x ).

Observe that, for j]1;�
ð1

2ÞKj
xKj(1�x)�j

�
n�1

� ð1
2ÞKj

xKj
X�
t�j

t�1

j�1

� �
xt�j

( )
n�1

�ð1
2ÞKj

xKj
Xn�1�j�Kj

t�j

t�1

j�1

� �
xt�j:

Hence

Hn�1(1)�1�
Xn�1

j�1

(�1) jð1
2ÞKj Xn�1�j�Kj

t�j

t�1

j�1

� �
:

Since for each integer j]1;
Pn�1�j�Kj

t�j
t�1

j�1

� �
� n�1� j(K�1)

j

� �
by the upper

summation identity in [2, p. 174], it follows that
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Hn�1(1)�1�
Xn�1

j�1

(�1) j
�

1
2

�Kj n�1� j(K�1)
j

� �
:

Putting this into (10) gives

P(N�n ½xK is aperiodic)�ð1
2ÞK Xn�1

j�0

(�1) jð1
2ÞKj n�1� j(K�1)

j

� �
; n�1; 2; . . . : (22)

To derive this distribution using (11) instead, note that for aperiodic sequences
we have

Bm; j(g1; g2; . . .)�Bm; j(0; 0; . . . 0|fflfflfflfflffl{zfflfflfflfflffl}
K terms

; ð1
2ÞK

; ð1
2ÞK

; . . . ; ð1
2ÞK|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�K terms

)

�
X
p(m)

j

j1; j2; . . . ; jm

� �
0j1 0j2 . . . 0jK�1ð1

2ÞKjKð1
2ÞKjK�1

. . . ð1
2ÞKjm

:

Notice that unless all j1, j2, . . . , jK�1 are 0, we will have 0 j1 0 j2 . . . 0 jK�1 �0: Hence

Bm; j(0; 0; . . . 0|fflfflfflfflffl{zfflfflfflfflffl}
K terms

; ð1
2ÞK

; ð1
2ÞK

; . . . ; ð1
2ÞK|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�K terms

)�ð1
2ÞKj X

p+(m)

j

j1; j2; . . . ; jm

� �
;

where
P

p+(m) denotes summation over all partitions (1j1 ; 2j2 ; . . . ;mjm) of m satisfying

j1�/j2�/ . . .�/jm �/j . Clearly
P

p+(m)
j

j1; j2; . . . ; jm

� �
is given by the coefficient of xm

in the expansion of (xK�/xK�1�/ . . .) j . Proceeding as in the derivation of Hn�1(x )

above, this coefficient is m�1� j(K�1)
j�1

� �
:

Consequently,

P(N�n ½ xK is aperiodic)�ð1
2ÞK Xn�1

j�0

(�1)jð1
2ÞKj Xn�1

m�j

m�1� j(K�1)
j�1

� �

�ð1
2ÞK Xn�1

j�0

(�1)jð1
2ÞKj Xn�2�j(K�1)

u�j�1�j(K�1)

u

j�1

� �

�ð1
2ÞK Xn�1

j�0

(�1)jð1
2ÞKj Xn�2�j(K�1)

u�j�1

u

j�1

� �
;

and this agrees with (22) after again applying the ‘summation on the upper index’

identity.
For further illustration of (22), we look at the special cases K�/1 and K�/2.

For K�/1, xK is either (0) or (1). From (22), the distribution of the first

occurrence of either of these is P ( N�n j xK � (1) or (0))�/
1
2

Pn�1

l�0 ð�1
2Þl

n�1
l

� �
�

ð1
2Þn

; n�/1, 2, . . . . This result is obvious since N has the geometric distribution with

parameter u�1=2:
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For K�/2, the possible aperiodic vectors are (1, 0) and (0, 1). Then (22) yields

P(N�n ½ x2� (1; 0) or (0; 1))�ð1
2Þ2 Xn�1

l�0

(�1) lð1
2Þ2l n�1� l

l

� �
�nð1

2Þn�1
;

n�1; 2; . . . :

The last equality here follows from the fact that Pn :�/P (N�/n j x2�(1; 0) or (0, 1))

satisfies the recursion Pn�Pn�1�
1
4
Pn�2; and subject to the initial conditions P1�

P2�
1
4
; this has solution nð1

2Þ
n�1

; n]1: (This recursive formula is easily derived

directly, but it also follows from the general recursion (20).)
We remark that this distribution also follows from the following simple argument

(which we illustrate for the sequence (0, 1)). Of the 2n�1 possible vectors that can

occur up to the occurrence of block n , the n that are of the form

1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
i term

; 0; 0; . . . 0|fflfflfflfflffl{zfflfflfflfflffl}
n�i terms

; 1 (i�0; 1; . . . ; n�1) lead to (0, 1) occurring for the first time

at block n .

Example 4.2. (Sequences with period one). For the sequences
¯
1K :�(1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}

K terms

) and

¯
0K � (0; 0; . . . ; 0|fflfflfflfflfflffl{zfflfflfflfflfflffl}

K terms

); we have from (7),

gu�
ð1

2ÞK
; u]K

ð1
2Þu

; uBK :

8<
:

To obtain a simplified formula for the distribution of N in this case, it seems easier to
apply Theorem 3.2 rather than either of the expressions in Theorem 3.1. By (20) and

the present gu , we have

P(N�n)�
ð1

2ÞK
�

Xn�1

j�1

ð1
2Þn�j

P(N� j); n5K

ð1
2ÞK

�ð1
2ÞK Xn�K

j�1

P(N� j)�
Xn�1

j�n�K�1

ð1
2Þn�j

P(N� j); n�K :

8>>>>><
>>>>>:

(23)

For K�/1, we see also from (23) that P(N�n)�ð1
2Þ1

�1
2

Pn�1

j�1 P(N� j); so that

P(N�n)�ð1
2Þn

; n]1;K�1: (24)

Next, the portion of (23) that refers to the case n5K is easily seen to have the

solution given by the next expression below. Since both expressions in (23) are equal

for n�/K�/1, this solution applies for n�/K�/1 also. It is

P(N�n)�
ð1

2ÞK
; n�1;K]1

ð1
2ÞK�1

; 25n5K�1;K]1:

8<
: (25)

For n]K�2 and K]2; non-trivial manipulation of (23) leads to
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P(N�n)�
XK

j�1

ð1
2Þj

P(N�n� j);

from which we obtain the more convenient form

P(N�n)�P(N�n�1)��ð1
2ÞK�1

P(N�n�K�1); n]K�2; K]2: (26)

The formulae (24) and (25) with the recursion (26) can be viewed as major

simplifications of the recursion (20) in the case of our present sequences 1
¯

K and 0
¯

K ,

but we can go further and obtain an explicit solution. To solve (26), it is convenient

to partition the set of positive integers as

f1; 2; . . .g�f1; 2; . . . ;K�1g@

[�

m�1

fmK�2; mK�3; . . . ; (m�1)K�1g
�
:

The solution for P (N�/n) over the first set f1; 2; . . . ;K�1g of this partition has

been given in (25) above. To obtain P (N�/n ) over each of the remaining sets, we

unfold the recurrence (26) so that for n in any given set of the partition, P (N�/n ) is

expressed in a suitable form in terms of the P (N�/j ) with j belonging to the previous

set. One convenient representation is

P(N�n)�P(N�mK�1)�ð1
2ÞK�1 Xn�mK�2

j�0

P(N� j�[m�1]K�1);

mK�25n5[m�1]K�1; K]2;m]1: (27)

Now in (27) we first put m�/1, and allow n to range over fK�2;K�3; . . . ;
2K�1g: Then employing (25) we see that

P(N�n)�P(N�K�1)�ð1
2ÞK�1

�
P(N�1)�

Xn�K�2

j�1

P(N� j�1)

�

�ð1
2ÞK�1

�ð1
2ÞK�1fð1

2ÞK
�(n�K�2)ð1

2ÞK�1g:

That is,

P(N�n)�ð1
2ÞK�1

�ð1
2Þ2K�2

(n�K); K�25n52K�1; K]2: (28)

Next, in (27) we put m�/2, allow n to range over f2K�2; 2K�3; . . . ; 3K�1g
and use (28) and (25) to find that

P(N�n)�P(N�2K�1)�ð1
2ÞK�1

�
P(N�K�1)�

Xn�2K�2

j�1

P(N�j�K�1)
�

�ð1
2ÞK�1

�(K�1)ð1
2Þ2K�2

�ð1
2ÞK�1

�
ð1

2ÞK�1
�

Xn�2K�2

j�1

[ð1
2ÞK�1

�(j�1)ð1
2Þ2K�2

]
�
:
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Simplifying gives

P(N�n)�ð1
2ÞK�1

�ð1
2Þ2K�2

(n�K)�ð1
2Þ3K�3 Xn�2K�2

j�1

(j�1);

2K�25n53K�1; K]2: (29)

In general, using similar but tedious calculations, we find that

P(N�n)�ð1
2ÞK�1

�ð1
2Þ2(K�1)

(n�K)�ð1
2Þ3(K�1) Xn�2K�2

j�1

(j�1)

�ð1
2Þ4(K�1) Xn�3K�2

j�1

Xj�1

i�1

(i�1)�ð1
2Þ5(K�1) Xn�4K�2

K�1

XK�1

j�1

Xj�1

i�1

(i�1)

�. . .�(�1)mð1
2Þ(m�1)(K�1) Xn�mK�2

im�1�1

Xim�1�1

im�2�1

Xim�2�1

im�3�1

. . .
Xi2�1

i1�1

(i1�1);

mK�25n5(m�1)K�1; m]1;K]2: (30)

Using the identity
Pa

i�1i(i�1)(i�2) . . . (i�K�1)� 1
K�1

a(a�1)(a�2) . . . (a�K);

repeatedly, it is easy to show that (30) reduces to

P(N�n)�ð1
2ÞK�1

�ð1
2Þ2(K�1)

(n�K)�ð1
2Þ3(K�1)ð1

2Þ(n�2K�2)(n�2K�1)

�ð1
2Þ4(K�1)ð1

3!Þ(n�3K�3)(n�3K�2)(n�3K�2)

�ð1
2Þ5(K�1)ð1

4!Þ(n�4K�4)(n�4K�3)(n�4K�2)(n�4K�3)

�ð1
2Þ6(K�1)ð1

5!Þ(n�5K�5)(n�5K�4)(n�5K�3)(n�5K�2)(n�5K�4)

n

�(�1)mð1
2Þ(m�1)(K�1)

�
1

m!

��Ym�2

i�0

(n�m[K�1]� i)

�

�(n�mK�m�1);mK�25n5 (m�1)K�1; m]1;K]2:

(31)
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Combining (24), (25) and (31) we have finally

P(N�n ½xK �1K or 0K )�

�

ð1
2Þn

for n]1; K�1;

ð1
2ÞK

for n�1; K]1;

ð1
2ÞK�1

for 25n5K�1; K]1;

ð1
2ÞK�1

�ð1
2Þ2(K�1)

(n�K) for K�25n52K�1; K]1;

ð1
2ÞK�1

�
Pm

j�2(�1)jð1
2Þ(j�1)(K�1) 1

j!

�Yj�2

i�0
(n� j[K�1]� i)

�
(n� j[K�1]�1)

for mK�25n5 (m�1)K�1; m]2; K]2:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(32)

The derivation of formula (32) suggests that some complexity exists even in the

apparently simple case of the two patterns all of whose elements are the same (i.e. 1
¯

K

and 0
¯

K ). Nevertheless, we note parenthetically that the form of (32) permits a clear

explanation of the logic we actually employed in the derivation of formulae (3) and

(9), which provided the basis for the general Theorems 3.1 and 3.2. To clarify the

reasoning employed, suppose that our pattern of interest is (1, 1, 1, 1, 1) so that K�/5.

We will justify the appearance of the term ð1
2ÞK�1

�ð1
2Þ2(K�1)

(n�K) in (32) for this

case when n�/7. Now if the pattern (1, 1, 1, 1, 1) is to appear for the first time at block

7, then the first 11 variables X1, X2, . . . , X11 must satisfy the following restrictions: we

must have X7�/X8�/X9�/X10�/X11�/1 (to ensure that the pattern occurs at block

7); simultaneously we must have X6�/0 (to ensure that the pattern has not occurred

at block 6); and at the same time we must ensure that the vector (X1, X2, X3, X4, X5)

does not have value (1, 1, 1, 1, 1) (for otherwise the pattern will have appeared at the

first block). The probability that the first 11 random variables satisfy these

restrictions is clearly ð1
2Þ5ð1

2Þ1ð1�ð1
2Þ5Þ; and this is precisely ð1

2ÞK�1
�ð1

2Þ2(K�1)
(n�

K) with K�/5 and n�/7.

5. Comments

We described the factors that determine the distribution of the first occurrence of any
given pattern of ones and zeros in a sequence of independent Bernoulli variables.

Mathematically, these factors are expressed in terms of the gu of (8) and (7). Two

expressions for the distribution of the first occurrence of the pattern are given in

Theorem 3.1, and a recurrence relation for the distribution is provided in Theorem

3.2. The choice of which of the three expressions to use for any particular sequence is

to some extent a function of whether or not a computer is being used to perform the

calculations. The distribution we derived provides an alternative approach to

discussing the distribution’s moments, the mean and variance of which are discussed
elsewhere in the literature without knowledge of the distribution (see [6]). Using the

results of the present work, one can write an expression for the probability with
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which one sequence will occur before another. However, we will not discuss this here.

Nor will we address the question of the asymptotic distribution of N, though a study

of it is obviously suggested by the complexity of the special case of our general

distribution, which we discussed in Example 4.2. We close by reiterating that the
condition u�1=2 was imposed throughout the paper only for convenience of

notation. In fact, the results of the paper can be extended to more general

distributions than Bernoulli, though the presentation is more tedious.
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