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ABSTRACT

We revisit a simply stated problem of Knuth. Previous approaches rely on the
Bernoulli nature of the underlying stochastic process to recover the systems mean
behaviour. We show that limiting results hold for a wide range of stochastic processes.
A Large Deviation Principle (LDP) is proved, allowing estimates to be made for the
probability of rare-events. From the LDP, a weak law of large numbers is deduced.

1. Introduction

Knuth [3] describes a stochastic system, which he calls the ‘The Toilet Paper
Problem’. He considers the toilet paper dispensers in Stanford University’s computer
science building, in which each cubicle has two distinct rolls of toilet paper from
which a ‘user’ can choose. Initially there are two toilet rolls, each with n pieces. He
considers the stochastic system where users have two distinct behaviours: a user is a
little-chooser if they take from the roll with the least number of sheets; a user is a big-
chooser if they take from the roll with the most number of sheets.

Assuming users arrive to the cubicle independently, use the same unit amount of
toilet roll and are little-choosers with probability p or big-choosers with probability
qg:=1—p we want to know the expected amount of toilet roll remaining just after
one of the two rolls has emptied, i.e. the residue R,. In the case p = 1/2, the system
reduces to the last problem in the Scottish Book [6], known as Banach’s matchbox
problem. Judicious use of combinatorial techniques leads Knuth to prove:

E[R]:{q/(q—p)JrO(r") if p<gq,
g np—q/p+q/p—q@+00" if p>gq,

where r is any value greater than 4pg. If big-choosers predominate, then on average
the system keeps self-levelling and there is very little residue. If little-choosers
predominate, then on average one roll drains quicker than the other, leaving a more
substantial residue.
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In [7] Stirzaker reconsiders the problem using martingale techniques. This
approach enables a solution to the slightly more general problem where the two
rolls may be initially unequal in size. He comments:

These methods provide alternative derivations of Knuth’s results. Whether they provide the simple and easy
proof he requests is perhaps a matter of taste. This approach does allow quite a few more results to be
obtained at little extra cost. ..

With this comment in mind, we reconsider Knuth’s problem using large
deviations. Let {X; : ie N} denote the chooser process: X; = +1 if the i/ user is a
little-chooser; X; = — 1 if the i user is a big-chooser. Define the partial sum S, =
>i_, X;. We identify general conditions on {X;} under which the Large Deviation
Principle (LDP) and a Weak Law of Large Numbers (WLLN) can be deduced for
{R,/n}.

We make two assumptions. The first ensures that a sample-path LDP holds in the
topology of uniform convergence. The second is a stability condition.

Assumption 1. {S,/n} satisfies the LDP with good convex rate-function /. For each
fixed meN and 0=1¢,<t, <---<t, <], define Y,=(S,(t), S.(t2) —S,(t1),...,
S, (tm) — S, (t,,—1)). {Y,} satisfies the LDP with good rate-function:

Im(y) = Z(Zl - ti—l)l <tylt>7
i=1 i~ ti—1

1

where y = (11, ..., Vm)-

Assumption 2. The rate-function 7 is finite on [0,1] and there exists unique m €
[—1,1] such that I(m)=0.

Using these assumptions, we prove the following LDP:

Proposition 1. Under Assumptions 1 and 2, the residue process {R,/n} satisfies the
LDP in [0, 1] with good convex rate-function L where, if m >0,

X .
L) = (2—x)1<2 - x> if xel0,1],

400 otherwise,
and if m <0,
Q—x) inf al if xel0, 1]
L(x)= * ae[x/@—x),lla (2 = x)a sAEm
o otherwise.

As a corollary to this theorem, the following WLLN is deduced:
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Corollary 2. Under Assumptions 1 and 2, {R,,} satisfies a weak law of large numbers
with

lim E[R,/n] =

n— o0

2m/(1 +m) if m>0,
0 if m<0.

As Knuth’s approach involved moment-generating function techniques, it is
surprising that the Gértner—Ellis theorem does not appear to provide the best means
of tackling this problem. The approach we take uses two distinct methodologies from
large deviations: the first involves a relatively routine application of sample-path
results; the second method is that of Ruelle and Lanford (a clear exposition of which
appears in Lewis and Pfister [4]) developed by Ruelle to give a rigorous treatment of
statistical thermodynamics.

The most significant advance this approach admits is that it allows us to extend
the little-chooser/big-chooser process from Bernoulli to a range of processes
including finite-state irreducible Markov chains. This paper is organised as follows:
in Section 2 we give a definition of the LDP; the proof of the main results appears in
Section 3; Section 4 contains examples.

2. Large deviations

Let 2 be a Hausdorff topological space with Borel o-algebra 4 and let {u, : n eN}
be a sequence of probability measures on (2, #). We say that u, satisfies the LDP
with rate-function I : Z - R™ U {+ o0} if I is lower semi-continuous and, for all B €
A,

1 1
— inf I(x) <lim inf —logu,(B) <lim sup —logy,(B) < —inf I(x),
© n

xeB n- n-ow N xeB

where B° denotes the interior of B and B denotes the closure of B. We say that {Z,}
satisfies the LDP if for each n, Z, is a realisation of u,. A rate-function is good if its
level sets {x : 1(x) <a} are compact for all .

For a general process, {Z, : n e N}, we define its sample-path process {Z, ()} as
follows: for ¢ €[0, 2], let Z,(t) :== Z,;/n, then

Z,(0)=Z,(0) + (z _ [’”]> (zn ([’”] + 1) _z ([”’]» 2.1)
n n n

Note that Z () is a polygonal approximation to Z,(). We consider the LDP for
sample-paths in €[0, 2], the space of continuous functions on [0,2] equipped with the
topology of uniform convergence (whose norm is: ||¢ || = sup, cj0,2)|¢ (¢))).

The LDP is a ‘covariant’ principle in the sense that if y, satisfies the LDP in &
with good rate-function I and f: # —>% 1is continuous, where 2 and % are
Hausdorff, then u,of ' satisfies the LDP in % with good rate-function given by
J()=inf{I(x) : f(x) =y}. This fact is called the Contraction Principle and a proof
can be found in [2, theorem 4.2.1].
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3. Large deviations for the residue

Consider the following interpretation of the problem in terms of a random walk with
a reflecting barrier. The position of the walk at time k >0 is denoted by S} and
represents the difference in roll lengths after & users have taken a piece each. If we
denote by {X,} the underlying chooser process, taking values in { —1,+1}, then S¥
evolves according to the rules:

SE =0
St =SE+ X, if SF>0;
St =1, if S¥=0. 3.1

If Sf=0, then the rolls are of equal length and S}, , must be 1. Define
T, =min{keln,....2n—1]: Sf=2n—k} (3.2)

as the number of users that arrive until one of the rolls empties. As each roll initially
had n pieces, the residue is given by:

R,=2n—T,. (3.3)

In order to prove the LDP for {R,/n}, we first prove that the sample-path process
of the reflected random walk {S#¥/n} satisfies the LDP. We then prove that {7, /n}
satisfies the LDP using the Ruelle—Lanford approach. As subtraction is continuous,
the LDP for {R,/n} follows by applying the contraction principle.

For each n €N, define the partial sum of the chooser process, {X;} by

S, = iXk,
=1

and let S,() denote its sample-path.

Theorem 3. [I] Under Assumption 1, the partial sums sample-path process {S,0}
satisfies the LDP in %[0, 2] with the good convex rate-function

2 . )
1| | 160a i peri0.2] (3.4)

400 otherwise,

where </[0,2] is the space of absolutely continuous functions, ¢, on [0,2] with ¢ (0) =
0.

We bound the process {S}} by two processes that are equivalent on the scale of
large deviations; for i € {0, 1}, define the process {S;} by the evolution:

S, =i
Sip1 =S+ X, if >0
Sli+1::ia if S,i-l—XkSi.

Note that SY <SF< S} for all k eZ™. With a v b:= max{a, b}, by induction,
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St =0<r/31<anx 1{ Z (X)—l—l} V. (3.5)

j=n—k

Theorem 4. Under Assumption 1, {S%()} satisfies the LDP in €[0,2] with good rate-
function

S W) :=inf{l($) : f(¢) =y},
where f : €[0,2] > €|0,2] is defined by:
(f(p)(t) = qﬁ(l)—t*ien[(t;t] o(1*), for tel0,2].

Proor. Note that f(S,)=S! for all keN. That is, at the sample-path level,
f represents Equation (3.5) for i=0. As f is continuous, the result follows by
invoking the contraction principle. M

Two processes {X,} and {Y,} are exponentially equivalent (definition 4.2.10
of [2]) if for each 6 > 0,

lim sup flog PlX,—Y,>dl=—

n— o0

Theorem 4.2.13 of [2] proves that if two processes are exponentially equivalent, then
if one satisfies the LDP with rate-function I, the other does.

Lemma 5. The processes {S°(-)}, {S*()} and {S(\)}, are exponentially equivalent.

Proor. 89 <S#<S) and, from (3.5), it is clear that S; — S <1, for all keZ*.
Hence

lim sup 1log P[IS() — S} () > ] = —o0,
n

n—oo

foralld >0. m

From Theorem 4, Lemma 5 and [2, theorem 4.2.13] we deduce the following:

Theorem 6. Under Assumption 1, {S*()} satisfies the LDP in %[0,2] with good rate-
function J ., defined in Theorem 4.

Corollary 7. Under Assumptions 1 and 2, {S¥/n} satisfies the LDP in [0, 1] with good
convex rate-function J where, if m >0,

J() = {I(x) if xe[0,1],

400 otherwise,

and if m <0,
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) x\ .
J0o) = {”gﬂ};]al<a> if xel0,1],

400 otherwise.

PrROOE. As ¥ — /(1) is continuous, J is a good rate-function defined by:
J(x) :=inf{J () : (1) =x}
=inf{l(¢) : f($)1) =x}
=inf{l(¢) : ¢(1)—inf,_,._,¢d(t*) =x}
>inf_ . inf{I (@) : ¢p(t*) <0, H(1) — H(t*) = x}
>infy_ . {inf, o t*I(h/t*) + (1 — )1 (x /(1 — 1))},

where the last inequality follows by Jensen’s inequality. If m <0, then inf, ¢*
I(hit*) =0 and J(x)>infy <« <1(1 — *)I(x/(1 — t*)). Defining the function

'Z(t) =mt+ (1 i" po - m) Jvol[t*‘l](t)dta

gives f())(1) = x and I, () = (1 — r)I(x/(1 — r*)). Thus

JC) = inf (1—r*>1( > ): inf a1<x),
0<r<l 1 — t* aelx,1] a

since I(x) = oo for x > 1. If m =0, this infimum occurs at ¢ =1 since I is convex.

If m >0, then infy, _o t*I(h/t*) = t*1(0) > 0. Hence J(x) > I(x) and equality is
obtained by the function §(7) := xz. In both cases, the convexity of J is readily
checked. ®

Define the function 1 : €[0,2] —[1,2] by ©(¢p):=inf{r €[1,2]: ¢(t) =2 —t}. Note
that «(S* = T, where T, is defined in Equation (3.2). Thus t is the sample-path
equivalent of T,,, but is not continuous. For example, consider the sequence of ][0, 2]
functions

t—1/n if te(1/n,1]

0 if tel0,1/nlul2—1/n,2],
7,(1) =
2—t—1/nif te(1,2—1/n),

for n > 1. The discontinuity arises since lim,, _, ., 7(%,,) = 2, but t(lim,, _, ., #,,) = 1 and
hence the contraction principle cannot be invoked. In order to prove the LDP for
{T,/n}, we need extra information from the process that led to the LDP for {S*()}.
We use the Ruelle—Lanford approach.

Theorem 8. Under Assumptions 1 and 2, {T,/n} satisfies the LDP with good convex

rate-function
K(o)= {“(2 . x) i xell 2]

+0o0 otherwise,

where J is defined in Corollary 7.
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FiG. 1—Equivalence of events.

Proor. As T, /n takes values within the compact interval [1,2], if one can prove the
large deviations upper bound for compact sets, then it holds for all closed sets. Thus,
in order to prove the full LDP, by theorem 3.1 of [4] (or theorem 4.1.11 of [2]) it
suffices to show that for all a €[1, 2]

lim lim inf : log P [T” € Bg(a)] = lim lim sup ! log P [T” € Bf(a)] ,
e>0 n-ow p n =0 4h0 n n
where B.(a):=(a—e€, a+e).
For a >¢€ >0, consider the following characterisation of the event {7,/n e
B.(a)}, bearing Figure 1 in mind:

e Ata—e,S¥-) must not have crossed or touched the line 2 — x. If it did cross
or touch the line, it could not return below it and the first crossing would have
occurred before a —e. However, at a — €, S';“(-) must be no further than 4e
below the line or else it could not cross until after a+e.

e Ata+te, the process S*(-) must be on or above the line 2 — x, in order that the
first crossing occurs before a+e€.

Formally, for 0 <€ <a, the event {T,,/ne B.(a)} is equivalent to
{2—[na+ el /n<8Ha—e) <2 — [nla—3e)l/n}n{SHa+€)
> 2 — [n(a+ €)l/n}. (3.6)
For the upper bound, drop the second term in (3.6),

P {T”eBe(a)} <P [S’,’f(a— €e <2— n(a = 3e)] ,2— [nla + 6”)]
n

n n
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Define the sets

Aa,e) =2 —a—e€)/(a—e),2—a+3¢e)/(a—¢)),
Aa,€):={¢: pla—e)e A'(a,e)}.

Taking limits gives,
. 1 T, . .
limsup logP |- "eB(a)| <— inf J (p)=—(a—e) inf J(x),
n—»ow N n ¢peAla,e) xeA'(a,e)

where J is defined in the statement of Corollary 7. Thus, as J is continuous on [0, 1],

-0 n0

1 T 2 —
lim lim sup - log P{ n eBE(a)} < —aJ( a) forall ae(l,2].
n n a

If a = 0, the lower bound is trivially equivalent to the upper bound. For a > ¢ >
0, the set defined in (3.6) contains the set

{2—[na+el/n<8SXa—e) <2 —[nla—3e)l/n}n{SHa+e) —SHa—e) >2¢}.
Define the set
B={¢:pla+e)— pla—e€) = 2¢}.
Again, taking limits gives
lim inf n~'log P[T,/n € B(a)] > —inf ,_, 5 J_ (¢)

=—inf{I () : f(Y)a—e)e A,
Yla+e)—yla—e) > 2e}
=—inf,_, J,.(¢) —2€l(1),

and so, as J is continuous on [0, 1],

e-»0 n-ow p a

lim lim inf 1log P {T”eBe(a)} >—alJ (2 — a> forallae(1,2]. m
n

Finally, as subtraction is continuous and R, =2n — T,,, we have the main result
for the residue process:

Proposition 9. Under Assumptions 1 and 2, the residue process {R,In} satisfies the
LDP in [0,1] with good convex rate-function L where, if m >0,

x .
Lix) = {(2x)1<2 ~ x) if xel0,1],

400 otherwise,

and, if m <0,

X

L(x) = {(2 =) inf <(2 - x)a) if xelo, 11,

+o0 otherwise.
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Corollary 10. Under Assumptions 1 and 2, {R,} satisfies a weak law of large numbers
with

lim E[R,/n] =

n— oo

2m/(1+m) if m>0,
0 if m<0,

where m €[ — 1, 1] is the unique point with I(m) =0.
ProoF. By theorems 2.1 and 2.2 of [5], in order to determine the WLLN from the

LDP, it suffices to determine the unique zero of L. Straightforward calculation
reveals the values given above. B

4. Examples

The first example is the original problem of Knuth, where users arrive in an i.i.d.
Bernoulli manner.

Example 1. Let {X,, : n e N} be an i.i.d Bernoulli sequence taking values in { — 1,1}
with the probability of user i being a little-chooser P[X; =+1]=p €(0,1) and
probability of user i being a big-chooser ¢ :=1 — p. {X,,} satisfies Assumption 1 with
rate-function:

1 — 1 — 1 1
) xlog x + +xlog oy if xe[—1,1],
Ip(x) = 2 2q 2 2p

400 otherwise,

which satisfies Assumption 2 with I,(m) = 0 for m = E[X;] = p — g. By Proposition 9
and Corollary 7 the rate-function for {R,/n} is given by (if p > 1/2):

(1 —x) 1 .
Lp(x) — {(1 —x) log(q(z_x)> +10g Q(z_x)) if xe [0, 1]7

00 otherwise,

and, if p <1/2,

xlog (Z) if xel0,(g—p)/ql,
L (x)= _
() (1—-x)log <q((12 _);))) +log (p(Z 1_ x)) if xellg—p)/q,11,
+o0 otherwise.

Figures 2 and 3 show graphs of L,(x) for a range of values of x and p. The y-range
for Figure 3 has been truncated to make the detail clearer. By Corollary 10, the mean
behaviour of R,/n is determined by:



116 Mathematical Proceedings of the Royal Irish Academy

25 T T T T T T T T T

COoo0
Shwhk

TTTT

Fi1G. 2—Bernoulli-chooser rate-function, p < 1/2.

: _[—a/p ifp>1)2,
Jim EIR,/n] = { 0 ifp<1/2.

The second example is a function of a Markov chain in which users may use more
than one sheet.

Example 2. Extend the users’ behaviour so that during a single visit to the cubicle a
big-chooser may use 1 to N( > 1) sheets and a little-chooser 1 to M( > 1). Model this
situation by introducing the irreducible recurrent Markov chain Y, on &% =[— N,
—N+1,...,—1,1,2,..., M] with transition matrix

I/(N+ M) if ie{-1,+1},

1 ifi>+landi—j=1,
1 ifi<—landj—i=1,
0 otherwise.

G, j) = 4.1

After each piece is taken, |Y,| counts down, remembering how many more pieces a
user wishes to take. After a user has taken his last piece, | Y, | =1 and the next user’s
behaviour is chosen uniformly from the N+ M possible behaviours. Let f: F —
{—1,+1} be defined by



DuFrFY AND DUKES— Banach’s matchbox problem 117
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Fi1G. 3—Bernoulli-chooser rate-function p > 1/2.

o [ if k>0,
f%”‘{—lifk<0

The piece-wise selection process is defined by X; :=f(Y)).

By theorem 3.1.2 of [2], {S,,/n} satisfies the LDP in [0,1] with good convex rate-
function, 7. Although it is not possible to determine a closed form for 7, for fixed
values of N and M, it is readily calculated numerically (see section 3.1 of [2]). By
theorem 3 of [1], its sample-paths, {S,,}, satisfy the LDP in %[0, 2] with rate-function,
1., defined in Equation (3.4).

The unit left eigenvector, &, of Il determines the mean behaviour of Y,,. Define
c=(N(N+1)+M(M+1))/2, then

é_cz N M 2»

Y i

b ) Y K
cc ¢ ¢ ¢ c
The concentration point, m in Assumption 2, for {S,/n} is given by the expectation

of f with respect to &.

m_M(M+ ) — NN +1)
MM+ 1)+ NN+ 1)

Clearly, m <0 if and only if M < N. Defining y .= M(M+D/(N(N+1)),m=(1 —y)/
(147) and, using Corollary 10, the mean behaviour of R,/n is determined by:
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lim E[R,/n] =

n—oo

11—y if M >N (equivalently y > 0),
0 if M <N (equivalently y <0).
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