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ABSTRACT

In this article we extend the notion of local operators to left Banach modules over a
commutative Banach algebra. We get interesting results if the underlying algebra is
spectrally separable. For (SD)-algebras, a special subclass of spectrally separable
algebras, Shulman has shown that all local operators are multipliers. We introduce
local (SD)-algebras, which are not necessarily commutative, and use Shulman’s result
to show that any local multiplier between left Banach modules over a local (SD)-
algebra is a multiplier.

1. Introduction

Given two linear spaces A(Q) C B(Q) of complex-valued functions on a non-empty
set Q, a linear mapping 7: A(Q) — B(Q) is said to be local provided that

(Tf)g=0, for all feA(Q) and ge B(Q) with fg=0

(cf. [8]). Let Q be a normal Hausdorff space and let 4(Q) C B(Q) C C(Q), where
C(Q) is the Banach algebra of all complex-valued continuous functions on Q, be
linear subspaces such that for all disjoint closed subsets F and G in Q there exists a
function f € A(Q) that satisfies f = 1 on F and f =0 on G. Then, by lemma 1 in [§], a
linear mapping 7: A(Q) — B(Q) is local if and only if

supp(Tf) C supp f for all f e A(Q),

where supp f denotes the support of f. This equivalence allows us to extend the
notion of local mapping to the context of Banach modules over a commutative
Banach algebra.

The basic structure of this paper is as follows. In Section 2, we define local
operators between Banach modules over a unital commutative Banach algebra. We
show that local multipliers are always local operators. In Section 3, we confine
ourselves to the situation where all modules are built over a spectrally separable
algebra. We show, for instance, that in this case the set of all local operators on a
given left Banach module X’ is a strongly closed subalgebra in B(X), the algebra of all
bounded linear operators on X. In that section we also characterise local operators
between left Banach modules by the use of the spectral and co-spectral submodules.
In Section 4, we recall from [13] the basics about (SD)-algebras and then define local
(SD)-algebras. We show that unital C*-algebras and group algebras over discrete
groups are examples of algebras of this type. We include Shulman’s original proof of
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the assertion, which says that all local operators between two Banach modules over
an (SD) algebra are multipliers. In Section 5 we use this result in showing that local
multipliers between left Banach modules over a local (SD)-algebra are multipliers.
We refer the reader to [1; 3; 5; 10; 11; 12] for details about the notions that are used in
this paper.

2. Local operators

Let A be a commutative Banach algebra and X(.A) its character space, i.e. the set of
all nonzero multiplicative linear functionals on .A. (The reader is referred to [12] for
basics about Banach algebras and to [3] for Banach modules.) For a nonempty subset
M in a left Banach A-module X, the annihilator ann (M) of M is

ann  (M):={ae A; a-x=0 for all xe M}.
It is a closed ideal in A. The hull
h(ann 4(M))={@ e Z(A); ann (M) C ker ¢}

is called the spectrum of M and is denoted by sp ,(M). In the case when M is a
singleton {x}, we shall use the notation sp ,(x) instead of sp ,({x}) (we shall follow
this convention also in some other cases). Note that spectra are hull-kernel closed
subsets of the space of characters. It follows that they are compact if A is unital.

The algebra A is a Banach left A-module, for the usual multiplication in A,
therefore the spectrum may be defined also for any subset of A. It is easy to see
that sp, (@) (a€.A) is the hull-kernel closure of the co-zero set w(a):={¢pe
2(A); @(a) #0} if A is semisimple. In particular, sp ,(a) = supp(a), for ae A when
A is regular and semisimple. Here we have denoted by a:%(A) — C the Gelfand
transform of ae A.

The notion of the spectrum that has been already introduced is just another
aspect of the local Arveson spectrum (cf. [10, section 4.12]). In the following
proposition we list without proofs some properties of spectra.

Proposition 2.1. Let A be a commutative Banach algebra and X be a Banach left
A-module.
(1) If A is unital then the spectrum sp (M) of a nonempty subset M C X is
empty if and only if M ={0}.
(i1) For every ae€ A and every x € X, we have the inclusions
hic((a) N sp 4(x)) € sp 4(a-x) S sp 4(a) N sp 4(x),

where hk(E) denotes the hull-kernel closure of a subset E C (A).
(iii) sp4(x; + ...+ x,) CU_sp4(xy), for arbitrary x,,...,x, in X.

Now we shall extend the notion of local operator.

Definition 2.2. Let .4 be a commutative Banach algebra and X, ) be left Banach
A-modules. A bounded operator T from X into ) is called a local operator if
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spa(Tx) C sp,(x), for all xeX.

The set of all local operators from a left Banach A-module X into a left
Banach A-module Y will be denoted by LO ,(&X,)). It follows immediately from
Definition 2.2 and Proposition 2.1 that LO 4(X,)) is a linear subset in B(X,)), the
Banach space of all bounded linear operators from X into ). Moreover, if X =),
then LO ,(X) is a subalgebra in B(X), containing the identity operator.

Example 2.3. Let A be a Banach algebra and & and ) left Banach .A-modules.
Denote by B (X, )) the space of all bounded multipliers from X into ), that is

B, (X, V)={MeB(X,));, M(ax)=a Mx (acA, xeX)}.

An operator T € B(X,)) is a local multiplier if, for each x in X there exists a
multiplier M, € B ,(X,)) with T, =M x. This concept is similar to the concept of a
local derivation, which was introduced by Kadison [7] and, independently, by Larson
and Sourour [9]. Of course, every multiplier is a local multiplier. It is also easy to see
that every local multiplier 7€ B(X,)) is a local operator. Indeed, let T be a local
multiplier, x an arbitrary vector in X, and M, e B ,(X,)) such that T, =M. x. Ifa is
in ann 4(x), then

aTx=aMx=M/(ax)=0

and therefore a € ann 4(Tx). Now, ann 4(x) C ann 4,(Tx) gives sp 4(Tx) C sp 4(x).

Let A be a commutative Banach algebra and X’ be a Banach left .A-module. The
spectral submodule of F C % (A)is X(F):={xe X; sp,(x) C F}, and the co-spectral
submodule of F is X, the closure of the set X ={xeX; sp,(x)NF=0}. By
Proposition 2.1, it is not hard to see that X(F) and X' are indeed submodules in X

Theorem 2.4. Let A be a unital commutative Banach algebra, X and Y be left Banach
A-modules, and T € B(X,))).
(1) The operator T is local if and only if TX(F) C Y(F), for all closed subsets
FC YA
(ii) If T is a local operator, then TX C Y, for all closed subsets F C > (A).

ProoF. (i) It is obvious that TX(F) C Y(F), for all closed subsets F in > _(A), if T is
a local operator. On the other hand, if 7' e B(X, ) preserves the spectral submodules,
then, for an arbitrary xe X, we have xe X(sp 4(x)) and therefore T, € Y(sp 4(x)),
which means sp ,(Tx) C sp 4(x).

(i) Let F C ) (A) be closed. It is easily seen that TX ) C V. Now use the
continuity of 7. H

3. Spectrally separable algebras

A unital commutative Banach algebra A is spectrally separable if, for every two
distinct characters ¢, and @, in > (A) there exist elements a; and a, in A4 such that
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a1a, =0 and @,(a,) # 0 # @,(a,). Spectrally separable algebras are a special subclass
of strongly harmonic algebras and were studied by Baskakov in [2] (for strongly
harmonic algebras see [12, §7.4]).

It is easy to see that every spectrally separable algebra is regular. Namely, if ¢,
and ¢, are two distinct characters in ) (A) and a,, a, € A are such that a;a, =0 and
¢,(a,) #0 # @,(a,), then w(a,) and w(a,) are disjoint hull-kernel open neighbour-
hoods of ¢, and ¢,, respectively. It follows that the hull-kernel topology on > (A) is
Hausdorff, i.e. A is regular. On the other hand, every unital semisimple regular
commutative Banach algebra is spectrally separable. The following proposition is
a very useful characterisation of spectrally separable algebras (for the proof see
[4, theorem 2.10]).

Proposition 3.1. (Partition of unity, cf. [2]) Let A be a unital commutative Banach
algebra. The algebra A is spectrally separable if and only if, for any open covering
U=A{U,..., U} of > (A), there are ay,...,a, in A such that a,+...+a,=1 and
spala)c Uy, forall k=1,...,n.

If X is a Banach left module over a spectrally separable algebra A and F C
> (A) is a closed subset, then X(F) is a closed submodule in X ([4, proposition 2.7]).
We shall use this fact in the proof of the following proposition.

Proposition 3.2. Let A be a spectrally separable algebra and X be a left Banach
A-module. Then LO 4(X) is a strongly closed subalgebra in B(X).

Proor. Let {T,}, ., € LO4(X) be a net and assume that 7 e B(X) is such that
||T,x — Tx|| - 0, for all xe X. Fix xe &X. Then T,x e X(sp 4(x)), by Definition 2.2.
Since X(sp 4(x)) is closed it follows Tx € X(sp 4(x)), that is sp ,(Tx) C sp4(x). W

Let X be a Banach space and X its topological dual. If / is a nonempty subset
in X, let U* be defined by U" :={EeX™;(¢,x) =0, for all xeld}. Similarly, for
a nonempty set W in X let W, be given by W, :={xeX; (¢, x)=0, for all
EeW}. It is easily seen that U is a weak # closed subspace in X* and W, is
closed subspace in X.

Assume that X is a left Banach module over a commutative Banach algebra .A.
Then X* is the dual module of X if the module multiplication on X* is given
by (a-&,x) = (&, a-x)ae A, xeX, e X™). It is easily seen that, for submodules
M C Xand N C X*, the subspaces M* C X* and V', C X are submodules as well.

For spectrally separable algebras we have the following extension of Theorem 2.4.

Theorem 3.3. Let A be a spectrally separable algebra and XY be left Banach
A-modules. For an operator T € B(X,)), the following is equivalent.

(i) T is a local operator.

(i) TX(F) C Y(F), for all closed subsets F in Y (A).

(i) TXy C Yy, for all closed subsets F in > (A).

(iv) T* is a local operator.
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Proor. The equivalence of (i) and (i) and the implication (i) = (iii) are the
assertions of Theorem 2.4.

(iii) = (i). Let x be in X If a character ¢ is not in the spectrum sp 4(x), then
there exists an open neighbourhood U of ¢ such that U N sp 4(x) = 0 (since Y (A) is
a compact Hausdorff space). Thus xeX; and, by assumption, Txe);. By
Proposition 3.1, there exists an element ae A4 such that ¢(a)# 0 and sp ,(a) C U.
It follows that a annihilates Y, and consequently also V. Thus, @ is in ann 4(Tx)
and ¢(a) # 0, which implies ¢ ¢sp (Tx).

(i) = (iv). Let F C > (A) be closed. For an arbitrary xe X and 5 C y;, we
have (T*n,x)= (5, Tx) =0, where the last equality is valid because of the
equivalence (i) < (iii). We have proven that 7*Y; C X'7. Since Yy = Y*(F) and
Xy = X*(F), by [2, lemma 1], we conclude that 7* preserves the spectral submodules
or, equivalently, 7" is a local operator.

(iv) = (1). The proof of this implication follows from

(n, Txy=(T"n,x) =0 (xeX*(F),, neY*(F))

and is very similar to the proof of (i) = (iv). ®

Let A be a Banach algebra and 5 be a closed subalgebra in A. In the sequel it is
always assumed that every left Banach .A-module X is a left Banach B-module in a
natural way, i.e. the action of B on X is just the restriction to B of the action of A.

Proposition 3.4. Let A be a commutative Banach algebra with the identity 1 and let B
be a closed subalgebra in A such that it is spectrally separable and 1€ B. Then

LO4(X,)) € LOg(X,)),
for every pair of left Banach A-modules X and ).

ProOFE. Denote by j:B — A the inclusion map and let j* be the restriction of
the adjoint map of j to > (A). Let 9.A be the Shilov boundary of A. Since B is regular
the Shilov boundary of B coincides with > _(B) (see [12, theorem 3.2.10]). By theorem
3.2.4in[12], Y2(B) C j*(0A). It is well-known that j * maps > (A) into > (B). We may
conclude that > (B) =;*(0.A).

Let Z be a left Banach .A-module, and consequently a left Banach B-module. Let
us show that

spp(2) =j*(sp 4(2)), for all ze Z. 3.1

Choose and fix ze Z. If Y esp,(z), denote ¢ :=;*(). It is clear that anny(z) C
ann 4(z) and therefore (@, a) = (¥,j(a)) =0, for every a € anngy(z). This proves the
inclusion

J(spa(2)) C spp(z)- (32)

Note that, since j* is continuous and sp 4(z) is a compact subset of > (A) the set
J ¥ (sp 4(2)) is a compact subset of sp(z). Towards a contradiction assume that there
exists @ € spy(2)\ j*(sp 4(2)). Then, by Proposition 3.1, there exists b e B such that
@(b) =1 and spy(b) Nj*(sp 4(z)) = 0. Consider A as a left Banach B-module (via the
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multiplication in A) and use (3.2) with z =b. We get j*(sp ,()) C spy(b), which gives
T (sp4(b)) Nj*(sp 4(z)) = 0, and consequently sp 4(b) N sp 4(z) = @. Tt follows that b-
z =0, that is b € anng(z). However this is impossible because of ¢(b) = 1. Thus, (3.1)
is valid.

For T e LO 4(X,)), we have

spp(Tx) =" (sp 4(Tx)) C j*(spa(x)) = spp(x)(x € X),
which proves Te LOx(X,)). R

4. (SD) and locally (SD) algebras

Let A be a spectrally separable algebra and F C > (A) be a non-empty closed set.
By corollary 2.8 in [4], the hull of the co-spectral ideal A is F. We shall see that A, is
actually the smallest closed ideal in A whose hull is F. On the other hand, it is
obvious that the kernel k(F):=N,, rkere is the largest ideal in A with hull F.
Proposition 4.1. Let A be a spectrally separable algebra and F a closed subset in >_(A).
The co-spectral ideal Ay is the smallest closed ideal in A whose hull is F.

Proor. Assume that 7 is a closed ideal in .4 with #(Z) = F. First we shall prove the
inclusion Z+ C A*(F). To get a contradiction suppose that there is & in Z* such that
the spectrum of ¢ is not contained in F. Hence there exists a character ¢ in sp 4(¢)
such that ¢ €> (A)\F. Since the character space of Z is > (A)\F ([12, theorem
7.1.7]) there exists a € Z such that ¢(a) # 0, that is ¢ € w(a). For an arbitrary be A
the product ab is in Z, thus (a-&,b) = (£, ab) = 0, which gives a-¢ = 0. However, by
Proposition 2.1, this is impossible because of ¢ € w(a) N sp 4(&).

By lemma 1 in [2], the submodules A%+ and A*(F) of A* coincide. Thus, T+ C
A;: and consequently, since Z and A, are closed, A, CZ. W

We shall say that a closed set F C > (A) is a set of synthesis for A if A, = k(F).
Let A be a unital commutative Banach algebra. The diagonal of A is the set

D= {(qo, o) eZ(A>} YW x =Y (AdA).

In [13] Shulman introduced the following class of algebras. A unital commutative
regular semisimple Banach algebra A is in the class (SD) (or is an (SD )-algebra) if
D, is a set of synthesis for A®.A. For instance, the following algebras are in the class
(SD): the group algebra /'(G) of a discrete abelian group G, the algebra C(K) of all
complex-valued continuous functions on a compact Hausdorff space K, the
projective tensor product of two such algebras, i.e. C(K,)®C(K,), and some others
(see [13]).

We are going to extend the class (SD). First we shall relax the condition of
semisimplicity: we shall say that a spectrally separable algebra A is in (SD) if D 4 is a
set of synthesis for A®.A. Note that, by proposition 2.4 (ii) in [4], A®.A is spectrally
separable whenever .4 has this property.
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Definition 4.2. A Banach algebra C (not necessarily commutative) with identity 1 is a
local (SD)-algebra (or, it is locally in (SD)) if there exists a set C,, of generators of
the algebra C such that, for each c € ), there exists a closed subalgebra A, C C that is
an (SD)-algebra and contains 1 and c.

Of course, every (SD)-algebra is locally in (SD). The following proposition shows
that there exist non-(SD)-algebras that are locally in (SD).

Proposition 4.3. (i) Every unital C*-algebra C is locally in the class (SD).
(ii) The group algebra ('(G) of a discrete (not necessarily abelian) group G is
locally in (SD).

Prook. (i) The set C, of all hermitian elements in C generates C. Let /& be an
arbitrary element in C,. It is well-known that the closed subalgebra A4, in C that is
generated by /4 and the identity is an abelian C*-algebra and that it is actually
isometrically =-isomorphic to the algebra C(g(h)) of all continuous complex
functions on the spectrum a(/) (see [11, theorem 2.1.13]). Since C(a(h)) is in the
class (SD) the algebra A, is in (SD) as well.

(it) For each he G let §,: G - C be the function defined by J,(h)=1 and
0,(8)=0, for ge G and g #h. Of course, {0,;he G} is a set of generators of the
algebra /'(G). Denote by < h > the subgroup in G that is generated by /e G. For
ke< h>, define 5k: <h>- C with 6,(k) =1 and Sk(g) =0, forge<h>and g #k.
The mapping §,—J, is a continuous homomorphism from /'(</ >) into /'(G).
Since /(< h >) is in the class (SD) we may conclude that, for each J,(h € G), there is a
closed subalgebra in /'(G) that is in the class (SD) and contains 5,. M

Note 4.4. Every unital commutative Banach algebra that is locally in (SD) is in fact
an (SD)-algebra; however, we will not give the proof because we do not need this
result.

The following theorem is proven in [13] for (semisimple) (SD)-algebras. However
the proof works also if the semisimplicity is not assumed. For the sake of
completeness we include Shulman’s original proof.

Theorem 4.5. (Shulman, [13, theorem 5]). Let A be an (SD) algebra. Every local
operator between two left Banach A-modules is a multiplier.

PRE)OF. Let X and ) be left Banach A-modules. Consider the following subsets in
AR A:
M:={a®1—1®a; aec A} and N :={a®b; sp,(a)Nsp,(b)=0}.

Let us show that A(M)=D,=h(N). The inclusion D, C i(M) is evident.
Assume therefore that (¢,1)e S (A®.A) is not in D, ie. ¢ # . Then there is
ae A such that ¢(a) # y(a). It follows

(@, ¥)a®1—1®a)=¢(a)—y(a) #0,

which means (@, ¥)¢h(M). If a®b is in N, then (¢, @) a®b) = @(a)p(b) =0
because ¢ cannot be simultanecously in w(a) and w(b). On the other hand, if ¢ and
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i are two distinct characters on A, then there exist disjoint open neighbourhoods U
and V of ¢ and y, respectively. By Proposition 3.1, there exist ¢ and b in A such
that p(a) =1, Y(b)=1, sp,(a) C U, and sp (b) C V. It follows a ® b is in A" and
(¢, Y)a@b) #0. A

Let Z ,, and Z ; be the closed ideals in A®.A generated by M, respectively by NV.
Then, of course, h(Z,)=hM)=D, and, similarly, 7 (Z,)=h(N)=D,.
However, since D, is a set of synthesis for A®.A, we have T ,, =T, = k(D).

The space B(X,)) has a natural structure of a Banach .A-bimodule: for a,he A
and S e B(X,)) the products a-S and S-b are given by

(a-S)x=a-Sx and (S-b)x=S0b-x) (xelX).

It follows that B(X,)) has also a natural structure of a left Banach A®.A-module:
the product of .7, a,®b, e A®A and Se B(X,)) is

(ian@)bn) ~S=ian-S-bn.
n=1 n=1

For an arbitrary nonempty subset & C A®.A, define

ker U = {Se(?(, V); <Zan®bn) -§=0, for all Y a,®b, eu}.
n=1 n=1
If Z,, is the closed ideal in A®.A generated by U, then ker Z,, = ker U.

Now we shall show that ker M = B(X,)). Indeed, if S is in ker M, then
(a@a®1—1®a)-S=0, for all a e A, which means (a-S)x = S(a-x), for all a € A and all
xeX. Thus Se B ,(X,)Y). The opposite inclusion is evident.

If S'isin LO 4(&X,)) and a,b € A are arbitrary, then

(@@ b-S)x) = 5p4(a-S(b-x)) C sp (@) N spu(b) (xe ).

Hence, if S is in LO 4(X,)Y) and a®b is in N, then sp,((a®b-S)x) =0, for all
x € X, which implies ¢ ® b-S = 0 and consequently S € ker N Since the ideals Z ,,
and 7, coincide, the sets ker M and ker N coincide as well. Thus,

LO(X,Y) C ker N =ker M =B,(X,)). ®

At the end of [13] Shulman shows that a unital commutative Banach algebra A,
that is also semisimple and regular, must be an (SD)-algebra if all local operators
between any pair of left Banach A-modules are multipliers. It would be interesting to
know if this is true also when semisimplicity is replaced by spectral separability. Note,
however, that in general, it is hard to check if all local operators are multipliers. Thus
it seems that it makes no sense looking for (SD)-algebras in this way. The next
theorem, although not so sharp as Shulman’s result, could be a more appropriate
tool for testing a spectrally separable algebra to be in the class (SD).

Theorem 4.6. Let A be a spectrally separable algebra. If every local operator
T € B(X,)), where X and Y are arbitrary left Banach A-modules, is a multiplier, then
each singleton {@}, ¢ € > (A), is a set of synthesis for A.
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ProoF. Let ¢ be an arbitrary character on A and consider the left Banach
A-modules X:=.A/ A{(p} and YV:=A/k(¢). Obviously, the module ) can be identified
with C,,, which implies sp ,(v) = {¢}, for every nonzero y € ). The same is valid for
the module X': a nonzero x € X has the spectrum sp ,(x) = {¢@}. It follows that {0}
and X are the only spectral submodules of X. The same holds, of course,
for Y. Thus, each T € B(X,))) preserves spectral submodules and is therefore a local
operator. By assumption, local operators are multipliers and therefore B(X,)) =
B,(X,)). Since Y=C,, we may conclude, that each {eX * has the property
<5a a-x) = (p(a)<§7 X> (Cl € Av Xe€ X)

It is well known that X* = (A/.A{(p})* = A{l(p}. Let ¢ be a nonzero functional in
A{Lq,} (i.e. ¢ € X*) and let e € A be such that (¢, e) = 1. Then, for an arbitrary a € A, we
have

p(a)=p(a)(¢,e) = (Ea(e+ Ap,y))) = (Eae+ Ay,y) = (E e(a+ Ag,y))
= ¢(e)(¢,a) = (p(e)¢, a).

It follows ¢ = @(e)¢ and we conclude that A, has codimension 1 in A. Since
Ay € k(@), these two ideals coincide. W

Corollary 4.7. For every algebra A in the class (SD), the singletons {¢}, ¢ € > _(A),
are sets of synthesis for A.

ProoF. By Theorem 4.5, every local operator is a multiplier, hence, by the previous
proposition, singletons are sets of synthesis. M

Example 4.8. Let C'[0,1] be the Banach algebra of all complex-valued continuous
functions on the interval [0,1] that have continuous derivatives. It is well-known that
this algebra is semisimple and regular and that the points in Y (C'[0, 1]) =[0, 1] are
not sets of spectral synthesis for C'[0,1]. Thus, C'[0,1] is an example of a spectrally
separable algebra that is not in the class (SD). The following example, which is
borrowed from [6], shows that Theorem 4.5 is not valid for C'[0,1]*.

Let J, be a linear functional on C'[0,1] defined by f+£(0). Then the operator
Tg :=g'(0),(g € C'[0, 1)) is a local multiplier from C'[0,1] into C'[0,1]*. To show this
it is enough to see that, for each g e C'[0, 1], there is an element F,e C'[0, 17* with

(Tg.f) =g/ (0)f(0) = (F,.fg) (feC'[0,1]).

Namely, this means that 7' is a multiplication by the functional F, locally at g. If
2(0) #0, we set F, =(g'(0)/2(0))é,, and if g(0) =0, we set F (f) =/"(0). It follows
(F,,f2g) = (fg) (0) = g’(0)f (0). Obviously, T' is not a multiplier because of T(fg) =
(8) (0)3, and fTg = f(0)g'(0)d,.

5. Local multipliers

Since, in general, an algebra A that is locally in (SD) is not necessarily commutative,
it is possible that > (A) is empty. Therefore the definition of local operators makes no
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sense. On the other hand, the notion of local multiplier is still present. However, we
have the following result.

Theorem 5.1. If C is a unital Banach algebra that is locally in the class (SD), then every
local multiplier T € B(X,)) where X and Y are arbitrary left Banach C-modules, is a
multiplier.

Proor. Let X and )Y be left Banach C-modules and 7 e B(X,)) be a local
multiplier. Choose ¢ € C,,. Then there is a closed subalgebra A, in C, which is in (SD),
and ce A,. Of course, X and ) are left Banach A -modules. If M is in B,(X,)), then
itis in B, (X,)). This implies that T is a local multiplier and hence a local operator
if X and Y are considered as left Banach A_,-modules. By Theorem 4.5, operator
T belongs to B, (X,)). In particular we have T'(c-x)=c-Tx, for all xeX. Since
¢ was an arbitrary element in C, it follows T'(¢;...c,-x)=c¢,...c, - Tx, for all xe X
and an arbitrary finite family {c,...,c,} CC,. Thus, T € B,(X,)) because it is
linear and continuous. M

Corollary 5.2. If X and Y are left Banach modules over a unital C*-algebra or over the
group algebra of a discrete group, then every local multiplier T e B(X,)) is a
multiplier.

Proor. The assertion follows by the previous theorem and Proposition 4.3. H
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