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ABSTRACT

We investigate compactness, cyclicity and unicellularity of the differentiation
operator on certain weighted sequence spaces.

1. Introduction

On most of the classical Banach function spaces the differentiation operator is closed

and densely defined, but unbounded. On certain weighted sequence spaces, however,
it can be presented as an everywhere-defined and bounded linear operator. In this

note we examine its behavior on a class of such spaces, generalising definitions due

to Shields [3]. Let fb(n)gn be a sequence of positive numbers with b(0)�1 and
15pB�: We consider the space of sequences f �f f̂ (n)g�n�0 such that

k f kp�k f kp
b�

X�
n�0

½ f̂ (n)½ pb(n) pB�:

The notation f (z)�
P�
n�0

f̂ (n)z n shall be used whether or not the series converges for

any value of z: These are called formal power series. Let Hp(b) denote the space of

such formal power series. Let ên(n)�dk(n): So ek(z)�z k and then fekgk is a basis

such that kekk�b(k): For 1BpB�; Hp(b)$Lp(m) where m is the s-finite measure

defined on the positive integers by

m(K)�
X
n �K

(b(n)) p; K � N [ f0g:

So Hp(b) is a reflexive Banach space and the dual of Hp(b) is Hq

�
b

p
q

�
where 1

p
�1

q
�1

*Corresponding author; e-mail: byousefi@hafez.shirazu.ac.ir

Mathematical Proceedings of the Royal Irish Academy, 105A (1), 1�/7 (2005) ��c Royal Irish Academy



and b
p
q�

n
b(n)

p
q

o
n

[2; 4]. Also, if g(z)�
P�
n�0

ĝ(n)zn � Hq

�
b

p
q

�
; then kgkq

q�P�
n�0

½ ĝ (n)½ qb(n) p: The Hardy, Bergman and Dirichlet spaces can be viewed in this

way when p�2 and, respectively, b(n)�1; b(n)�(n�1)
�1

2 and b(n)�(n�1)
1
2: If

lim
n

b(n�1)
b(n) �1; or lim

n
inf b(n)

1
n�1; then Hp(b) consists of functions analytic on the

open unit disc. Bounded analytic structure of Hp(b) was studied in [7]. If the

sequence
n b(n)

b(n�1)

o
n

decreases to zero, then each element of Hp(b) is an entire function.

It is convenient and helpful to introduce the notation h f ; gi or hg; f i to stand for g( f )

where f � Hp(b) and g � Hp(b)�: Note that h f ; gi�
P�
n�0

f̂ (n)ĝ(n)b(n) p: Let X be a

Banach space. We denote by B(X ); the set of bounded operators on the Banach space

X : Let A � B(X ) and x � X : We say that x is a cyclic vector of A if

X �spanfAnx : n�0; 1; 2; . . .g:
Here spanf�g is the closed linear span of the set f�g: An operator A � B(X ) is called

cyclic if it has a cyclic vector. Also, an operator A in B(X ) is called a unicellular

operator on X ; if the set of its invariant subspaces, LatA; is linearly ordered by

inclusion. Cyclicity, strict cyclicity and unicellularity of the multiplication operator

were studied in [4; 5; 6; 9]. Composition operators on Hp(b) were studied in [8]. In

this paper we study the differentiation operators on Hp(b):

2. Main results

In what follows, D denotes the differentiation operator on the Banach space Hp(b):
The functions bn�

en

b(n)
form a basis for Hp(b) with kbnkp�1 for all n�0; 1; 2; . . . :

Note that Db0�0 and for n]1; Dbn�
nb(n�1)
b(n)

bn�1: Thus the operator D is

everywhere defined and bounded if and only if the sequence nb(n�1)
b(n)

n o�

n�1
is bounded

and in this case for all k � N, kDkk � sup
n

wnwn�1 . . . wn�k�1 where wn�
nb(n�1)
b(n)

for all

n]1: Indeed kDkk � sup
n

n(n�1) . . . (n�k�1) b(n�1)
b(n�k�1)

; k � N . From now on we

suppose that the sequence b(n)
b(n�1)

n o
n

decreases to zero and that D is a bounded

operator on Hp(b): We give sufficient conditions for cyclicity and unicellularity of the

differentiation operator on the Banach space Hq

�
b

p
q

�
: We also investigate the

compactness of D on Hp(b):

Proposition 1. The operator D is compact on Hp(b) if and only if the sequence

nb(n�1)
b(n)

n o
n

converges to zero.

PROOF. Suppose first that nb(n�1)
b(n)

0 0: Fix a positive integer m; and define

Dm f �
Xm�1

k�0

(k�1) f̂ (k�1)ek

for all f �
P�
n�0

f̂ (n)en � Hp(b): Then
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k(D�Dm) f kp�kX�
k�m

(k�1) f̂ (k�1)ekk
p

5sup
k]m

(k � 1)b(k)

b(k � 1)
k f kp

for all f �
P�
n�0

f̂ (n)en � Hp(b): Since nb(n�1)
b(n)

0 0; we get kD�Dmk 0 0: Thus D is

the limit in norm of a sequence of finite rank operators, and hence it is compact.

Conversely, let D be compact on Hp(b): Then for each g�
P�
k�0

ĝ(k) ek � Hq

�
b

p
q

�
we

have �
en

b(n)
; g

�
� ĝ(n)b(n) p�1 � ĝ(n)b(n)

p
q

for all n � N. Since kgkq
q�

P
½ĝ(n)½qb(n) p; we get ½ĝ(n)½b(n)

p
q 0 0 as n 0 �: Hence

en

b(n)
0 0 weakly, and so

kD

	
en

b(n)


k �
nb(n � 1)

b(n)
0 0;

since D is compact [1, proposition 3.3]. This completes the proof. j

Proposition 2. Suppose that b(n)
b(n�1)

n o
n

is monotonically decreasing and r� lim nb(n�1)
b(n)

.

Then the spectrum of D is equal to fz : ½z½5rg.

PROOF. First note that nb(n�1)
b(n)

]r for each n; and so

b(n) 5
nb(n � 1)

r
5

n(n � 1)

r2
b(n�2) 5 
 
 
5 n!

rn
:

Now since nb(n�1)
b(n)

n o
n

is decreasing, we have kDkk � k!
b(k)

: Thus

lim
k

kDkk
1
k� lim

k

	
k!

b(k)


1
k

� lim
k

	
(k � 1)!

b(k � 1)
=

	
k!

b(k)





� lim
k

(k � 1)b(k)

b(k � 1)
�r;

and so the spectral radius of D is equal to r: Hence s(D) � fz : ½z½5rg where s(D)

denotes the spectrum of D: Now let ½l½Br: Then since b(n)5
n!

r n ; we get

	
b(n)

n!


p

5

	
1

r n


p

;
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which implies that

kelzkp
p�

X�
n�0

½l½np

(n!) p
(b(n)) p

5
X�
n�0

	
½l½ p

rp


n

;

and that the last series converges, since ½l½
r
B1: So elz � Hp(b): But De lz�le lz; thus

l � s(D) and so fz : ½z½Brg � s(D): This completes the proof. j

A little calculation shows that the adjoint operator D� : Hp(b)� 0 Hp(b)� is

defined by D�en� (n�1) b(n)
b(n�1)

� �p

en�1: In the following we denote by Hm; the closed

linear span of fen : n]mg that is a subspace of Hp(b)�: Recall that Hp(b)��Hq

�
b

p
q

�
where 1

p
�1

q
�1 and kenkHp(b)�b(n) and that kenk

Hq

�
b

p
q

��b(n)
p
q for all n:

Theorem 3. Let the sequence nb(n�1)
b(n)

n o
n

decrease and belong to lp. If f �
P

f̂ (k) ek �

(Hp(b))� with f̂ (0)"0, then f is a cyclic vector for D�.

PROOF. Note that for all positive integers k and n we have

(D�)nek�(k�1)(k�2) . . . (k�n)

	
b(k)

b(n � k)


p

ek�n:

Now for n]1 we get

(D�)nf �
X�
k�0

f̂ (k)(k�1) . . . (k�n)

	
b(k)

b(n � k)


p

ek�n:

Without loss of generality we may assume that f̂ (0)�1: Put y0�1 and

yn�
b(n) p

n!
(D�)nf ; n]1:

Thus we have

yn�en�
b(n) p

n!

X�
k�1

f̂ (k)(k�1) . . . (k�n)

	
b(k)

b(n � k)


p

ek�n;

and so

kyn�enkq�
	X

k]1

b(n) pq

(n!)q
(k�1) q . . . (k�n) q½ f̂ (k)½ q

	
b(k)

b(n � k)


pq

b(n�k) p


1
q

:

Since nb(n�1)
b(n)

n o
n

is decreasing, we get
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1

b(n) p�1
ken�ynkq5b(1)

	
(n�1)

b(n)

b(n � 1)


	X
k]1

½ f̂ (k)½ q b(k)
p
q

	 
q
1
q

5b(1)

	
(n�1)

b(n)

b(n � 1)



k f kq:

Thus

X
n]1

1

b(n)
p
q

2 ken�ynk
p
q5b(1) pk f kp

q

X
n]1

	
(n�1)

b(n)

b(n � 1)


p

B�;

and so there exists a positive integer n0 such that

l�b(1) pk f kp
q

X
n]n0

	
(n�1)

b(n)

b(n � 1)


p

B1:

Therefore for any finite linear combinations

8�
X

dkyn0�k=b(n0�k)
p
q; c�

X
dken0�k=b(n0�k)

p
q;

by the Hölder inequality we have

k8 � ckq5
X

½dk½

	
(kyn0�k�en0�kkq=b(n0�k)

p
q




5

	X
½dk½

q


1
q
	X

n]n0

kyn�enk
p
q=b(n)

p2

q


1
p

5l
1
pkckq:

We now see that that the operator S defined from spanfengn]n0
to Hq

�
b

p
q

�
by

Sen�yn (n]n0) extends to a bounded operator on Hn0
� spanfen : n]n0g with

kS�Ik51; where spanf�g denotes the closed linear span of f�g in Hq

�
b

p
q

�
: Thus S

is invertible on Hn0
; and so the sequence fyngn]n0

inherits the basis property

of fengn]n0
for Hn0

: Thus fyngn]n0
is a complete set, i.e., spanning Hn0

: It is

clear now that Hn0�1� spanfyn : n]n0�1g where Hn0�1� spanfen : n]n0�1g:

By continuing this process we conclude that spanfyn : n]0g�Hq

�
b

p
q

�
; and so

span

�
b(n) p

n!
(D�)nf : n]0

�
�Hq

�
b

p
q

�
;

which implies that

spanf(D�)nf : n]0g�(Hp(b))�:

Thus indeed f is a cyclic vector for D�: j
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Theorem 4. Let the sequence b(n�1)
b(n)

n o
n

be a decreasing sequence in lp. Then D� is

unicellular on Hq

�
b

p
q

�
.

PROOF. Suppose that M"f0g is a closed subspace of Hq

�
b

p
q

�
that is invariant for

D�: Put

n0� inffn : f̂ (n)"0; f �Mg:
Then M � Hn0

: Now we show that indeed M�Hn0
: Note that there exists f �M

with f̂ (n0)"0: By applying Theorem (3) with (Hp(b))� replaced by Hn0
; we

conclude that the vectors f(D�)nf : n]0g; all of which belong to M; span a dense

subspace of Hn0
: Thus M�Hn0

and so D� is unicellular. j

Corollary 1. Let the sequence n b(n�1)
b(n)

n o
n

be a decreasing sequence in l p: Then every

function in Hp(b) that is not a polynomial is a cyclic vector for D:

PROOF. Suppose that f � Hp(b) is not cyclic for D: We show that f is a polynomial.

Put

M�spanfD nf : n�0; 1; 2; . . .g:
Since f is not cyclic, M is a closed, proper, D-invariant subspace of Hp(b): Put

N �fF � (H p(b))� : F (x)�0 �x � Mg:
If F �N and f �M; then

(D�F ; f )�(F ;Df )�0;

since Df �M: Thus N is a nontrivial D�-invariant subspace of Hp(b)�:
By Theorem 4, there exists n0 � N such that N �Hn0

�spanfen : n]n0g: So f̂ (n)�

h f ; eni � 0 for all n]n0: This implies that f (z)�
Pn0�1

n�0

f̂ (n) z n; which is a

polynomial. j
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