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ABSTRACT

This article suggests a dual to ratio-cum-product estimator for finite population
mean that is complementary, in a certain sense, to the commonly used ratio-
cum-product estimator reported by Singh [4]. The expressions for bias and mean
square error of the proposed estimator have been obtained to the first degree of
approximation. This study also generalises the work of Srivenkataramana [5] and
Bandyopadhyay [1]. To illustrate the results an empirical study is carried out.

1. Introduction

Let U be a finite population consisting of N units uy, ug, ..., uny. The units of this
finite population are identifiable in the sense that they are uniquely labelled from
1 to N and the label of each unit is known. Let y and (x,z) denote the study
variate and auxiliary variates taking the values y; and (z;, z;), respectively, on the
unit u; (i =1,2,...,N), where z is positively correlated with y and z is negatively
correlated with y. We wish to estimate the population mean Y = (1/N) va:l y; of
1y, assuming that the population means ()_( , Z) of (z, z) are known. Assume that a
simple random sample of size n is drawn without replacement from U. The usual
ratio and product estimators for Y are

yr = y(X /)

and

yp =y(z/2),
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respectively, where § = (1/n)> 1y, = (1/n) > i z; and 2 = (1/n) >0 2
are the sample means of y, x and z respectively.

Singh [4] improved the ratio and product methods of estimation and suggested
the ‘ratio-cum-product’ estimator for Y as

The variance of § under simple random sampling without replacement (SR-
SWOR) design is

v = Ire (1)

and to the first degree of approximation, the mean square errors (MSES) of §r, yp
and yrp are, respectively, given by

1-f

MSE (7g) = TW [C2+C2(1—2K,.)], (2)
— 1- f 2 2 2
MSE (yp) = TY [C3+ C2(1+2K,.)], (3)
MSE (7rp) = -V (024 20 -2k, + 20 -2K)], (@)

where

f=n/N, C,=8,/V, Co=5,/X, C.=S./Z,
Kym = pyrcy/c’ra Kyz = pyzcy/cza Kzac = pmzcz/om7

K= Kym + Kzaca

2= (0~ X) /(N 1), 82=3 (5 2)J(N 1),

=1 =1

Pyz = Syx/ (SySr)v Pyz = SyZ/ (SySZ)a Paz = Szz/ (82S:),
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and

Sz =3 (wi = X) (2 — Z) /(N = 1).

i=1
In this article, using a simple transformation, a dual to usual ratio-cum-product

estimator is proposed and its properties are studied. Numerical illustrations are
given to show the performance of the constructed estimator over other estimators.

2. The suggested estimator

Let 2} = (14+9)X —gx; and 2} = (14+9)Z—gz;,i = 1,2,...,N, where g = n/(N —n).
Then clearly

T=0+9)X -9z, *=01+9)Z —gz

are also unbiased estimators for X and Z respectively and Corr(, :E*)_: — Py and
Corr(y,z*) = —py-. With this notation, we suggest an estimator for Y as

C 7

Yrp =Y X

The MSE of §5p to the first degree of approximation is given by

* 1- ,
MSE (5ip) = L2 (03 4 9C2(g + 2K,.)

+ gci (g - 29Kzac - 2Kyac)] . (5)

Remark 2.1. When information on the auxiliary variable z is not used (or variable
z takes the value ‘unity’), the estimator g}, reduces to the ‘dual to ratio’ estimator

‘&
*

Jr =V

e

It reduces to the ‘dual to product’ estimator

N

7 =1

*

|

if the information on the auxiliary variate x is not used. The estimators g5 and yp
are due to Srivenkataramana [5] and Bandyopadhyay [1], respectively.

The MSEs of §5 and §p, to the first degree of approximation, are, respectively,
given by

1_ f_
MSE (5) =+ L7 [02 + 4039 — 2K,.)] (©

and

MSE (7%) = #W [C2 + gC2(g +2K,.)] - (7)



54 Mathematical Proceedings of the Royal Irish Academy

3. Efficiency comparisons

It follows from (1), (4) and (5) that §},p is more efficient than the usual unbiased
estimator g or Singh’s [4] estimator §rp when

1 1
Sg< A< =(1 8
59 <A <5l +9), (8)

regarded as a condition on A, where

K, C? — K,.C?
A=z oz ooz O

While establishing the condition (8) we assume that 1 — g > 0, that is N > 2n,
which may be taken as a typical survey situation.

We note from (1) and (4) that §rp dominates over the usual unbiased estimator
g if

A % )

Since g = n/(N —n) is small (see Srivenkataramana [5], for instance), it follows from
(8) and (9) that for the most part §},p is superior, in terms of mean square error,
to ¥ just when §rp is inferior to §. In this sense §5p and yrp are complementary.
In general, (8) specifies an interval of length % for A. This interval moves to the
right from (0, %) to (3,1) as sample size n is increased from 0 to N/2.

We note from (5) and (6) that §5p will beat g3, if

1 1
either Kyz <—g\=z— Kzz ) Kzz <33
2 2

1 1

K z - . _sz ) K;Ez 5

or Ky, > —g (2 ) > B

where K, = p;,C,/C.. It follows from (5) and (7) that the estimator g}, would
be better than g} if

1 1
either Ky, > g (2 - sz> ; Kea < 9’

2 2
It is observed from (2) and (5) that MSE(ygrp) < MSE(yg) if

1 1
or K, <g(—Km>; K., > -.

C2(1-g)(1+g—2K,.) < gC2[g+2(Ky. — 9K,.)]

with K. > (14 g) and K. > —g (3 — K,). Further, we note from (3) and (5)
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TABLE 1—Description of population II.

T Y z
49 35 200
40 35 212
41 38 211
46 40 212
52 40 203
59 42 194
53 44 194
61 46 188
55 50 196
64 50 190

that the estimator y}p is more efficient than yp if
C2(1—g)(1+g+2K,.) < C2g[g(1 — 2K,,) — 2K,,]

with K, > —%(1 +g)and Ky <g (% — sz).

4. Empirical study

In this section we illustrate the performance of the constructed estimator 3% p over
various other estimators ¥, yr, ¥, ¥p, ¥p and yrp through two populations of
natural data.

(1) Population I (Source: Singh [4, p. 377]; a detailed description can be seen
in Singh [3])
y: Number of females employed
x: Number of females in service
z: Number of educated females

Y =746, X = 5.31, Z = 179.00, C2 = 0.5046, C2 = 0.5737, C2 = 0.0633,
pye = 0.7737, p,. = —0.2070, p,. = —0.0033, N = 61 and n = 20.

(2) Population IT (Source: Johnston [2, p. 171])
y: Percentage of hives affected by disease
z: Mean January temperature
z: Date of flowering of a particular summer species (number of days from
January 1)
Y =52, X =42, Z =200, C} = 0.0244, C2 = 0.0170, C2 = 0.0021, p, = 0.80,
pyz = —0.94, p,, = —0.73, N = 10 and n = 4.
A detailed description of these variables is shown in Table 1.
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TABLE 2—PREs (-,jj) of various estimators of Y with respect to .

FEstimator Population I Population I

7 100.00 100.00

R 204.96 276.85

Ur 215.00 238.47

yp 102.17 187.00

7 104.34 149.13
YRP 213.09 394.52
Uhp 235.68 401.87

The percent relative efficiencies (PREs) of the different estimators with respect
to the usual unbiased estimator § computed by the formula

PRE (-, 7) = Azgj(;yg) % 100

and are presented in Table 2.
Table 2 shows clearly that the proposed dual to ratio-cum-product estimator
yrp is more efficient than all the estimators ¥, yr, ¥k, ¥p, ¥p and Yrp.
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