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ABSTRACT

We show that bilateral shifts on ¢P(Z), with 1 < p < oo, are weakly sequentially
hypercyclic if and only if they are norm hypercyclic, and that the same holds true
for supercyclicity.

1. Introduction

A bounded linear operator T' : X — X on a Banach space X is said to be a
weakly sequentially hypercyclic operator if there is a vector x in X whose orbit
orb(T,z) = {x,Tx,T?x,---} is weakly sequentially dense in X. That is, for any
vector y in X, there is a sequence (T™*z) in orb(T, z) converging to y weakly, or
equivalently,

lerr;o <T'x—y,z*>= 0, whenever z* is in the dual space X*.
Such a vector z is called a weakly sequentially hypercyclic vector for T. If there is
an orbit orb(T, z) that is dense in X in the weak (respectively, norm) topology of
X, we say that T is weakly hypercyclic (respectively, norm hypercyclic), and that
x is a weakly (respectively, norm) hypercyclic vector for T. Clearly if T' is norm
hypercyclic, then T is weakly sequentially hypercyclic, which in turn implies T is
weakly hypercyclic.

Similarly, an operator T' on a Banach space X is (a) norm supercyclic (b) weakly
supercyclic (¢) weakly sequentially supercyclic, provided there exists a vector x so
that Orb(span(x),T) = {A\T*z: A€ C, k> 0} is (a) norm dense, (b) weakly
dense, (c) weakly sequentially dense in X, respectively.

It is not known whether an operator can be weakly sequentially hypercyclic

*Corresponding author, e-mail: jbes@bgnet.bgsu.edu
2000 Mathematics Subject Classification: Primary: 47A16, 46A45; Secondary: 46A03

Mathematical Proceedings of the Royal Irish Academy, 105A (2), 79-85 (2005) © Royal Irish Academy



80 Mathematical Proceedings of the Royal Irish Academy

(respectively, weakly sequentially supercyclic) without being norm hypercyclic
(respectively, norm supercyclic). We show here in Theorem 1 that the answer is
negative (in both the hypercyclic and supercyclic cases) for the bilateral weighted
shifts, as it is known in the case of unilateral weighted shifts.

We recall that a bilateral weighted shift on the space ¢P(Z) of p—th power
summable bilateral sequences (1 < p < o0) is an operator T': (P(Z) — (P(Z) of the
form Te; = wje;—1 (j € Z), where the weight bilateral sequence (w;);ez of scalars
is bounded, and where each e¢; = (...,0,0,1,0,0,...) in ¢?(Z) has coordinate 1 in
the j*" position and 0 otherwise.

A necessary and sufficient condition for a bilateral weighted shift to be norm
hypercyclic was obtained by Salas [7, theorem 2.1]. Also, it was shown in [4, corollary
3.3] that there exists a bilateral weighted shift on ¢P(Z), with 2 < p < oo, that is
weakly hypercyclic and has the property that every orbit is norm increasing. Hence
no orbit can contain a weakly convergent sequence that converges to a vector outside
the orbit, and so such a bilateral shift cannot be weakly sequentially hypercyclic,
nor norm hypercyclic.

In the case that T' is a unilateral weighted backward shift on ¢(Z*), Salas |7,
corollary 2.9] gave an equivalent condition for T' to be norm hypercyclic. It was
shown in [4, theorem 4.1] that T being norm hypercyclic is equivalent to T' being
weakly hypercyclic, which in turn is equivalent to T being weakly sequentially
hypercyclic.

The situation for supercyclicity is different. Hilden and Wallen [6, theorem 3]
showed that every unilateral weighted backward shift on ¢?(Z™) is norm super-
cyclic, and so weakly sequentially supercyclic. For a bilateral weighted shift T,
Salas [8, theorem 3.1] obtained a necessary and sufficient condition for T to be
norm supercyclic. Then it was shown in [9, p. 151] that there exists a weakly su-
percyclic operator on ¢P(Z), with 2 < p < oo, that fails to be norm supercyclic,
and furthermore in [10] that an isometric operator can be weakly supercyclic. This
is in contrast with a result of Ansari and Bourdon [1] that no isometry can be
norm supercyclic. More recently, Bayart and Matheron [3, Example 1’] showed that
M, : L?(u) — L?(p), the multiplication-by-z operator on L?(u), is indeed an iso-
metric weakly sequentially supercyclic operator, where p is a continuous probability
measure on the unit circle and its support is Helson with constant 1. On the other
hand, such a multiplication operator on L?(yu) is normal and hence hyponormal,
which cannot be weakly hypercyclic, by [9, theorem 4.5]. All these results motivate
us to provide the following statement.

Theorem 1. Let T be a bilateral weighted shift on ¢P(Z), where 1 < p < co. Then
(i) T is weakly sequentially hypercyclic if and only if it is norm hypercyclic.
(ii) T is weakly sequentially supercyclic if and only if it is norm supercyclic.

To prove Theorem 1, we need Lemma 2 below. For each y in ¢7(Z), let §(j) =<
y,e; > = the j-th term of the sequence y. Also, let D = {dy,ds,...} denote the
countable set of all y in (P(Z) for each of which there exists a positive integer A,
such that y(j) = 0 if |j| > Ay, and y(j) is rational if |j| < A,. If y € D, then we
call the least such integer A, the length of y.
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Lemma 2. Let 1 < p < co. Suppose T is a bilateral weighted shift on (P(Z) that is
weakly sequentially supercyclic. Let € > 0 and let N be a positive integer. For any
vectors y,z in D, there exists an integer n > N, a nonzero scalar A\, and a vector
v in D such that ||[v]| < €, [[ANT"y|| <€, and |[[NT"v — z|| < e. If the shift T is
weakly sequentially hypercyclic, the above conclusion holds with A = 1.

PrROOF OF LEMMA 2. Let x be a weakly sequentially supercyclic vector for T
Choose a strictly increasing sequence (ny)72, of positive integers and a sequence
(Ak)72; of nonzero scalars such that A" x—z weakly. Since weakly convergent
sequences are bounded, there exists M > 0 such that [|[A\,T™ x| < M, whenever
k > 1. If y is the vector given in the statement of the lemma, then there exist m > 1
and a nonzero scalar 3 such that

~

Cly(5)l
2

(BT™z — Cy, e;)| < , whenever |j| <+ and y(j) # 0,

where C = 2M /e and 7 is the length of y. Hence, |ﬂ7{m\a:(j)| > £ |9(j)| for every
lj| <+, and so for i > m we have
CPIT = y|P = 3 ez (Wit1wjg2 - . Wjti—m)P CPY(J + 1 —m)[P

D ey (Whtm—it 1 Whgm—ig2 - - wi)P CP [5(k) P
Ejzzfy(UMﬂﬂn—i+1u%+wr%+2~-~u%)p2p|ﬂ1ﬁnx(k)w
22 6P 3 (Wktm— it 1 Whpm—ig2 - - - W) [T(k + m)[P
2267 3 ien (Wimiv1wj—iva .. w;)P [B(5)[P
2 g [T,

That is, if i > m then ||[T""™y|| < % |T%x||. In particular, for any ny > m we
have

A A

Ak e —m 2 n 2
15 T < G N Tl < &M = e

For the given vector z in the statement of the lemma, we let pu be its length,
and let vy = B3T™ (Zn’“ﬂ‘ E(j)ej) for each integer k > 1. Notice that

J=ng—p
ng+p
loell? < BT Y [2(5)[P —0, as k — oo
Nk — M

Also, for any ng > m we have

Ak — —

G T (g = L MTwa() for lj] < g for 1] >

Since AT x— 2z weakly, for all large enough k and all j with |j] < p,

€

[(AeTrx — z,e5)| < T
3ur
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It follows that

)\k - el
— T My, — 2||P = MT™"x —z e < Qu+1)— < €.
||5 k= 2|l j;“ [( Ak i)l (2p )3,,#
So the conclusion of the lemma is satisfied if we set v = vg, A = %7 andn =niy—m
for a large enough k.
In the case when T is weakly sequentially hypercyclic, we have the exact same
argument as above with A\, = § =1, and conclude that A=1. =

With Lemma 2, we are now ready to prove the theorem.

PrOOF OF THEOREM 1. Clearly T is weakly sequentially supercyclic if it is norm
supercyclic. To show the converse, suppose T is weakly sequentially supercyclic
and recall that D = {d;,ds,...}. By Lemma 2, there exist an integer n; > 1, a
nonzero scalar A\; and a vector v; in D such that [jvi]| < 271, and |[\T"v; —
di|| < 27! Again by Lemma 2, there exist ny > ni, Ay # 0 and v € D so that
max{ vz, A2 T"2v1||, || A2 T™2vy —da|| } < 35 min{l, m }. By setting

1 . {1 1 1 }
€ = S = —/,/min s sy
BTok T e [ [T ]

in Lemma 2 as the k-th step in an induction process, we obtain an increasing
sequence of positive integers (ny), a sequence (M) of non-zero scalars, and a
sequence (vg) of elements in D that satisfy

{” ka < SkH)\ank('Ul—l—...-i-’Uk,l)” < Sk”)\ankvk—dk” < Sk, (].1)

So if we let v =", vy, then v € (P(Z) and for k > 2

IMT0 =dpll = IAT™ (D85 01) + T 0k = di+ 2y T

< [|ART™ (Zf:_f Ui) |+ AT v = dill + 202 1A T vg|
< g+ 58+ Yoiopir 3 —0, as k — oo,

Hence v is a norm supercyclic vector for T, and (ii) follows.
To show (i), we simply take Ay = 1 in the above argument. B

A review of the proof of Theorem 1 shows that we may replace ¢?(Z) by co(Z)
in the statement of Theorem 1. On the other hand, the proof may seem to suggest
a sharper result that a bilateral weighted shift would be norm hypercyclic if it
had an orbit containing a weakly convergent sequence, but this is not the case.
Take, for example, the weakly hypercyclic bilateral shift 7" : ¢2(Z) — ¢*(Z) given
by Te; = 2e;_; for positive integers j and T'e; = e;_; for nonpositive integers j.
This operator is weakly hypercyclic but not norm hypercyclic; see [4, corollary 3.5].
Nevertheless the vector eg has its orbital vectors T"eg = e_,, converging weakly to
the zero vector as a sequence.
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An argument similar to the proof of Theorem 1 shows that for any bilateral
weighted shifts T1,..., T, (r > 1) on ?(Z) (1 < p < 00), their direct sum 71 ®. . .®T,
is weakly sequentially hypercyclic (respectively, weakly sequentially supercyclic) on
¢P(Z)" if and only if each T; is norm hypercyclic (respectively, supercyclic).

We now focus on hypercyclicity. First, we provide a condition for a weakly
hypercyclic bilateral weighted shift to be norm hypercyclic.

Proposition 3. Let T : (P(Z) — P(Z) (1 < p < o0) be a weakly hypercyclic
bilateral weighted shift with weight sequence {wj : j € Z}. If lim,_, H;L:O w_; =0,
then the operator T must be norm hypercyclic.

PRroor. Let ¢ be a positive integer, and ¢ > 0. Choose a positive § with § <
emin{1, H;:1 w;l, H;;}) w_; : 1 < i < ¢}. By our hypothesis, there exists an
integer N > 1 such that

Hw_j<5, for all n > N.
§=0

From the choice of §, it follows that H;:Ol wi—; < €if =g < i < gand n >

N +¢+1. By aresult of Salas’ [7, Ttheorem 2.1] it suffices to show that there exists
n arbitrarily large for which H?Zl w;+j > 1/e. Now, let « be a weakly hypercyclic
vector for T' with ||z|| = €/2. Then, there exists n > N + ¢ + 1 such that

q
1
(T — Z ej, el < 3 whenever |i] <g.
j=—q

That is, |Z(n + 1) H;‘Zl w;yj — 1| < § for each ¢ with |i| < ¢ and hence

1 n € n

5 < [z(n+1)] [Tws < 3 1T wiss,

j=1 j=1

which gives H;‘Zl Wi, > 1/€ whenever [i| <¢. W

The condition lim,, H;‘l:o w_; = 0 in Proposition 3 is only sufficient, but not
necessary; the shift with weight sequence

(’"»%7 72727%7%727%7172a%u2727%7%727272727'-')

N

)

N

)

N[

(here wp = 1) is norm hypercyclic, and lim,,_ o H?:o w_; = 0 is not satisfied.

On the other hand we cannot conclude in Proposition 3 that a weakly hyper-
cyclic bilateral weighted shift on ¢?(Z) (1 < p < co) must be norm hypercyclic if we
merely assume that liminf,, H;.L:O w—; = 0. To see this, let (m;){2; be a sequence
of positive integers such that m; — m;_1 > i for each i > 1 with my = 0, and let
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T : (?(Z) — ¢*(Z) be a bilateral weighted shift whose weight sequence is given by
ifmi,l—i-(i—l)gjgmi—?,

L,
w_; =< 27° ifj=m; -1,

and
27 1fm1—1+1§.7§m1_17
wj = 2*mi+mi—1+l+1, if j = m;,

For any choice of (m;)$2,, we have that liminf, H?:o w—; = 0 and T fails to be
norm hypercyclic. But one can choose the sequence (m;)$2; far enough apart so
that T is weakly hypercyclic; see [4, theorem 3.2].

We now show that weakly sequentially hypercyclic vectors carry some linear
structure whenever they exist. Results of this kind were first obtained by Herrero
[5], and independently by Bourdon [2]. They proved that every hypercyclic operator
on a Banach space has an invariant, norm dense, linear subspace in which every
nonzero vector is hypercyclic. Later Wengenroth [11] extended this to hypercyclic
operators on non-locally convex spaces.

Proposition 4. A bounded linear operator T on a Banach space is weakly sequen-
tially hypercyclic if and only if there exists a norm dense, invariant, linear subspace
in which every nonzero vector is a weakly sequentially hypercyclic vector for T.

PROOF. Let x be a weakly sequentially hypercyclic vector for T'. The set {p(T)x :
p is a polynomial} is a weakly dense, invariant, linear subspace. Since the set is
convex, it is norm dense in X. We now show that every nonzero vector p(T)x
is weakly sequentially hypercyclic for T. For any y € X, there exists a sequence
(T™kx) such that T™ x — y weakly. Hence, T p(T)x = p(T)T™ x — p(T)y weakly.
Therefore,

————weak se
p(T)X C orb(T, p(T)z) 9,

Since T is weakly hypercyclic and the weak and norm closures of a convex set
coincide, p(T') must have norm dense range, by a result by Wengenroth [11, lemma
1]. Hence, we have

weak seq

—_— k
X = pIX weak seq

C orb(T,p(T)x) ,
which finishes the proof. ®
To conclude this note, we pose the following problem.

Problem 5. Is every weakly sequentially hypercyclic operator on a Banach space
norm hypercyclic?
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