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ABSTRACT

A continuous linear operator T : X — X is hypercyclic/supercyclic if there is
a vector f such that the orbit Orb(T, f) = {T™f}, respectively the set of scalar
multiples of the orbit elements, forms a dense set in X. A famous result states
that every non-scalar convolution operator on the space H(C™) of n-variable entire
functions is hypercyclic (and thus supercyclic). This result has been extended to
infinite-dimensional holomorphy and Hilbert-Schmidt entire functions. On the other
hand, up to now there are few ‘explicit’ examples of cyclic type non-convolution
operators, both in finite and infinite dimensions. In this note we establish classes
of hypercyclic and supercyclic non-convolution operators on the space of Hilbert-
Schmidt entire functions. Moreover, we establish the existence of closed infinite-
dimensional hypercyclic/supercyclic vector manifolds for the operators in the
corresponding classes.

1. Introduction

Let T = (T},)n>0 be a sequence of operators on a TVS X (here, and in everything
that follows, ‘operator’ refers to a linear and continuous map.) We let Orb(T, f) =
{T,,f}n>0 denote the orbit of f € X under T and let Orb; (T, f) and Orb, (T, f)
denote the linear hull, respectively the set of scalar multiples of the elements in
Orb(T, f). Recall that T is said to be cyclic/supercyclic/hypercyclic if, respectively,
Orby(T, f)/ Orbg(T, f)/ Orb(T, f) is dense in X for some f € X. (Thus hypercyclic
implies supercyclic, which, in turn, implies cyclic.) The vector f is said to be of
the corresponding cyclic type (for T). An operator T is cyclic (with cyclic vector
f) when (T, = T™) is cyclic (with cyclic vector f), and analogously for super-
and hypercyclicity. We write, simply, Orb(T, f) instead of Orb((T™), f) etc. The
significance of all these notions from the invariant subspace theory is exposed in [9;
11] —the latter reference is a nice survey article. However, let us just remark that
the closure of any of the sets Orb, (T, f), v = I, s and Orb(T, f), is a closed invariant
subset for T': X — X and hence, T lacks closed invariant subsets M # {0}, X if
and only if every vector f # 0 is hypercyclic. In the same way, if such a non-trivial
closed invariant subset M exists, it must be formed by non-hypercyclic vectors,
which inspires the study of structures of hypercyclic vectors, which are discussed
below.
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A famous theorem due to Godefroy and Shapiro states: Every non-scalar con-
volution operator on the space H(C"™) of n-variable entire functions (compact-open
topology) is hypercyclic. (A convolution operator is defined as an operator that
commutes with all translations, and a scalar operator is a scalar multiple of the
identity.) This result originates from Birkhoff’s classical result [5], saying that any
translation operator 7, : f — f(a + z) (a # 0) is hypercyclic, and their proof [9]
rests on the well-known Hypercyclicity Criterion (HC):

Proposition 1. [4; 9; 11] Let X be a separable Fréchet space and T = (T,) a
sequence of operators on X. T is said to satisfy the HC for the sequence (ny)
provided there exist dense subsets Z,Y C X (not necessarily linear) and a sequence
of maps S = (Sy,, : Y — X)) (not necessarily continuous) such that:

(1) T,z — 0 forall z € Z,
(2) S,y —0 forallyey,
(3) T, Sn,y=y forallyeY.

If T satisfies the HC for (ng), then T is hereditarily hypercyclic for the sequence
(nk), i.e., (Tm, )k is hypercyclic for every subsequence (my) of (nk).

In [18] we extended Godefroy-Shapiro’s Theorem to infinite-dimensional holo-
morphy by proving: Every non-scalar convolution operator on the Fréchet space
Hu(E) of Hilbert-Schmidt entire functions on a separable Hilbert space E, is
hypercyclic (see also [1]). This and the result of Godefroy and Shapiro motivate us to
study cyclic type non-convolution operators — both in finite and infinite dimensions.
Such an investigation is also proposed by Aron and Markose in [2], and they and
others [8] have obtained the following preliminary result: Tf = f/(Az + a) forms a
hypercyclic non-convolution operator on H(C) for any a,\ € C provided |A] > 1
(a complete proof can be found in [8]). In a recent work [22] we established some
classes of hypercyclic and supercyclic non-convolution operators on H(C"™). For our
purpose we applied results from our study of so called PDE-preserving operators
(more on this below). Moreover, we applied Proposition 1 (see below) and our key
to show that the required factorization in 3 was the following classical n-variable re-
sult of E. Fischer (see [24]): For any homogeneous polynomial P # 0, P(D)P maps

the set of m-homogeneous polynomials bijectively for all m. (Here P(z) = P(2) and
P f s P-f, and we say that (P(D), P) forms a Fischer pair.) This result is purely
algebraic in the sense that any such polynomial space is finite-dimensional. However,
in [19, theorem 3] we obtained an infinite-dimensional analogue of Fischer’s The-
orem for Hilbert-Schmidt polynomials Py (™F) (see Proposition 3, below), which
will play a major role in this note.

The objective in this article is to establish supercyclic and hypercyclic non-
convolution operators on Hy(E). We shall apply, and develop, the technique of
Fischer pairs. We establish, in Section 3.1, a class Oy of supercyclic operators
and a multiplicative closed subclass O formed by hypercyclic operators, where
Of’, and thus Oy, is rich with non-convolution operators. Another purpose is the
following. A series of papers (see e.g. [3; 10; 12; 13; 15; 16; 17]) have studied when
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operators on Banach and Hilbert spaces admit supercyclic and hypercyclic sub-
spaces. (Recall that a hypercyclic subspace for an operator T': X — X is a closed
infinite-dimensional subspace H C X whose non-zero vectors are hypercyclic for 7.
Supercyclic and cyclic subspaces are defined in the same way.) Relatively new results
show that it is possible to connect this property with spectral properties. Indeed,
in [10] it is proved that the following are equivalent for a hereditarily hypercyclic
operator T' on a Banach space X:

(i) T has a hypercyclic subspace.

(ii) There is an infinite-dimensional closed subspace Y C X and a sequence
(ng), for which T is hereditarily hypercyclic, such that 7™ — 0 pointwise
onY.

(iii) There is an infinite-dimensional closed subspace Y C X and a sequence (ny)
such that T™* — 0 pointwise on Y.

(iv) The essential spectrum of T' meets the closed unit disc.

The result was first obtained in the setting of Hilbert spaces X [13], and that
(ii) implies (i) originates from [15]. (That (i) through (iv) are equivalent for both
Hilbert and Banach space operators is interesting in view of the fact that the in-
variant subset problem is solved for Banach but not for Hilbert spaces (see [9]).
Indeed, from the discussion above, T : X — X lacks non-trivial closed invari-
ant subsets if and only if X is a hypercyclic subspace. Similarly, the restriction
of T to any of its hypercyclic subspaces, if such exist, has no non-trivial closed
invariant subsets.) A spectral sufficient condition for the existence of a supercyclic
subspace for Banach space operators is obtained in [16]. It is known that every
infinite-dimensional separable Banach space admits an operator with a hypercyclic
subspace [12, corollary 2.2]. However, there are indeed supercyclic/hypercyclic oper-
ators without supercyclic/hypercyclic subspaces. For instance, the unilateral back-
ward shift B : fo — {3, defined by e,41 — e, and eg — 0 where (e,),>0 is a given
orthonormal basis, is supercyclic but lacks supercyclic subspaces [17]. Further, if
[A] > 1, then AB is hypercyclic but does not admit any hypercyclic subspaces [15].
Now, in this note we extend this topic to the setting of Fréchet spaces. In fact, we
complement a parallel work [23] where we prove that (ii) is sufficient for (i) also for
non-normable Fréchet spaces that admit a continuous norm. This result was inde-
pendently obtained by Bonet and co-workers in [6]. We prove in Section 3.2 that
every operator in Oy respective in OF has a supercyclic respective a hypercyclic
subspace. However, we do not apply the sufficient condition (ii), instead we give a
direct proof based on a technique quite different from those used in [6] and in [23].

Finally we remark that the elements of Oy, and Of° are PDE-preserving in the
sense that they map the kernel-set of any homogeneous convolution operator in-
variantly. Moreover, by virtue of a characterization result for such PDE-preserving
operators (see Proposition 4, below), the elements of Oy and O have explicit rep-
resentations —in fact, they can be identified with certain sequences of holomorphic
functions.

We shall start with some ground work before we prove our main results in
Section 3.
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2. Fundamentals

We introduce the space of Hilbert-Schmidt entire functions. We shall be quite brief
and refer to [18] and [19] for a more comprehensive exposition (see also [7] where a
similar type of holomorphy is studied).

E denotes a separable complex Hilbert space and (-,-) the corresponding in-
ner product. By Pr("E) we denote the space of n-homogenous polynomials on E
of finite type, i.e., the subspace of the n-homogenous polynomials on E that is
spanned by the elements (-, y)", y € E. We endow Pr("E) with the inner product
defined by ((-,4)™, (+,2)")n = n!(z,y)™ (well-defined!). The space of n-homogenous
Hilbert-Schmidt polynomials, denoted by Pg(™FE), is the completion of Pgr("E)
w.r.t. the inner product (-,),, and we use the symbol || - ||,, for the corresponding
norm. It follows that Py (" E) is continuously imbedded into the Banach space of
n-homogenous continuous polynomials on E.

Let (e;) be an orthonormal basis for E. For a given (infinite) multi-index « €
NN = @nN, let e, = [aupp (5 €)% € Pu (¥ E). Here N = {0,1,...}, supp a = {i :
a; # 0} and |o| = > a;. The elements e,, || = n, form an orthogonal basis for
Pr("E) and ||eq||? = a! = aq!... (see [7, lemma 1]). Thus Pg("E) is the Hilbert
space formed by all P =3, _, Paeo such that 3, _, |Pa)?al < 0o and

IPIG = D [Paf?al.

|a]=n

We define P = 3" P,e, and note that ||P||,, = ||P||,. Hilbert-Schmidt poly-
nomials are stable under multiplication in the sense that if P € Py ("FE) and Q €
Pu(™E), then PQ € Py (""™E), which is important, as is the following:

[1P[[nl1Qllm < 1PQllntm < 2" ||| Qllm (2.1)

see [19, lemma 1]. Thus, the set H = U2 Py ("E) (P (°E)) = C) of homogeneous
polynomials is multiplicative closed.

We denote by Fy(E) the space of all formal power-series f = > fn, fu €
Pu("E), i.e. Fu(E) =22, Pu("E), and define f =3 f,. Fu(E) is a ring as
H is multiplicative closed. The space of Hilbert-Schmidt polynomials, denoted by
P (E), is the subring &322 Py ("E) of Fu(FE). The polynomials of degree < m is
the space P (E) = [, Pu("E) — we consider P} (E) and Py (™E) as subspaces
of Fg(E) in the obvious way.

Now, the space of entire functions of Hilbert-Schmidt type on E, Fy(FE) is
formed by all f =3 f, € Fu(E) such that

1l = Y " falln/Val < 00, 7 >0, (2.2)

n>0

equipped with the semi-norms thus defined. Hy (E) is a Fréchet space, a subring of
Fu(E) and, in particular, Hy(C™)= H(C"™). The series > f,, converges absolutely
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in Hy(E) for every f = > fn € Hu(E). Thus, Hy(E) is separable and Py (E)
forms a dense subspace. (If D, denotes the directional derivative along =, Hy(E)
can also be described as the space of all Gateaux holomorphic functions f € Hg(E)
such that f, = D) f(0)/n! € Py("E) n=0,... and (2.2) hold.)

Given r > 0, EXP,(E) denotes the Banach space of all ¢ = > ¢, € Fu(F)
such that, for some M > 0, ||¢n|ln < Mr™/v/n!, n =0, ..., equipped with the norm
el s = sup, Valr=™||@nlln. The symbol EXPg(E) denotes the union U,
EXP, (E) provided with the corresponding inductive locally convex topology. From
(2.1) we deduce that EXPy(F) is a subring of Hy(F), and every ¢ € EXPy(FE)
defines an exponential type function, i.e., a holomorphic function with |p(y)| <
Mer Wl for some M, r > 0.

If y € E we put e, = %) € EXPy(F) C Hy(E) and have:

Proposition 2. (See [18]) Hy(E) is reflexive and the map F : X — FA, F :
AMy) = Aey), is an anti-linear isomorphism between H'y(E), provided with the
strong topology, and EXPy(E).

We put Hy(E) and EXPy(E) into duality by the sesqui-linear form (f,¢) =
Fro(f) =3, 50(fns ¢n)n- Multiplication ¢ : ¢ — ¢ is continuous on EXP g (E)
for every ¢ € EXPy(F) and we define ¢(D) = '¢:Hy(FE) — Hy(E). (In particular,
P(D) = >, Dy it P =% .(,y:)" € Pr("E).) By Proposition 2, every (D) is
continuous for the topology on Hy (F) and, in particular, e, (D) is the translation
operator 7., 7,f(x) = f(x + a). Thus Hy(E) is stable under translations, and it
follows that ¢ — (D) defines a one-to-one correspondence between EXP g (E) and
the set C of convolution operators on Hy(E) [18, proposition 2.2]. (Thus H’; (E)
~ EXPy(E)~C.)

Proposition 3. (See [19]) Let 0 # P € Py (™E). Then P(D) o P is a bijection
on Hi(E) and maps every P ("E) bijectively. (See [24] for the analogue in finite
dimensions.)

Lemma 1. Let 0 # P € Py(™E). Then A = P(P(D)P)~! maps Py ("E) into
Pu ("T™E) with a norm not greater than 1/||P||n,.

PROOF. By the left inequality in (2.1), [1Pgllntm = ||Pllmllglln for any g €
P ("E), since ||Pl|m = || P||m- B B

Let f € Py("E) and put g = (P(D)P)~'f € Py("E). Then Pg = Af and
Cauchy-Schwartz’ Inequality gives

[ flallglle = IP(D)Pgllullglln > (P(D)Pg, g)n = IPgI[7 1 = 1 Af [ | Pllml1g][n,

and the assertion follows. W

The algebra of operators on Hy (E) is denoted by £ = L (Hg(E)). An operator
T € L is said to be PDE-preserving for a set E C EXPy(FE) if Tkero(D) C
ker p(D) for all ¢ € E. The set of PDE-preserving operators for E, O(E), is clearly



92 Mathematical Proceedings of the Royal Irish Academy

a subalgebra of £ and, in turn, C forms a commutative subalgebra of O(E). This
is the case for any set E. In view of our purposes, we are most interested in the
algebra O(H) that we now shall describe.

We denote by S the set of sequences ® = (p,) = (¢o,...) in EXPg(E) such
that || Hy@nllm < MR ™ /+/m! for some M, R, > 0. H,, denotes the projector in
Fu(E) onto Py (™E) defined by f =" f,, +— fm. We have the following one-to-one
correspondence between O(H) and S (the result is of independent interest):

Proposition 4. Let T € L, then the following are equivalent:

(1) T € O(H);

(2) For every m >0 there is a T € L such that P(D)T = T P(D) for all
P e Pu("E)\ {0}

(3) T = ®(D) for some ® = (p,) € S where ®(D)f =3, <o Hupn(D)f.

The sequence ® and the operator T™ are unique and, in fact, T = @(m)(D) €
O where ®M) = (Ontm) €S.

PRrOOF. Clearly, 2 implies 1 and the uniqueness of 7™ follows by the surjectivity
of P(D) (Proposition 3). It is not difficult to prove that any ®(D), ® € S, defines
an element of £ (cf. [20]). From the fact that if P € Py(™FE), then P(D)H,, =
H,_,,P(D) if n > m and P(D)H, = 0 otherwise, we obtain

P(D)®(D) =Y P(D)Hnpn(D) =Y Hy_mP(D)g,(D) = 0™ (D)P(D),

n>0 n>m

since P(D) and ¢, (D) commute. Hence 3 implies 2.

It remains to prove that any 7' € O(H) is of the form ®(D) for some unique
® € S. A proof of an analogous statement for nuclearly entire functions can be
found in [20], and, using almost identical arguments to those in the proof of [20,
theorem 2|, we conclude that there is a sequence (¢,) in EXPy(FE) such that (x)
H,¢,(D) = H,T for all n. (The crucial part in [20] is the surjectivity of any non-
zero homogeneous differential operator, which we know holds true for Hgy(F) in
view of Proposition 3.) We must prove that ® = (p,) € S. Let x € E be any
element on the unit sphere, ||z|| = 1. If we let both sides in (%) act on (-, z)"
and identify homogeneous parts, we deduce that (-, 2)"H,,(¢n) = Hpem!T(-,2)".
We note that X = {(-,z)"/n!: n > 0} forms a bounded set in EXPy(E). By the
reflexivity of Hy (F) (Proposition 2), the transpose ' is continuous for the topology
on EXPy(F), hence ‘T'X is a bounded set in EXP g (E). Now, one can prove that
a set is bounded in EXP g (F) if and only if it is contained and bounded in some
EXP,(E). Thus, for some M,r > 0, ||Hpt||m < Mr™/v/m! for all ¢ € *TX and
m > 0. Hence

T
| Hyrn T, )| < M ——= < n!M
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for all n and m. On the other hand, ||(-,z)"||,, = V/n! and (2.1) gives

\/a”Hm‘PnHm = 1¢,2) [l [Hmenllm < 1¢;2)" Hin (00| ntm-

This and (2.3) show that (¢y,) € S. Thus > Hy, e, (D) defines an operator ®(D) €
L, and we must prove that 7' = ®(D). But, by virtue of Taylor’s formula, it is
easy to prove that every element of O(H) must map any P (E), and thus Py (E),
invariantly. In view of this, (x) implies that T'= ®(D) on Py (E) and hence, since
P (FE) is dense and by continuity, T'= ®(D). ®

Example 1.

(a) For any ¢(D) € C, ¢(D) = ®(D) where ® = (¢, ¢, ...) € S.

(b) Let ¢, = 1 if n < m and ¢, = 0 otherwise, and put ® = (p,) € S.
Then ®(D) is the Taylor projector of order m, i.e., the operator obtained
by mapping f € Hyg(F) onto its Taylor polynomial of order m at the origin.
(See [19] for more examples of PDE-preserving projectors.)

(c) With ® = (¢, =n), ®(D) is the Euler operator (-, D) = >° z;D; € O(H)
(i.e. f— > x;D;f(x) where z = > x;e;, D; = D., more generally, for any
power m > 1, (-, D)™ = ®(D) where ® = (¢, =n™).

Theorem 1. Assume T = ®(D) € O(H) is cyclic and let f be a corresponding
cyclic vector. Then T™ = ®("™)(D) is also cyclic and P(D)f forms a cyclic vector
for any m and P € Py ("E)\{0}. The analogue holds true for both super- and
hypercyclicity.

PrOOF. Put S = T(™). We note that P(D)T" = S"P(D) for all n > 0. Hence
P(D) Orb (T, f) = {P(D)T™f} = Orb (S, P(D)f), and from this we also deduce
P(D) Orb, (T, f) C Orb, (S, P(D)f), v = s,l. Since P(D) is surjective (Proposition
3), P(D) maps dense sets onto dense sets and our claim follows. H

We equip S with the algebra structure induced by O(H) so that (®¥)(D) =
®(D)¥ (D).
In fact, one can prove [20, theorem 6] that if (§,) = @V in S, then

§n = ZHi(@n)wnJria = (pn), ¥ = (¢n) (2.4)

=0

An element ¢ € EXPy(E) is non-degenerate if ¢(0) # 0 and a sequence ® =
(pn) in EXPpy(FE) is non-degenerate if all ¢, are. From (2.4) we deduce that the
product @V of any non-degenerate sequences ® and ¥ in S is again non-degenerate
(£,(0) = ©,(0)1,,(0)). Clearly, for any sequence ® € EXPg(E), > H,p,(D) is a
well-defined map on Py (E), and it is convenient to also use the symbol ®(D) for
this mapping.
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Lemma 2. For any sequence ® = (p,) in EXPy(FE), ®(D) maps every Pg(E)
invariantly and continuously. If ® is non-degenerate, ®(D) maps every
Py (E) isomorphically and the restriction of ®(D) to Pu(E) is a linear isomor-
phism. We assume here that P}, (E) is provided with the topology induced by Hy (E).

ProOF. That ®(D) maps P} (E) invariantly is obvious since any convolution op-
erator does. Next, the restriction of ®(D) to P} (E) is given by >~ Hyom(D),
which is a finite sum of operators on P} (FE), and the first part follows.

Next, assume @ is non-degenerate. By the Open-Mapping Theorem and the first
part of the proof, we only have to prove that ®(D) is a linear isomorphism on every
P (E). (D)1 = ¢o(0) # 0, and hence ®(D) is surjective on PY%(E) = C. Next we
note that if |a] =m > 1: (x) ®(D)eq = @m(0)eq + (terms of degree < m). Assume
®(D) is surjective on every PR (E), m < n —1 and let P € P} (E). In view of
(%), we may find a Q,, € Py("E) such that ®(D)Q,, — P € P}y (E) and hence,
by the inductive hypothesis, ®(D)Q = ®(D)Q,, — P for some Q € P}~ *(E). Thus
O(D)PY(E) = PR (E) for all n. To prove that ®(D) is one-to-one on any P} (E),
it is clearly enough to prove that P} (E) is injective on Py (E), which is obvious in
view of (x). W

3. The main results

3.1. Supercyclic and hypercyclic operators

Let Sy denote the set of sequences ® € S of the form ® = (¢, P,,) where ¥ = (¢,,)
is a non-degenerate sequence in EXPg(E) and 0 # P, € Py(™E), n = 0,...
for some m > 1. By Oy we denote the corresponding class of operators ®(D) €
O(H). Clearly, the homogenity degree m is unique and we let S,,, denote the set of
sequences ® = (¢, P,,) in Sy where P,, € Py(™E). Thus Sy = Up>1Sm, and {Sp, }
is a partition of Sg. It is convenient to clarify the following. Let ¥ = (¢,,) be a
non-degenerate sequence in EXPy(E) and let 0 # P, P € Py (™E) where m > 1,
then:

(1) ¥V e S and ||Py]|m < CR™ for all n, then ® = (¢, P,) € Si;
(2) &= (YpP) €Sy if UeS;
(3) @ = (P,) € S if ||Pul|m < CR™ for all n.

(1 and 3 are elementary and 2 is an easy consequence of (2.1).)

Theorem 2. Every ®(D) € O(H) is supercyclic. Thus, in particular, any operator
®(D) =V (D)P(D), where ¥ € S is non-degenerate and P € H\C, is supercyclic.

Proor. Let ® = (v, P,) € S, and put ¥ = (¢,,). It suffices to prove that there
is a sequence (r,) in C such that (T, = r,®(D)™) is hypercyclic, and we intend
to apply Proposition 1 with Z =Y = Py (FE). First of all we conclude that, since
m > 1, ®(D)"f = 0 for all n sufficiently large if f € Py(FE). Thus, for any
sequence (ry,), T, — 0 pointwise on Z = Py (FE). Define B: Py (E)— Py (E) by
B=3, <, Pa-m(D)H,. Let ®; = (¢,) be a non-degenerate sequence in EXP  (£)

with <I>(()m) = ¥ and consider ®¢(D) : Py(E) — Pu(E) (since ¥ may be outside S,
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it is possible that &g ¢ S). We claim that ®(D) = B®o(D) on Py (E). Indeed,

BO(D) =Y Po_m(D)Hp¢n(D) =Y HymPrm(D)én(D) = 0(D),
n>m n>m
since ¢, = Yp_m for n > m. By Lemma 2, ®y(D)"! : Pg(E)— Pu(E) ex-
ists, and, from Lemma 1, we can define a map A : Py(E) — Pu(E) by A =
> 50 Pu(Py(D)P,) " H,. We deduce that BA = the identity on Y = Py (E), so
with C' = &, (D)A, (*) ®(D)C = Idy. Now, in view of Lemma 1 and Lemma 2,
C maps P& (E) into Pt (E) continuously. Let o(n) denote the operator norm of
this map. Here we assume every Py (E) is provided with the norm || - ||g.1, which

clearly generates the topology that is induced by Hp (E). For f € P (E) and n > k
we estimate

NC™ fllga = IC(C™ ' Hllga < ok +m(n —1)IC™ fllaa < ...

< Ho(k +m(n=0)|[fllaa <o(n+mn—1))"fllma = @) fllw,

since o is increasing. Put r,, = n!6(n) and define S,, = r,;!C™. Then T,S, = Idy

in view of (%) and for any continuous semi-norm || - ||g.. on Hyg(E),
k+nm i N ,r,k+nm
150 fll2:r = 2(‘,) ZalHSa Dl < S fllia < =l = 0.
i—

as n — o0o. Thus S, — 0 pointwise on Y = Py (F) and the proof is complete by
virtue of Proposition 1. H

Op is not multiplicative closed. However, let O denote the subset of Oy formed
by the special type of operators ¥(D)P(D) in Theorem 2. (Thus Oj; corresponds
in S to the subset Sjj of Sy described in 2 above.) Then, in view of (2.4), it is easily
checked that Oy is multipicative closed, i.e. Of Of € Of, and OyOf; € Oy. Let
us also note the elementary fact that, for any given m > 0 and ® € Sy; oM e Sy
and, conversely, there is a U € Sy such that U™ = &,

Next, a supercyclic vector manifold for an operator T : X — X, is a subspace
S C X whose non-zero vectors are supercyclic for T'. Accordingly, a supercyclic
subspace is a closed infinite-dimensional supercyclic vector manifold. Hypercyclic
vector manifolds are defined in the same way.

Theorem 3. Assume ®(D) € On (¢ = (pn) € Su). Then, for any set A C S x H
such that P # 0, U™ = & if P € Py (™E), for all (U, P) € A:

Is= U {P(D)f : f supercyclic for ¥(D)} (3.1)
(¥,P)eA

forms an invariant set under (®(D)) of supercyclic vectors for ®(D). Moreover, for
every m > 0 there is a vector f € Hy(FE) such that



96 Mathematical Proceedings of the Royal Irish Academy

My ={P(D)f: P€Py("E)}

forms a supercyclic vector manifold for ®(D), and P +— P(D)f is a linear isomor-
phism between Py (™E) and My,.

PrOOF. That (3.1) is formed by supercyclic vectors follows by Theorem 1. We must
prove that T4 is invariant. So let P(D)f € Z4, (V,P) € A. Then ®(D)P(D)f =
P(D)¥(D)f. Since f is supercyclic for ¥(D), it is elementary that ¥U(D)f also
forms a supercyclic vector for ¥(D), and hence ®(D)P(D)f € Za4.

Next, given m, there is a ¥ € Sy with ¥(™) = &. By Theorem 2 we can find
a supercyclic vector f for U(D). Theorem 1 gives that M,, = {P(D)f :0# P €
P (™E)} is formed by supercyclic vectors for ®(D), and we deduce that Py (™E)
35 P w— PD)f € M,, is a linear isomorphism ¢. Indeed, P(D)f # 0 for all
P # 0, for otherwise 0 would be a supercyclic vector, so ¢ is one-to-one and hence
a bijection. M

Example 2. Let ® € Sy and fix m and U € Sy such that U™ = &. Then, with
A = {(I,P) : 0 # P € Pu(™E)}, we obtain the invariant set Tnp =
Upepy (men{0yP(D)SC(¥) of supercyclic vectors for ®(D). Here SC(V) denotes
the set of supercyclic vectors for V(D).

Next we shall prove that some of the operators in Oy are in fact hypercyclic.
Indeed, for any ¢ > 0, let S&, denote the set of sequences in S, of the form (P,)
where P, € Py(™E) and ||Py,||m > ¢ for all n. Thus, in view of 3 in the beginning
of this section, a sequence (P,) in Py (™E) belongs to 8¢, if ¢ < ||Pp||m < CR™ for
some R,C > 0. We put

se= s, (s,
m>1
c>0

and let OF (C Og) denote the corresponding class of operators in O(H). It is clear
that Op is multiplicative closed, and stable in the sense that for any given m and
d € SF; @™ € S and V™ = & for some ¥ € SF. (In fact, if (P,) € S5
and (Q,) € S, then (P,)(Qn) = (PyQnim) € S, ,.) Note also that O N C =
{P(D) : P € H\C}, which in S§° corresponds to the set of constant sequences
(P,P,...), PeH\C.

Theorem 4. The operators in O’ are hypercyclic.

Proor. Let ® = (P,) € S;,. We must then prove that T'= ®(D) is hypercyclic.
Define Af =3, . Anfn, where 4, = P,(P,(D)P,)~ ! and f, = H,f € Pg("E)
(as in the proof of Theorem 2). Then,

AF =" Aipmne - AikmAifi, f=Y fn € PulE),

i>0
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and Lemma 1 gives

n i+nm ||Al m(n—1 Alf1||1+nm
HAﬂmw:§}+ +(.) : <
>0 (i + nm)!

,r,iJrnm ‘ |f| |Z ,,,nm —n

c
. < Al :r — 0, n— o0
Z [ Pillm | Piem(n-1) [lm Vil\/(nm)! — /(nm)!

i>0

So S, = A™ — 0 pointwise on Y = Py (E), T"S,, = Idy, and, sincem > 0, T" — 0
pointwise on Z = Py (FE). Thus T is hypercyclic by Proposition 1. H

Remark 1. We recall from the introduction and the result of Aron and co-workers
that, when E = C, Th.q : f — f'(Az+ a) is hypercyclic provided |\| > 1. We note
that Tx., = ®(D) €Oy if A # 0 where ® = (A\"ze®*). Thus Tx.o € OF if |\ > 1 and
Th.a € Ou\ OF when a, A # 0 or 0 < |\ < 1. In particular, Tx., is a hypercyclic
operator in O\ OF when a # 0 and |\| > 1, and it is o natural to ask: what
(other) operators in Ou\ O are in fact hypercyclic?

Corollary 1. For any non-degenerate sequence of scalars ¥ = (v,,) € S and P €
Pu(™E)N\{0} where m > 1, U(D)P(D) is hypercyclic.

Corollary 2. P(D)(-, D)™ is hypercyclic for any homogeneous P € Py (™E) and
n > 0 provided P # 0 and m > 1.

PROOF. Recall, from Example 1, that (-, D)™ = ®(D) where ® = (p; = i"). Hence,
in view of Proposition 4, P(D)(-, D)* = ¥(D)P(D) where ¥ = &™) = (3, =
(¢4+m)™). Thus ¥ is non-degenerate and the statement follows by Corollary 1. H

The analogue of Theorem 3 holds true for the class O, the proof goes parallel:

Theorem 5. Let (D) € Og°. Then, for any set A C S x H such that P # 0,
V) =@ if P € Pg(™E), for all (¥, P) € A:

Ta = U, pyealP(D)f : f hypercyclic for ¥(D)}

forms an invariant set of hypercyclic vectors for ®(D).

For any m > 0 there is an f € Hy(E) such that M, = {P(D)f : P € Puy("E)
forms a hypercyclic vector manifold for ®(D) and Py(™E) > P— P(D)f € M,
is a linear isomorphism.

8.2. Supercyclic and hypercyclic subspaces

Theorem 5 and Py (™E) ~ M,, made us believe that the operators in Of° admit
hypercyclic subspaces. However, we only know that the isomorphism is a linear
one, and thus, even though Py (™F) is closed, we do not know if M,, is. However,
instead of proving that the isomorphism is topological, which we do not know to
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be true, we shall prove that the elements of OF indeed have hypercyclic subspaces
by applying another technique, based on the theory of basic sequences, see [14].

Theorem 6. Assume E is infinite-dimensional. Then every operator T' € OF° has
a hypercyclic subspace and, similarly, any T € Oy has a supercyclic subspace.

Proor. We prove that 7' € OF has a hypercyclic subspace. Let m > 1 be arbitrary
and put B = Py (™E). Let B denote the Banach space of all f =Y f,, € Fu(E)
such that ||f|| = ||f|lz1 = 20 [|falln/VR! < oo, equipped with the norm || - ||.
Thus Hy (E) C B. Let us note that the topology on B = (B, || - ||m) coincides with
that induced by B as well as that of Hy(E), in particular, B is a closed subspace
of B. Moreover, T" — 0 pointwise on B. Since Py (FE) is dense in Hy (E), there is a
denumerable dense set {p,} in Hy(E) formed by vectors p,, € Py (E). Choose an
orthonormal basis (e,,) for B. Then (¢,,) is a basic sequence in B with basic constant
K =1 (see [14]). Let (e,,) be a decreasing sequence of real and positive numbers
such that Y e, < i = %, and, for m,n > 1, put i(m,n) = (m+n—7§)(m+n) —n+1.
The mapping @ = i(m,n) is then strictly increasing in both m and n (see [10, p.
173] for further remarks). We claim that there is a map r = r(i), defined for i =0
and for all ¢ = i(m,n), where r(0) = 0 and r(i(m,n)) is strictly increasing in n for
fixed m, and a sequence (fy,)m>1 in Hy(E) such that:

(a) (|77 £ — Dol n < €m /27 for all m,n > 1,
(b) [|TCED (£ — e lmn < €m/2" for all k,m,n > 1 where k # m,
©) |fm —emll < €m for all m > 1.

Indeed, from the arguments of the proof of [10, theorem 2.1], we deduce that there
is a double sequence (fm n)mn>1 in Hy(E) such that with fi, 0 = ey:

T™D(frnm = )| mmtm < €m/200™™ 0 < j < i(m,n), (3.2)
|| Tr(i(m’n))fm,n . anH:n < em/Qi(m’")“,m,n >1, (3 3
TG ol < T < il ) < i), (34)

Hence, in particular, (fm n)n is a Cauchy sequence in Hy (E) (take j = 0 in (3.2)),
and we note that

j;n Ezh?lfhhi::j%un +':£:(j%hk+1 _’fnhk)

k>n
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for any m,n > 1. From this and (3.2) we obtain

Hfm _6mH - ||fm - emHH:I S ||fm,1 - em”H:l + Z ||(fm,k+1 - fm,k)HH:I S

k>1

1 = el + Y N (Fmpr = Fond)llin < € /2700 473 € /200 A4
k>1 k>1
< €.

Hence c), and to see that a) and b) hold, we only have to apply (3.3) and (3.4) and
follow the arguments in [10, pp 176-177] (see also [15, pp 424-426]).

Now, we deduce from c) that (f;,) is a basic sequence in B and equivalent to
(em). Indeed, || fm — em|| < > €m < 7. Hence our claim by virtue of [14,
proposition 1.a.9]. Thus the closed linear span F of {f,,} is isomorphic to B, and
is formed by all convergent series > auy, f where the expansion is unique. Let L
denote the basic constant for (f,,), and let Fj denote the set of elements f =
> fm in F such that the series converges in Hy(E) (thus Fy C Hy(E) N F).
We shall prove that H = Fy (closure in Hg(E)) is a required hypercyclic subspace
for T.

The subspace H is of course closed, and, since it contains the elements f,,
infinite-dimensional. By the continuity of the embedding Hy(E)— B, H C F, and
hence, every f € H has a representation f = > a,, fin (convergence in B). We must
prove that if f # 0, i.e. ay # 0 for some k, then f is hypercyclic for T

Assume first that f = > o fm € Fp so that the series converges in Hy(E).
Choose k such that aj # 0, and we may assume that ap = 1, since a non-zero
scalar multiple of a hypercyclic vector is again hypercyclic. Since (f,,) and (e;,)
are equivalent, g = Zmﬂc Qmem exists in B—and hence in Hy (E). Now, if n > v,
then a) and b) give

T CEDYf —poll g =
= |7 fp — py 4+ TTOED g 4 N 0, TEED(f — )1

m#k
S ||T’L(k’n)fk 7pn||H:n + HTT(’L(]C’H))QHHV + Z |Oém|||TT(Z(k)n))(fm - em)”H:n
m#k
<en/2" + [T gl gy + 2L)IF11 D Em/2"
m#k
< T gl |, + (L] £]] + 1) /2" — 0, (3.5)

as n — oo.

Hence f is hypercyclic. Next, let f = Y amfm € H be arbitrary and choose
a sequence (f° = Y af fm)s in Fy that converges to f. Again, choose k such
that aj # 0. We assume «p = 1 and since, clearly, af — o, we may assume
aj =1 for all s. For given n and v, choose constants M, (v) and m,,(v) such that
|| TGk R | g, < My||h||gm,, for all h € Hy(E). By the continuity of Hg(E)
— B, f* — fin B and hence ||f*|| < C. In fact, f* — f in F so, with ¢° =



100 Mathematical Proceedings of the Royal Irish Academy

Do 2k @n€m, g° converges in B to some g. Since the norm-topology on B coincides
with the subspace topology induced by Hg (E), g° — g in Hy (E). For given n > v,
(3.5) gives that for any s:

[T CEDF = pul [ < |ITCED(F = ) + TS 2 = ol
< Mallf = £l + IT7CE™) g0, 4 UL
< Mol|f = £l amn + 1T OED g 1y + Myllg — ¢°||om,, + LS.

We may find an s = s(n) such that ||f — f°||z:m.., |9 — ¢°||Him,, < 27"/M,, and
deduce from this that ||T’“(i(k’”))f — pnllgy — 0 as n — oo for all v. Hence f is
hypercyclic.

Next, let T' € Og. From the proof of Theorem 2 we know that there is a sequence
(rn) of scalars such that (7, = r,T"™) is hereditarily hypercyclic. Now, the operators
T,, commute, and by noting that proposition 2.2 and lemma 2.3 in [10] extend to
sequences of commuting operators on a Fréchet space, we deduce that there exist a
double sequence (fin.n) and a map r = r(4) such that (3.2), (3.3) and (3.4) hold for
(T},). Hence the analogue of (a—c) hold and the arguments above show that (73,)
has a hypercyclic subspace, which clearly forms a supercyclic subspace for T

4. Concluding remarks

Note that if E is finite-dimensional, then every Py (™FE) is finite-dimensional, so
the proof of Theorem 6 does not apply. However, if we use the result from [6; 23],
saying that (ii) of the Introduction is sufficient for (i) for operators on Fréchet
spaces with a continuous norm, we can in fact extend Theorem 6: Any T' € O
has a hypercyclic subspace if dim E > 1. Indeed, we have seen that any such
T is hereditarily hypercyclic, and it is easily checked that Y = kerT is infinite-
dimensional (and closed), and obviously T — 0 on Y. Based on the same principle
as that in the last part of the proof of Theorem 6, we also conclude that the elements
of Oy has supercyclic subspaces whenever dim £ > 1.

Finally we remark that, by virtue of the sufficient condition (ii), and with ar-
guments as above, we can conclude that any non-scalar (D) € C has a hyper-
cyclic subspace if dim F > 1. This observation complements the main result in
[18] —the analogue of Godefroy-Shapiro’s Theorem. In particular we obtain that
any translation operator 7., a € F\{0}, has a hypercyclic subspace, which extends
the corresponding one-variable result in [3]: 7, : H(C) — H(C) has a hypercyclic
subspace for any non-zeroa € C. H
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