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Abstract

If stratification boundaries are taken in geometric progression, then the Pareto
distributions give equal coefficients of variation on strata. This stratification method
does not, however, satisfy exactly the Dalenius condition for minimising the variance
of the sample mean, but it compares favourably with the commonly used cumulative
root frequency approximation of Dalenius and Hodges in terms of the precision of
the stratified mean.

1. Introduction

For a continuous density f(x) in the range (β, γ), where −∞ ≤ β < γ ≤ ∞, with
distribution

F (x) =
∫ x

β

f(t)dt,

we have the mean

µ =
∫ γ

β

tf(t)dt =
∫ γ

β

tdF (t)

and variance

σ2 =
∫ γ

β

(t− µ)2f(t)dt =
∫ γ

β

(t− µ)2dF (t).

To stratify a population into L strata is to subdivide the range (β, γ) into subin-
tervals [kh−1, kh], β = k0 < k1 < k2 < · · · < kL−1 < kL = γ. The conditional mean
of the hth stratum is

µh =
∫ kh

kh−1

t


 f(t)∫ kh

kh−1
f(s)ds


 dt =

1
Wh

∫ kh

kh−1

tf(t)dt,
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where

Wh =
∫ kh

kh−1

f(t)dt.

Similarly, the conditional variance of the hth stratum

σ2
h =

∫ kh

kh−1

(t− µh)2


 f(t)∫ kh

kh−1
f(s)ds


 dt =

1
Wh

∫ kh

kh−1

t2f(t)dt− µ2
h.

If a sample of size n is allocated among the strata so that nh ≥ 1 is selected
from stratum h, 1 ≤ h ≤ L, then

xh =
1
nh

nh∑

i=1

xhi

is an unbiased estimator of µh with variance σ2
h/nh. Here, xhi is the ith sample

element in the hth stratum.
Also, the stratified mean, defined as

xst =
L∑

h=1

Whxh, (1.1)

is an unbiased estimator of the population mean µ with variance

V (xst) =
L∑

h=1

W 2
h

σ2
h

nh
. (1.2)

The aim is to choose optimum breaks and optimum allocation of the sample ele-
ments among the strata: i.e. those which minimise (1.2).

With respect to sample allocation, Neyman [6] showed that (1.2) is minimised
for fixed n when the nh are allocated among the strata as follows:

nh =

(
Whσh∑L
i=1 Wiσi

)
n. (1.3)

Substituting (1.3) into (1.2) gives

Vney(xst) =
1
n

(
L∑

h=1

Whσh

)2

,

which can be written as

Vney(xst) =
1
n

(
L∑

h=1

σh

∫ kh

kh−1

f(t)dt

)2

. (1.4)
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Now we need to choose the break points in such a way as to minimise (1.4).
Dalenius [2] showed that this is achieved when the kh satisfy

σ2
h + (kh − µh)2

σh
=

σ2
h+1 + (kh − µh+1)2

σh+1
. (1.5)

However, these equations are ill adapted to practical computations because µh and
σh depend on kh. While many approximations have been given to (1.5), no exact
solution exists. The aim of this paper is to examine this problem again, and to
propose an approximation specifically for skewed populations. The proposal is based
on the suggestion by numerous researchers in the field (see, for instance Cochran
[1], Dalenius [2], Dalenius and Hodges [3], and Lavallée and Hidiroglou [7]) that it
is desirable, when stratifying skewed populations, to arrange for equal coefficients
of variation (CVs) in each subinterval.

In Section 2, we show that, for Pareto distributions, equality of CVs can be
achieved by the simple ploy of subdividing the range of the variable in geometric
progression. We go on in Section 3 to show that geometric stratification of the
Pareto distribution does not satisfy (1.5) exactly, but we illustrate in Section 4 that
it outperforms the commonly used cumulative root frequency method of stratum
construction in terms of the precision of the stratified mean (1.1), when applied to
some real skewed populations.

2. Geometric stratification of the Pareto distribution

The Pareto distributions [4] are given by taking

f(x) =
{

λβλx−λ−1 x ≥ β
0 x < β

, (2.1)

with λ > 2 and β ≥ 1; they are named after the nineteenth century Italian economist
Vilfredo Pareto, who used them to model populations with considerable skewness
in the distribution of wealth. If appropriate values of λ and β are chosen in (2.1),
then the distribution of wealth will obey the ‘80–20 rule’, in which 20% of the

Fig. 1—A Pareto Distribution: λ = 5, β = 20
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population owns 80% of the wealth: this was Pareto’s empirical observation in Italy
at the time. Also known as the ‘power law’, the Pareto distributions are highly
skewed. An example of a Pareto distribution is given in Figure 1, with λ = 5 and
β = 20.
Stratification of skewed distributions such as these often leads to significant im-
provements in the precision of the mean estimate (1.1).

Proposition 1. If the break points β = k0 < k1 < . . . < kL = γ for a Pareto
distribution are taken in geometric progression, then successive CVs are equal.

Proof. Suppose f(·) is a density function, with corresponding distribution func-
tion F (x) =

∫ x

−∞ f(t)dt: we wish to compare the CVs on an arbitrary pair of
adjacent subintervals [a, b] = [sb, b] and [b, c] = [b, rb], where 0 < s < 1 < r.
Define

Fb(r) = F (rb)− F (b) =
∫ rb

x=b

f(x)dx

F
(1)
b (r) =

∫ rb

x=b

xf(x)dx = µb(r)Fb(r) ,

F
(2)
b (r) =

∫ rb

x=b

x2f(x)dx = µ
(2)
b (r)Fb(r) ,

so that µb and µ
(2)
b are successive ‘moments’ restricted to subintervals [b, rb], and

CVb(r)2 =
F

(2)
b (r)Fb(r)− F

(1)
b (r)2

F
(1)
b (r)2

=
σb(r)2

µb(r)2
(2.2)

for the associated coefficient of variation. If, in particular, f is a Pareto density,
given by (2.1), then

Fb(r) = βλb−λ(1− r−λ) , (2.3)

F
(1)
b (r) =

λ

λ− 1
βλb1−λ(1− r1−λ) ,

F
(2)
b (r) =

λ

λ− 2
βλb2−λ(1− r2−λ) ,

so that, with λ = ` + 2, equality of CVs,

CVb(r) = CVb(s) (2.4)

reduces to

s2r2(1− s`)(1− s2s`)(1− rr`)2 = s2r2(1− r`)(1− r2r`)(1− ss`)2 . (2.5)

The endpoints a = sb, b, rb = c of successive intervals [a, b], [b, c] form a geometric
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progression provided rs = 1. The assumption rs = 1 reduces the left hand side of
(2.5) to

(1− s`)(1− rr`)(1− s2s`)(1− rr`) = (1− s` − rr` + r)(1− s2s` − rr` + s)

= 2 + 2(s + r)− (s` + r`)− (rr` + ss`)− (s2s` + r2r`) + (s2s2` + r2r2`) ,

repeatedly using the assumption rs = 1. Since the left hand side of (2.5) is now
symmetric in r and s, it must be the same as the right hand side. This gives equality
(2.4) . Now apply this repeatedly with

(a, b, c) = (kh−1, kh, kh+1).

3. Is geometric stratification optimum?

Rewriting Dalenius’s optimum conditions for minimum variance given in (1.5), for
successive intervals [sb, b], [b, rb], we have

σb(r) +
(b− µb(r))2

σb(r)
= σb(s) +

(b− µb(s))2

σb(s)
. (3.1)

We show here that, for the Pareto distributions (2.1), equality (3.1) is liable to fail:
the proof leans on the equality (2.4) of the CVs.

Proposition 2. If f is a Pareto distribution and rs = 1, then equality (3.1) is
liable to fail.

Proof. If f is given by (2.1) then equality (2.4) reduces (3.1) to

F
(1)
b (r)
Fb(r)

CV 2
b (r) +

(bFb(r)− F
(1)
b (r))2

F
(1)
b (r)F (−1)

b (r)
=

F
(1)
b (s)
Fb(s)

CV 2
b (s) +

(bFb(s)− F
(1)
b (s))2

F
(1)
b (s)F (1)

b (s)
;

equivalently, using (2.2),

F
(2)
b (r)− 2bF

(1)
b (r) + b2Fb(r)

F
(1)
b (r)

=
F

(2)
b (s)− 2bF

(1)
b (s) + b2Fb(s)

F
(1)
b (s)

. (3.2)

If rs = 1 then (3.2) reduces to

= s(ss` − 1)
(
(` + 1)(` + 2)r2(r` − 1)− 2`(` + 2)r(rr` − 1) + `(` + 1)(r2r` − 1)

)
r(rr` − 1)

(
(` + 1)(` + 2)s2(s` − 1)− 2`(` + 2)s(ss` − 1) + `(` + 1)(s2s` − 1)

).

With, in particular, ` = 1 (λ = 3), this reduces to

s(s + 1)(r − 1)2 = r(r + 1)(s− 1)2 ;
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for this to hold when rs = 1 we need, for arbitrary r > 0,

(r − 1)2

r(r + 1)
=

(1− r)2

1 + r
.

Since this is untrue, (3.2), and hence (3.1), fail when λ = 3.

Thus, geometrical stratification fails to exactly minimise the variance. This re-
sult is not surprising; the real question is whether it is near the optimum or, more
importantly, whether this simple and direct method of assignment of boundaries is
more efficient than the commonly-used, but cumbersome, cumulative root method
of Dalenius and Hodges [3] when stratifying skewed populations. We examine this
question in what follows.

4. A comparison with the cumulative root frequency method of
stratum construction

What has become known as the cumulative root frequency method of stratum
construction, written cum

√
f , was derived by Dalenius and Hodges [3], who showed

that approximations to the points which minimise (1.4) are obtained when the
stratum breaks kh are chosen so that

∫ k1

β

√
f(t)dt =

∫ k2

k1

√
f(t)dt = · · · =

∫ γ

kL−1

√
f(t)dt ;

with H =
∫ γ

β

√
f(t)dt the breaks will occur corresponding to the cumulative den-

sities H
L , 2H

L , · · · , (L−1)H
L . Thus, kh is the value of x so that

∫ x

β

√
f(t)dt =

hH

L
.

Cochran [1] applied this algorithm to real populations and illustrated how, for
finite data, the approximation is obtained by first dividing the sorted frame into
a fairly large number of classes M , counting the number fj of units within the
interval j, j = 1, 2, · · · ,M . Then, one calculates

√
fj and forms strata by joining

the adjacent intervals into L groups (strata) in which the
∑ √

fj are to be equal or
near equal. The main problem with this method is the arbitrariness in deciding the
value of M . Cochran [1] cautions that it is advisable to have a substantial number
of classes in the original frequency, otherwise the true optimum stratification may
be missed and the calculation of the within-stratum boundaries becomes affected
by grouping errors. Hedlin [5] notes that the final stratum boundaries depend on
the initial choice of the number of classes M , and there is no theory which gives
the best number of classes.

Clearly, our geometric method is simpler to use than cum
√

f . Unlike the cum
√

f ,
this method is definitive and objective, and it does not involve any arbitrary deci-
sions about the initial classes. Of course, we have only demonstrated Proposition 1
for the specific family of Pareto distributions, whereas the cumulative root method
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is not so restricted. However, for a more general skewed distribution we can look
for a close approximation by one of the Pareto distributions.

We examine the effectiveness of geometric stratification by implementing it on
three populations obtained from the set of skewed populations given in Cochran[1],
and summarised in Figure 2:

Population 1 Population 2 Population 3

US Cities (population 000s) US Colleges (student nos) US Banks (resources $m)

N = 1,038; Skewness = 2.88 N = 677; Skewness = 2.46 N = 357; Skewness = 2.08

Fig. 2—Some skewed populations

We compare the geometric and cumulative root frequency methods of stratum
construction in terms of the relative efficiency or variance ratio:

eff =
Vgeom(xst)
Vcum(xst)

, (4.1)

where Vgeom(xst) and Vcum(xst) are the variances of the mean, respectively, with
the geometric and the cumulative root frequency method. The results are given in
Table 1 for L = 4, and 5 strata.

Table 1—Relative efficiencies

Population Eff
4 Strata 5 Strata

1 0.84 0.59
2 0.86 0.75
3 0.96 0.85

From Table 1 we see that the variance ratio is less than one in all cases, indi-
cating improved efficiency with the geometric stratification method. The efficiency



138 Mathematical Proceedings of the Royal Irish Academy

gains increase with skewness and the number of strata: the greatest gains in effi-
ciency occur with 5 strata in Population 1, the most skewed of the populations; here
eff = 0.59, which means that, with 5 strata and optimum allocation, geometric
stratification achieves the same precision with only 59% of the sample size needed
with the cumulative root frequency method.
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