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Abstract

To investigate the intuitive notion that the closer a group is to being abelian the
more likely it is to be supersolvable, we investigate situations where the following
indicators of commutativity are ‘large’—the reciprocal of the index (G : Z(G));
the reciprocal of |G′|; Pr(G) = k(G)

|G| ; f(G) =
∑k

i=1
di

|G| and l(G), the maximum
proportion of elements inverted by an automorphism. Applications to groups that
satisfy the converse of Lagrange’s Theorem are deduced.

1. Introduction

In this paper, we investigate a variety of numerical conditions which force a finite
group to be supersolvable. These conditions are based on the intuitive notion that
the closer a group is to being abelian, the more likely it is to be supersolvable, so we
examine several ‘indicators of commutativity’ to establish our results. We deduce
several results on conditions under which a finite group satisfies the converse of
Lagrange’s Theorem.

Much of the material in this paper is based on the doctoral theses of the first
and third authors under the supervision of the second author.

2. Notation and Terminology

Throughout, G will denote a finite group with centre Z(G), commutator subgroup
G′ and Sylow p-subgroup Gp.
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A4 is the alternating group on four symbols. It has order 12, trivial centre and
A′4 ' C2 × C2; it has exactly four conjugacy classes and the sum of the degrees of
its irreducible complex representations is 6. A group is called CLT if it satisfies the
converse of Lagrange’s Theorem—A4 is non-CLT (NCLT) since it has no subgroup
of order 6; A4 is solvable but not supersolvable and it is the smallest such finite
group.

G(75) will denote the unique non-abelian group of order 75; Z(G(75)) is trivial
and (G(75))′ ' C5 × C5; it has precisely 11 conjugacy classes and the sum of the
degrees of its irreducible complex characters is 27; G(75) is NCLT since it has no
element of order 15 and therefore no subgroup of order 15, while 15 divides 75;
G(75) is solvable but not supersolvable and is the smallest such odd order group.

Gp is the set of all finite groups with order divisible by the prime p but by no
smaller prime.

G has k(G) conjugacy classes and Pr(G) = k(G)
|G| is the probability that a ran-

domly chosen pair of elements of G will commute with each other.

f(G) =

�Pk(G)
i=1 di

�

|G| , where the di are the degrees of the irreducible complex
representations of G.

We recall that a group G is supersolvable if it has a series of subgroups Ai such
that

{1} = A0 ⊆ A1 ⊆ A2 ⊆ . . . ⊆ Ar = G;

with Ai/G for each i, 0 ≤ i ≤ r, and each factor group Ai+1
Ai

is cyclic for 0 ≤ i ≤ r−1.
It is clear that if G is nilpotent, then G is supersolvable; but not conversely.

3. Preliminary results

We need a number of preliminary results, some of which are of interest in their own
right.

Lemma 3.1. If G′ is cyclic, then G is supersolvable.

Proof. See [14], for example.

Lemma 3.2. If G ∈ Gp and G is non-abelian, then

Pr(G) ≤ 1
p2

[
1 +

p2 − 1
|G′|

]
.

Proof. See [10].

Lemma 3.3. If G ∈ Gp and G is non-abelian, then
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(i)

f(G) ≤ 1
p

[
1 +

p− 1
|G′|

]

and
(ii)

f(G) ≤ 2p− 1
p2

.

Proof.
(i)

f(G) =
1
|G|

k∑

i=1

di

=
1
|G′| +

1
|G|

k∑

i=(G:G′)+1

di

≤ 1
|G′| +

1
|G|

k∑

i=(G:G′)+1

d2
i

p
(since di | |G|)

≤ 1
|G′| +

1
p

(
1− 1

|G′|
)

=
1
p

[
1 +

p− 1
|G′|

]
.

(ii) Since |G′| ≥ p, the above gives

f(G) ≤ 2p− 1
p2

.

Lemma 3.4. G is supersolvable if and only if G
Z(G) is supersolvable.

Proof. Since every factor group of a supersolvable group is supersolvable, one part
of the lemma follows at once.

Now suppose that G
Z(G) is supersolvable and let

A0

Z(G)
/

A1

Z(G)
/ . . . /

Ar

Z(G)
(3.1)

be a normal series for G
Z(G) , where A0 = Z(G), Ar = G, Ai

Z(G) / G
Z(G) for 0 ≤ i ≤ r,

and
(

Ai+1
Z(G)

)
/

(
Ai

Z(G)

)
is cyclic for 0 ≤ i ≤ r − 1.

By the third isomorphism theorem, Ai+1
Ai

is cyclic also.
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Now Z(G), being a finite abelian group, is supersolvable, so let

{1} = B0 / B1 / . . . / Bn = Z(G) (3.2)

be a normal series for Z(G), with Bi / Z(G), 0 ≤ i ≤ n and Bj+1
Bj

cyclic for
0 ≤ i ≤ n− 1. It is now clear that

{1} = B0 / B1 / . . . / Z(G) / A1 / . . . / G (3.3)

is a normal series for G in which each subgroup is normal in G, because central
subgroups are normal and Ai

Z(G) / G
Z(G) if and only if Ai /G. Moreover, the required

factor groups are cyclic, so G is supersolvable.

[While this result is all we need for the purposes of this paper, it is clear that it
can be strengthened to the following:

Let N / G and suppose that N and G
N are both supersolvable. If every normal

subgroup of N is normal in G, then G is supersolvable.

Note that both A4 and G(75) show that N and G
N , which are both supersolvable,

do not necessarily imply that G is supersolvable.]

From Lemma 3.4 we deduce:

Lemma 3.5. If Aut G is supersolvable, then G is supersolvable.

The quaternion group Q2 of order 8 shows that the converse of this result is false.
We note that ‘supersolvable’ in Lemma 3.5 cannot be replaced by ‘CLT’ because

S4 ' Aut A4 is CLT but A4 is NCLT.
However, it can be shown that G

Z(G) CLT implies G CLT, but again the converse
is false, since A4 × C2 is CLT but (A4 × C2)/Z(A4 × C2) ' A4 is NCLT.

From Lemma 3.4 we deduce the following improvement on Lemma 3.1:

Lemma 3.6. If G′
G′∩Z(G) is cyclic, then G is supersolvable.

Proof. Since G′
G′∩Z(G) is cyclic, so is

(
G

Z(G)

)′
. Thus by Lemma 3.1 G

Z(G) is super-
solvable, so, by Lemma 3.4, G is supersolvable.

Lemma 3.7. If G has a cyclic, characteristic, non-central subgroup, then there is
no group K such that G ' K ′. [We say G is incompetent].

Proof. See [11].

Lemma 3.8. If G ∈ Gp and G′ ' Cp × Cp, where p is an odd prime, then G is
nilpotent.
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Proof. First of all we show that if Gq ⊆ CG(G′), for any prime q which divides
|G|, then Gq / G.

Now Gq ⊆ CG(G′) implies that G′ ⊆ CG(Gq).
Then

G′ ⊆ CG(Gq) ⊆ NG(Gq)

implies that NG(Gq) / G. Now Gq is a Sylow q-subgroup of G, so Gq is a Sylow
q-subgroup of NG(Gq).

The Frattini argument now implies that

G = NG(Gq)NG(Gq) = NG(Gq),

so Gq / G.
Next, NG(G′)

CG(G′) can be embedded in Aut G′, which has order p(p − 1)2(p + 1).
Since p is odd, (p− 1)2 and p + 1 are both even and relatively prime to p; also

((p− 1)2(p + 1), |G|) = 1,

since G ∈ Gp, so | G
CG(G′) | = 1 or p.

If | G
CG(G′) | = 1, CG(G′) = G, so G′ ⊆ Z(G) and G is nilpotent of class 2.

If | G
CG(G′) | = p, then Gq ⊆ CG(G′) for all primes q 6= p, so Gq / G.

Thus every Sylow subgroup of G is normal in G, so G is nilpotent, as claimed.

Remark 3.1.
(1) G is in fact isomorphic to Gp ×A, where A is an abelian p′-group.
(2) Lemma 3.8 does not necessarily hold for p = 2, with A4 being an obvious

counterexample.

Lemma 3.9. If |G′ ∩ Z(G)| = 1, then | G
Z(G) | ≤ |G′||Aut (G′)|.

In particular, if |Z(G)| = 1, then |G| ≤ |G′||Aut (G′)|.

Proof. See [12].

Lemma 3.10. If G is supersolvable and d | |G|, then G has a subgroup of order d,
i.e., G is CLT.

Proof. See [6].

Lemma 3.11. (i) If N / G then Pr( G
N ) ≥ Pr(G). If N ∩ G′ = {1}, then

equality holds.
(ii) If G ∈ Gp and G is non-abelian, then

Pr(G) ≤ 1
p3

[
p2 + p− 1

]
.
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(iii) If G ∈ Gp and Pr(G) > 1
p , then G′ ' Cp.

(iv) If G ∈ Gp and G′ ' Cp then G is class 2 nilpotent.

Proof. See [8] and [13].

Lemma 3.12. If G has an abelian subgroup A of index 2, then G is supersolvable.

Proof. We may assume G is non-abelian; let G = 〈A, x〉, where x2 ∈ A and x
induces an automorphism α of order 2: (a)α = x−1ax, ∀a ∈ A. Let

CA(x) = {a ∈ A|x−1ax = a} = Fix(α) = Z(G).

Let G be a minimum counterexample to the the assertion that if G has an abelian
subgroup of index two then G is supersolvable. We assume that the assertion is true
for all groups of order < |G| which have an abelian subgroup of index two. There
are two cases to consider:

Case I: Z(G) is non-trivial. Then | G
Z(G) | < |G| and G

Z(G) has an abelian subgroup
A

Z(G) of index 2. By hypothesis, G
Z(G) is supersolvable, so by Lemma 3.4, G is

supersolvable, which is a contradiction.
Case II: Let

Z(G) = {a ∈ A|x−1ax = a}
be trivial. Then α is a fixed-point-free automorphism of order 2 of A, and (a)α = a−1

for all a ∈ A, so every subgroup of A is normal in G. Now A, being abelian, is
supersolvable, so let

{1} = A0 / A1 / A2 / . . . / An = A

be a normal series for A, with Ai / G for 0 ≤ i ≤ n and with Ai+1
Ai

cyclic for
1 ≤ i ≤ n − 1. In addition, A / G and G

A is cyclic, so G is supersolvable, which,
again, is a contradiction.

Remark 3.2.
(i) It follows that if G has an abelian subgroup of index 2, then G is CLT.
(ii) Lemma 3.12 does not necessarily hold for groups in Gp (p odd) with an

abelian subgroup of index p. G(75) ∈ G3 has an abelian subgroup of index
3 and is neither supersolvable nor CLT.

Lemma 3.13. If G′ ' C2 × C2, then either
(i) G is nilpotent or
(ii) Pr(G) = 1

3 , with G
Z(G) ' A4 and G′ ∩ Z(G) = {1}.

Proof. G′ ∩ Z(G) ' C2 × C2, C2 or {1}.
If

G′ ∩ Z(G) ' C2 × C2,
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then G′ ⊆ Z(G), so G is nilpotent (of class 2).
If G′ ∩ Z(G) ' C2, then

(
G

Z(G)

)′
' G′

G′ ∩ Z(G)
' C2.

By Lemma 3.11 (iv), G
Z(G) is nilpotent of class 2 so G is nilpotent (of class 3).

Finally, suppose that G′ ∩ Z(G) ' {1}. By Lemma 3.9, | G
Z(G) | ≤ |G′||Aut

G′| = 4.6 = 24. Now, since G′ ∩ Z(G) = {1}, G
Z(G) is non-nilpotent so, by [3], the

only possibility is G
Z(G) ' A4.

Then 1
3 = Pr(A4) = Pr

(
G

Z(G)

)
= Pr(G), by Lemma 3.11 (i).

Lemma 3.14. If G′ ' Q2, the quaternion group of order 8, then Pr(G) ≤ 1
3 .

Proof. By a famous result of Burnside [4], G cannot be a 2-group. Now G cannot
be nilpotent either, because then G = G2×A, where A is abelian of odd order, and
then Q2 ' G′ = G′2, which is a contradiction.

Now we consider G′ ∩ Z(G), which is a characteristic abelian subgroup of Q2.
Thus G′ ∩ Z(G) ' C2, with G′ ∩ Z(G) = {1} being ruled out because Q2 has a
unique involution which is central in G.

Thus
(

G

Z(G)

)′
' G′

G′ ∩ Z(G)
' C2 × C2.

By Lemma 3.13, either G
Z(G) is nilpotent, which is not possible, or Pr

(
G

Z(G)

)
= 1

3 .

Then 1
3 = Pr

(
G

Z(G)

)
≥ Pr(G), as desired, by Lemma 3.11 (i).

Remark 3.3. Using a deeper result of Joseph [7], it can be shown that if G′ ' Q2,
then

Pr(G) =
1
6

+
1

22s+1
s ≥ 1,

so that the maximum value that Pr(G) can have is 7
24 < 1

3 , realised when G '
SL(2, 3).

4. Main results

We now consider five group theoretic ‘indicators of commutativity’ and show that if
any of these is sufficiently large for a group G, then G is supersolvable. We consider
the cases G arbitrary and |G| odd separately.

We first examine the fraction

1
(G : Z(G))

,
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noting that G is abelian if and only if 1
(G:Z(G)) = 1; however 1

(G:Z(G)) is a rather
crude indicator of commutativity, as (G : Z(G)) is always an integer.

Theorem 4.1. If 1
(G:Z(G)) > 1

12 (=0.08333...), then G is supersolvable.

Proof. Since all groups of order less than 12 are supersolvable, G
Z(G) is supersolv-

able. By Lemma 3.4, G is supersolvable, as claimed.
Since (A4 : Z(A4)) = 12, the above result is the best possible.

We immediately deduce:

Theorem 4.2. If 1
(G:Z(G)) > 1

12 , then G is a CLT group.

Again, the NCLT group A4 shows that this result is the best possible.

Theorem 4.3. If |G| is odd and 1
(G:Z(G)) > 1

75 (=0.01333...), then G is supersolv-
able.

Proof. Now G
Z(G) has odd order less than 75. It is easily checked that G

Z(G) is
supersolvable. By Lemma 3.4, G is supersolvable, as claimed.

Since (G(75) : Z(G(75))) = 75 and G(75) is not supersolvable, this result is the
best possible.

We immediately deduce:

Theorem 4.4. If |G| is odd and 1
(G:Z(G)) > 1

75 , then G is a CLT group.

Again G(75) shows that this result is the best possible, since G(75) is NCLT.
We note that both Theorems 4.3 and 4.4 are true under the weaker assumption

that (G : Z(G)), rather than |G|, is odd. We remark that it is fortuitous that both
A4 and G(75) are NCLT as well as being nonsupersolvable, because there exist
nonsupersolvable groups which are CLT—S4, for example.

Our next indicator of commutativity, 1
|G′| , is also a crude one, as |G′| is always

an integer. We note that 1
|G′| = 1 if and only if G is abelian.

Theorem 4.5. If 1
|G′| > 1

4 (=0.2500), then G is supersolvable.

Proof. We have |G′| ≤ 3, so G′ is cyclic and G is supersolvable by Lemma 3.1.
Since |A′4| = 4, this result is the best one possible.

We at once deduce:

Theorem 4.6. If 1
|G′| > 1

4 (=0.2500), then G is CLT.
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Again, A4 shows that this result is the best possible.
Theorems 4.5 and 4.6 arise in another context. In [2] , Bianchi et al. consider

finite groups where the conjugacy class sizes are consecutive integers. They find
that there are three such types of groups with the following properties:

(i) Abelian groups;
(ii) groups with |G′| = 2; and
(iii) groups with G

Z(G) ' S3.
It is easy to see [11] that in case (iii), G′ ' C3. Thus we have:

Theorem 4.7. If G is a group where conjugacy class sizes are consecutive integers,
then G is both supersolvable and CLT.

Turning our attention to groups of odd order we have:

Theorem 4.8. Let |G| be odd and suppose that 1
|G′| > 1

25 (=0.0400). Then G is
supersolvable.

Proof. We have |G| odd and |G′| is an odd number less than 25. If |G′| = 1 or
a prime number, the G is supersolvable by Lemma 3.1. If |G′| = 15, again G′ is
cyclic and we are done. If |G′| = 9, then either G′ is cyclic and we are done, or
G′ ' C3 × C3. Since |G| is odd, G ∈ G3 and, by Lemma 3.9, G is supersolvable.
Finally, if |G′| = 21, then either G is cyclic and we are done, or G′ is the unique non-
abelian group of this order. But this group has a cyclic, characteristic, non-central
subgroup, contradicting Lemma 3.8.

This result is the best one possible because |G(75)′| = 25 and G(75) is not super-
solvable.

We at once deduce:

Theorem 4.9. Let |G| be odd and suppose that 1
|G′| > 1

25 . Then G is CLT.

Again, the NCLT group G(75) shows that this result is the best one possible.
We turn now to a more precise indicator of commutativity,

Pr(G) =
k(G)
|G| ,

which is the probability that a randomly chosen pair of elements of G will commute
with each other. We note that Pr(G) = 1 if and only if G is abelian.

Theorem 4.10. Suppose that Pr(G) > 1
3 =(0.3333...). Then G is supersolvable.

Proof. We may suppose that G is non-abelian. Now p2+p−1
p3 < 1

3 for p ≥ 5, so we
may assume by Lemma 3.11 (ii) that G ∈ Gp for p = 2 or 3.
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If p = 3, by Lemma 3.11 (iii), |G′| = 3, so G is supersolvable by Lemma 3.1.
Thus we may assume that p = 2.

By Lemma 3.2, 1
3 < Pr(G) ≤ 1

4 (1 + 3
|G′| ) which means that |G′| < 9.

Since G is supersolvable if G′ is cyclic, we are left with the following possibilities
for G′:

C2 × C2, S3, D4, C4 × C2, Q2 and C2 × C2 × C2.

Now C2 × C2 is eliminated by Lemma 3.13; S3 and D4 are eliminated by
Lemma 3.7; and Q2 is eliminated by Lemma 3.14.

We are left with the cases G′ ' C4 × C2 and G′ ' C2 × C2 × C2, which we
consider in turn.

(i) If G′ ' C4 × C2, then

G′ ∩ Z(G) ' C4 × C2, C4, C2 × C2, C2 or {1}.

If G′ ∩ Z(G) ' C4 ×C2, then G is nilpotent of class 2 and hence super-
solvable.

If |G′ ∩ Z(G)| = 4, then

G′

G′ ∩ Z(G)
' C2 '

(
G

Z(G)

)′
,

so G
Z(G) is nilpotent of class 2 by Lemma 3.14, so G is nilpotent of class 3

and hence supersolvable.
If G′ ∩ Z(G) ' C2, then

G′

G′ ∩ Z(G)
'

(
G

Z(G)

)′

is either cyclic of order 4 or C2 × C2. If
(

G
Z(G)

)′
is cyclic, then G is super-

solvable by Lemma 3.6.
If

(
G

Z(G)

)′
' C2 × C2,

then by Lemma 3.13, G
Z(G) is nilpotent, and we are done, or Pr

(
G

Z(G)

)
= 1

3 .
Then, by Lemma 3.11,

1
3

= Pr

(
G

Z(G)

)
≥ Pr(G) >

1
3
,

which is a contradiction.
The case G′ ' C4×C2 and G′∩Z(G) = {1} does not arise, since C4×C2

has a unique element of order 2, which is a square in G′ and hence central
in G.
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(ii) Let G′ ' C2 × C2 × C2. Then

G′ ∩ Z(G) ' G′ ' C2 × C2 × C2, C2 × C2, C2 or {1}.

If |G′ ∩ Z(G)| = 8, 4 or 2 as in (i), the result follows.
We are then left with the case where G′ ∩ Z(G) = {1}.
Let G be a minimum counter-example to the theorem with Pr(G) > 1

3 and G
non-supersolvable.

If Z(G) is non-trivial, then Pr
(

G
Z(G)

)
> 1

3 and | G
Z(G) | < |G|, so G

Z(G) is super-
solvable. But by Lemma 3.4, G is supersolvable, which is a contradiction. We may
thus assume that Z(G) is trivial, so by Lemma 3.9,

|G| ≤ |G′||Aut(G′)| = 8.168 = 1344.

But using GAP [15], we find there are no groups G with the properties:
(i) G′ ' C2 × C2 × C2

(ii) Z(G) = {1}
(iii) Pr(G) > 1

3
(iv) |G| ≤ 1344.

This completes the proof of the theorem.

Since Pr(A4) = 1
3 , the above result is the best one possible.

It is interesting to contrast Theorem 4.10 with a result of Cartwright [5]:

Let G be supersolvable. Then k(G) > (0.6) log2 |G|.
From Theorem 4.10, we at once deduce:

Theorem 4.11. If Pr(G) > 1
3 , then G is CLT.

Again, A4 shows that this result is the best possible.

Theorem 4.12. If |G| is odd and Pr(G) > 11
75 =(0.14666...), then G is supersolv-

able.

Proof. Suppose G ∈ Gp for p ≥ 11. Then, by Lemma 3.11,

Pr(G) ≤ 112 + 11− 1
113

=
131
1331

= 0.09842... < 0.141666... =
11
75

,

which is a contradiction.
Thus G ∈ Gp for p = 3, 5 or 7.
If p = 7,

11
75

< Pr(G) ≤ 1
49

[
1 +

48
|G′|

]

gives |G′| < 7.7586..., so |G′| = 7 and G is supersolvable by Lemma 3.1.
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If p = 5,

11
75

< Pr(G) ≤ 1
25

[
1 +

24
|G′|

]

gives |G′| < 9, so |G′| = 5 or 7 and Lemma 3.1 again applies.
Thus,

p = 3,
11
75

< Pr(G) ≤ 1
9

[
1 +

8
|G′|

]
.

This gives |G′| < 25, and the result now follows from Theorem 4.8.
Again, this result is the best possible because G(75) has exactly 11 classes and

is not supersolvable.

We immediately deduce:

Theorem 4.13. If |G| is odd and Pr(G) > 11
75 , then G is CLT.

The NCLT group G(75) again shows this result is the best one possible.

Theorems 4.10–4.13 can be expressed in the following striking form.
(i) If the average size of a conjugacy class of G is less than 3, then G is both

supersolvable and CLT; A4 shows that this is the best possible result.
(ii) If |G| is odd and the average size of a conjugacy class of G is less than 6 9

11 ,
then G is both supersolvable and CLT. G(75) shows that this result is the
best possible in both cases.

Next we prove similiar results for

f(G) =
k(G)∑

i=1

di

|G| ,

which is another precise indicator of commutativity. We note that f(G) = 1 if and
only if G is abelian. In the case of G arbitrary, we are fortunate to have a complete
classification of all non-abelian groups with f(G) > 1

2 , due to Berkovich [1]. Among
the consequences of this theorem are the following:

If G is non-abelian and f(G) > 1
2 , then either

(i) G has an abelian subgroup A of index 2, or
(ii) G is nilpotent.

By Lemma 3.12 we have:

Theorem 4.14. If f(G) > 1
2 , then G is supersolvable.

Since f(A4) = 1
2 , we see that this result is the best possible.

We at once deduce:

Theorem 4.15. If f(G) > 1
2 , then G is CLT.
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Again A4 shows that this result is the best possible.

Turning our attention to groups of odd order, we have:

Theorem 4.16. If |G| is odd and f(G) > 9
25 =(0.3600), then G is supersolvable.

Proof. If G ∈ Gp for p ≥ 5, then by Lemma 3.3,

f(G) ≤ 2.5− 1
52

=
9
25

,

which is a contradiction. Thus G ∈ G3, so

f(G) ≤ 1
3

[
1 +

3− 1
|G′|

]
.

Thus
9
25

<
1
3

[
1 +

2
|G′|

]
,

which gives |G′| < 25, so, by Theorem 4.8, G is supersolvable.
Since f(G(75)) = 9

25 , this result is the best possible.

We deduce at once:

Theorem 4.17. If |G| is odd and f(G) > 9
25 then G is CLT.

Again, G(75) shows that this result is the best possible.

Finally, we examine one other indicator of commutativity that has been exten-
sively studied.

Let α be an automorphism of G and let Sα = {g ∈ G | gα = g−1}. Define l(α)
to be |Sα|

|G| , the proportion of elements of G inverted by α, and let

l(G) = Max l(α) for α ∈ AutG.

We note that l(G) = 1 if and only if G is abelian.
Liebeck and MacHale [9] have classified groups with l(G) > 1

2 . From their results
it follows that if G is a non-abelian group with l(G) > 1

2 , then either
(i) G has an abelian subgroup of index 2, or
(ii) G is nilpotent.

We at once have:

Theorem 4.18. If l(G) > 1
2 , then G is supersolvable.

Since l(A4) = 1
2 , this result is the best possible.

We immediately deduce:
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Theorem 4.19. If l(G) > 1
2 then G is CLT.

Again, the NCLT group A4 shows this result is the best possible.

The situation for |G| odd is less satisfactory in this case. By Liebeck and
MacHale [9], if l(G) > 1

3 , then G is in fact abelian; and if l(G) = 1
3 , then either

(i) G has an abelian subgroup A of index 3, which does not contain all of the
elements of order 3 in G (and conversely), or

(ii) G is nilpotent.
For the record, we state the result in this case as follows:

Theorem 4.20. If |G| is odd and l(G) > 1
3 , then G is supersolvable.

Now |G(75)| is odd and G(75) has an abelian subgroup of index 3 which does not
contain all the elements of order 3 in G(75). Thus l(G(75)) = 1

3 , so our result is the
best possible.

We again deduce:

Theorem 4.21. If |G| is odd and l(G) > 1
3 , then G is CLT.

G(75) again shows that this result is the best possible.
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