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Abstract

We classify all finite groups G for which Aut(G) is of order 2pq2, where p and q
with p > q > 2 are primes, and Aut(G) denotes the full automorphism group of G.

1. Introduction

For a given finite group X, the problem of solving the equation Aut(G) = X,
generally speaking, is tantalizing, and its difficulty is such that powerful general
theorems and techniques are rare.

In 1983, MacHale began the study of finite groups that can occur as the auto-
morphism group of a finite group, and his result states that all finite groups G with
|Aut(G)| = 2n, n ≤ 4 (see [9]). His study has attracted many experts, and a long
series of papers can now be found dealing with the problem in some special cases.
Some samples are given below. For any odd prime p, Curran [2] shows that there
is no group G such that |Aut(G)| = pn, n ≤ 5. Chen [1] determines all finite groups
G with |Aut(G)| = p1p2 . . . pn or pq2, where p, q, p1, . . . , pn are distinct primes. In
Hegarty [5], finite groups G such that |Aut(G)| = p2q2 are classified. Li [6; 7] gives
all finite groups G such that |Aut(G)| = p3q, where p and q are distinct primes.
The assertion, for p, q, r distinct odd primes, that |Aut(G)| = prq2 is impossible
follows from a lemma of Li’s, which is proven in [8 (see lemma 2.6)]. Du and Li
[4] determine all finite groups G if q = 2. Our purpose in the present paper is to
determine all finite groups G with |Aut(G)| = 2pq2(p > q > 2). Our results may be
summarized as follows:
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Theorem 1.1. A finite group G has automorphism group of order 2pq2, where p
and q are distinct primes with p > q > 2, if and only if G is one of the following:

(1) 1 + 2pq2 is a prime: Cn, n = 1 + 2pq2 or 2(1 + 2pq2);
(2) q = 3 and p = 19: Cp2 or C2p2 or Dp =< a, b|ap = b2 = 1, ab = a−1 > or

G1 =< a, b|ap = bq = 1, ab = a7 >;

(3) G2 =< a, b|ap = bq2
= 1, ab = ar >, where r mod p has a index q if

p− 1 = 2q or q2 if (p, q, r) = (19, 3,−2);
(4) G3 =< a, b, c|ap = bqi

= c2 = 1 = [b, c], ab = ar, ac = a−1 >, where i = 1
if (p, q, r) = (19, 3, 7) or i = 2 if p − 1 = 2q and rq ≡ 1(mod p) or i = 2 if
(p, q, r) = (19, 3,−2);

(5) G1 × C2, G2 × C2.

2. Notation and Preliminary Remarks

All groups considered in this paper are finite. Let G be a finite group. Z(G) denotes
the center of G; G′ the commutator subgroup of G; ϕ(m) the Euler function and
δp(r) = k means rk ≡ 1(mod p), but ri ≡ 1 cannot occur for all i < k.

Inn(G): Inner automorphism group of G.
Aut(G): Full automorphism group of G.
Cen(G): Group of central automorphism of G, i.e.

Cen(G) = {α ∈ Aut(G)|g−1α(g) ∈ Z(G), ∀g ∈ G}.
Out(G): Group of outer automorphism of G.

If H and K are subgroups of G, then [H]K denotes a split extension of a normal
subgroup H by a complement K; H < G denotes that H is a proper subgroup of
G. Moreover, Cn is the cyclic group of order n and Dm is the dihedral group of
order 2m.

Lemma 2.1.
(i) Inn(G) ∼= G

Z(G) . Furthermore, if G
N is cyclic and N ≤ Z(G), then G is

abelian.
(ii) Cen(G) = CAut(G)(Inn(G)).

We take the primary decomposition of G
G′ and Z(G) as

G
G′ = Gp1

G′ × . . .× Gpr

G′ ,
Z(G) = Zp1 × . . .× Zpr ,

where pi(i = 1, . . . , r) are the prime factors of |G|.

Lemma 2.2. Let G be a group with no non-trivial abelian direct factor. Then

(i) |Cen(G)| =
r∏

i=1

ki∏
j=1

|Zpi,j |ri,j ,

where Zpi,j = {x ∈ Zpi |o(x) = pj
i}, pki

i is the exponent of Gpi

G′ and
ri,j(j = 1, . . . , ki) are the invariants of G

G′ .
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(ii) If p is a prime and p| (| G
G′ |, |Z(G)|) , then G has a central automorphism of

order p (see [7]).

Lemma 2.3. If G = [A]B and A is Abelian, then, for every integer k such that
(k, |A|) = 1, the map σk : ab 7→ akb,∀a ∈ A, b ∈ B is an automorphism of G (see
[6, lemma 3]).

The following two lemmas have already been proven by Guiyun Chen [1]. For
the convenience of the reader, we include the proofs.

Lemma 2.4. Let G be non-nilpotent with |G| = 2p2, then either 4 divides |Aut(G)|
or p3 divides |Aut(G)|.

Proof. The assumption of this lemma implies that G is isomorphic to one of the
following groups:

(i) < a, b|ap2
= b2 = 1, ab = a−1 >,

(ii) < a, b|ap = bp = c2 = 1, ac = a−1, bc = b−1 >,
(iii) < a, b|ap = bp = c2 = 1, bc = b−1 > .

By direct calculation, we have that |Aut(G)| is p3(p−1), p3(p2−1)(p−1), p(p−1)2,
respectively. This completes the proof.

Lemma 2.5. Let m be a positive integer, and let n be a prime, G = < a, b|am =
bn = 1, ba = bt >, where δn(t) = k. If m = kl1l2,

∏
(l1) ⊆

∏
(k), (l2, k) = 1, then

|Aut(G)| = nl1ϕ(n)ϕ(l2).

Proof. For an arbitrary automorphism σ of G, we may assume that σ(a) =
aibj , σ(b) = bv. By the defining relations of G, we have

|aibj | = m, |bv| = n, (aibj)−1bv(aibj) = (bv)t.

It follows that (v, n) = 1 and bvti

= bvt. Thus, ti−1 ≡ 1(mod n), and so i ≡
1(mod k). This implies that

i ∈ X = {1, k + 1, 2k + 1, · · · , (l1l2 − 1)k + 1}.

Now we claim that (i,m) = 1. In fact, if we write (i, m) = d and s = m
d , then we

see that

(aibj)s = aisbj(ti(s−1)+ti(s−2)+···+1) = 1.

Clearly, |aibj | divides s, and so d = 1. This verifies our claim. On the other
hand, |aibj | = m if and only if (i,m) = 1. It is easy to see that there are the l1ϕ(l2)
various possibilities for i ∈ X, such that (i,m) = 1. It follows, since 1 ≤ j ≤ n and
(v, n) = 1, that |Aut(G)| = nl1ϕ(n)ϕ(l2).

Lemma 2.6. Let n be an integer and let n = pn1
1 pn2

2 . . . pnr
r be the primary decom-
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position of n. Write

ω(n) =
r∑

i=1

ni.

Then there is no group G such that |Aut(G)| is odd and ω(|Aut(G)|) ≤ 4 (see
[8]).

Lemma 2.7. Let G be a non-cyclic p-group, |G| > p2, and | G
Z(G) | ≤ p4. Then |G|

divides |Aut(G)| (see [3]).

Lemma 2.8. Let G = Z(G)K, where K < G, and G has no Abelian direct factor.
Then G has an outer automorphism (see [6]).

Lemma 2.9. Let p and q be distinct primes, and let

G ∼= < a, b, c, g|ap = bq = cq = g2 = 1 = [c, g] = [a, b] = [b, c],ag = a−1, bg =
b−1, ac = at, δp(t) = q > .

Then |Aut(G)| = pq(p− 1)(q − 1).

Proof. For an arbitrary automorphism σ of G, we may assume that σ(a) =
ai1 , σ(b) = ai2bj1ck1 , σ(c) = ai3bj2ck2 and σ(g) = ai4bj3ck3g. By the defining rela-
tions of G, we have:

(1) [σ(a), σ(b)] = 1. It follows that k1 = q, since δp(t) = q;
(2) (σ(a))σ(c) = (σ(a))t, which yields k2 = 1;
(3) [σ(b), σ(c)] = 1 implies i2t ≡ i2(mod p), and so ai2 = 1;
(4) (σ(a))σ(g) = (σ(a))−1 gives k3 = q;
(5) [σ(c), σ(g)] = 1 implies b2j2 = ai4(1−tq−1)−2i3 , and so bj2 = 1, i4(1− tq−1) ≡

2i3(mod p).
Now we see

σ =
(

a b c g
ai1 bj1 ai3c ai4bj3g

)

extends to an automorphism of G for suitable i1, i3, i4, j1, j3, where

1 ≤ i1 < p, 1 ≤ i3, i4 ≤ p, 1 ≤ j1 < q, 1 ≤ j3 ≤ q.

Thus |Aut(G)| = pq(p− 1)(q − 1).

3. Main results

From now on we always assume that (*) denotes the condition: |Aut(G)| = 2pq2,
where p and q are distinct primes with p > q > 2. The argument for Theorem 1.1
above consists of the following theorems.

Theorem 3.1. Let G be nilpotent and satisfy (*), then G is one of the following:
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(i) 1 + 2pq2 is a prime: Cn, n = 1 + 2pq2 or 2(1 + 2pq2).
(ii) q = 3 and p = 19: C361 or C722.

Proof. Let G be such a group. Then G is the direct product of its Sylow subgroups,
i.e. G = P1× . . .×Pr, where Pi is Sylow pi-subgroup with order pni

i (i = 1, 2, . . . , r),
and

Aut(G) ∼=Aut(P1)× . . .× Aut(Pr).

By Lemma 2.6, we may assume |Aut(P1)| = 2pq2 and |Aut(Pi)| = 1(i > 1), which
implies that Pi = 1 or C2, and then we have G = P1 or C2 × P1.

So we only need to determine P1. If P1 is non-cyclic, then P1
Z(P1)

∼= Inn(P1)
≤Aut(P1) implies | P1

Z(P1)
| ≤ p2

1. In this case, suppose that |P | ≥ p3
1, it follows

that p3
1 divides |Aut(P1)| = 2pq2, from Lemma 2.7, which is a contradiction. Thus,

P1
∼= Cp1 × Cp1 , and so |Aut(P1)| = |GL(2, p1)| = p1(p1 − 1)2(p1 + 1), which

yields 8 divides |Aut(P1)| or P1 = C2 × C2, and so |Aut(P1)| = 6, which is also a
contradiction.

Next, assume that P1 is cyclic. We have

2pq2 = |Aut(P1)| = pn1−1
1 (p1 − 1),

which implies that either p1 = 2pq2 + 1 and P1
∼= Cp1 , or p1 = p and P1

∼= Cp2 ,
with p = 1 + 2q2. Further, we have q = 3. Recall that G = P1 or C2 × P1, thus we
obtain (i) and (ii) of the theorem, as desired.

Theorem 3.2. Let G be non-nilpotent with no nontrivial Abelian direct factor and
let it satisfy (*), then Out(G) > 1 if and only if G is one of the following:

(i) D19;
(ii) G1 = < a, b|a19 = b3 = 1, ab = a7 >;
(iii) G2 = < a, b|ap = bq2

= 1, ab = ar >, where δp(r) = q if p − 1 = 2q or q2 if
p− 1 = 2q2,i.e. p = 19, q = 3 and r = −2;

(iv) G3 = < a, b, c|ap = bqi

= c2 = 1 = [b, c], ab = ar, ac = a−1, δp(r) = q >,
where i = 1 if p− 1 = 2q2, i.e. (p, q, r) = (19, 3, 7) or i = 2 if p− 1 = 2q.

Proof. Let T ∈Syl2(G), P ∈Sylp(G) and Q ∈Sylq(G). Since G is non-nilpotent,
we have that Inn(G) ∼= G

Z(G) is non-nilpotent and so |Inn(G)| = 2p, 2q, pq, 2q2, pq2

or 2pq. It is clear that P is a normal subgroup of G.
We first show the following:
(1) |Cen(G)|q ≤ q and |Cen(G)|{2,p} = 1. This is immediate, by a combination

of the assumptions of the theorem and Lemma 2.1(ii).
(2) |P | ≤ p, |T | ≤ 2 and Z(G) is a q-group.

Let G = TPQ, H = TQ ≤ G, where P E G and both T and P are Abelian by
Lemma 2.1(i). If P > 1, then the p′-group H acts non-trivially on the Abelian
p-group P , which implies P = CP (H) × [P, H]. Thus G = H[P,H] × CP (H), so
CP (H) = 1 since G has no non-trivial, Abelian, direct factor, and so |P | = p. On
the other hand, G′ = [P, H]H ′, H ′ = Q′[Q,T ] ≤ Q. It is obvious that [P, H] = P .
Now, if T ∩ Z(G) > 1, then G′ ≤ PQ implies | G

G′ |2 > 1, |Cen(G)|2 = 2 by Lemma
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2.2(ii); this contradicts (1), however, so T ∩ Z(G) = 1, i.e. |T | ≤ 2, so Z(G) is a
q-group and so (2) is proved.

Now we complete our proof by the following six cases:
Case I. |Inn(G)| = 2p,G = [P ]T. In this case, Z(G) = 1 by (2), so |G| = 2p, and

so G ∼= Dp. By direct calculation, we see that |Aut(G)| = p(p−1). Thus p−1 = 2q2

and G ∼= Dp. Further, we have p = 19 and q = 3, as desired.
Case II. |Inn(G)| = 2q. In this case, Q E G. Hence Q = CQ(T ) × [Q,T ] and

G = CQ(T )[Q,T ]T, so CQ(T ) = 1, since G has no nontrivial, Abelian, direct
factor. Further, we have Z(G) = 1 and |Aut(G)| = q(q − 1) 6= 2pq2. Hence Case II
is eliminated.

Case III. |Inn(G)| = 2q2. In this case, G = [Q]T. First, Lemma 2.4 gives Z(G) >
1. Second, if Q is Abelian, then Q = CQ(T )× [T, Q], so G = T [T, Q]×CQ(T ), hence
CQ(T ) = 1, since G has no non-trivial, Abelian, direct factor. This implies Z(G) =
1, since Z(G) ≤ Q by (2), which is a contradiction. Thus we may assume that Q
is non-Abelian, and so Z(Q) = Z(G) ∩ Q = Z(G). Thus Q

Z(Q) is an elementary
Abelian q-group of order q2. Apply Maschke’s theorem to see

Q
Z(Q) = Q1

Z(Q) × Q2
Z(Q) ,

where both the direct factors have order q and are T -invariant. From this we obtain
[Qi, T ] 6= 1(i = 1, 2), and T acts on an Abelian group Qi. It follows that Qi =
CQi(T )×[Qi, T ], and so [Qi, T ] has order q, since CQi(T ) = Z(Q). Letting [Q1, T ] =
< x >, [Q2, T ] = < y > and K =< y > T, we have G = [Q1]K. If Z(Q) has an
element a0 of order q2, then by defining:

αq+1 : ga 7→ gaq+1, ∀g ∈ K, a ∈ Q1,

we see that αq+1 provides an automorphism of G from Lemma 2.3. However, a
αq+1
0 =

aq+1
0 6= a0, it follows αq+1 is an outer automorphism of order qn, where n is some

integer. This contradicts |Out(G)|q = 1. Thus, Z(G) is an elementary Abelian q-
group.

Now, Q = < x, y > Z(Q) = < x, y > × Z. From the hypothesis on G we have
Z = 1, and so Q = < x, y >, it follows Φ(Q) = Z(Q), and so Q is a minimal
non-Abelian q-group. Hence Q′ is of order q and so |Q| = q3. Recall that < x >
and < y > are T -invariant, so G has the following defining relations:

G = < x, y, z, a|xq = yq = zq = a2 = 1, [x, y] = z ∈ Z(G), xa = xi, ya = yj >,

where i and j are suitable integers. In this case, define α ∈ Aut(G) by

α =
(

a x y z
a x−1 y z−1

)
.

It is easy to check that α is an outer automorphism of order 2. This contradicts
|Out(G)|2 = 1. That is to say, Case III cannot occur.

Case IV. |Inn(G)| = pq. It is well known that

G

Z(G)
∼=< a, b|ap = bq = 1, ab = ar, δp(r) = q > .
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If Z(G) = 1, then |Aut(G)| = p(p− 1) by Lemma 2.5. For this, we have p− 1 =
2q2 and G ∼= G1, further, p = 19, q = 3, δ19(r) = 3 implies r = 7 or 11, but in
this case, the two groups for r = 7 and 11 are isomorphic. This gives conclusion
(ii) of the theorem. If Z(G) > 1, obviously we have G′ = P. By (2), |P | = p, 1 <
Z(G) ≤ Q, and by Lemma 2.3, every automorphism of P can be extended to G,
i.e. Aut(P ) ≤Aut(G), and so p− 1 = 2q or 2q2. On the other hand, |Cen(G)| = q

by (1). Since Gq

G′
∼= Q

Q∩G′ = Q, from Lemma 2.2(i), we obtain |Z(G)| = q and
Q ∼= Cq2 . Hence |G| = pq2; by Lemma 2.5 we have |Aut(G)| = 2pq2 and G ∼= G2,
with |Z(G)| = q and p− 1 = 2q.

Case V. |Inn(G)| = pq2(p > q). From a complete classification of G of order
pq2, supposing that Z(G) = 1, we have G ∼= G2 with |Z(G)| = 1. In this case, G
satisfies that |Aut(G)| = 2pq2 by Lemma 2.5. This conclusion, together with the
latter part of Case IV, gives conclusion (iii) of the theorem.

Next, assume that Z(G) > 1. At first, we claim that G
Z(G)

∼= G2 is false. Suppose
that this is not so, then Q is Abelian and so G′ = P , since G′ = PQ′[Q,T ] and
T = 1, this yields that G′ ∩ Z(G) = 1. Since

Aut(G) ≥ Cen(G)Inn(G),
if 1 = Z(Inn(G)) = Cen(G)∩Inn(G) by Lemma 2.1(ii), then |Cen(G)||Inn(G)|
divides |Aut(G)|, i.e.|Cen(G)|pq2 divides 2pq2, and this yields |Cen(G)| = 1 by (1).
Obviously, G′ = P,

Gq

G′
∼= Q. Lemma 2.2(ii) implies |Q| = q2 and Z(G) = 1 by (2),

which is a contradiction. Thus we may assume that |Z(Inn(G))| = q. In this case,
we see |Cen(G)| = q. This yields, by Lemma 2.2(i), |Z(G)| = q, since G′ = P and
QG′

G′
∼= Q. At the same time we obtain that Q is cyclic and Q ∼= Cq3 . Thus we have

G ∼= < a, b|ap = bq3
= 1, ab = ar, δp(r) = q2 > . This contradicts the assumption

that Z(Inn(G)) is non-trivial. We may now assume that

G

Z(G)
∼=< a, b, c|ap = bq = cq = 1 = [b, c] = [a, b], ac = ar, δp(r) = q > .

In this case, from Lemma 2.2(ii) and (1), it is clear that |Cen(G)| = q. If Q is
Abelian, then we see easily that QG′

G′
∼= Q and |Z(G)| = q by Lemma 2.2(i); further,

we have Q ∼= Cq3 and so Q
Z(G) is cyclic, which is a contradiction. If Q is non-Abelian,

we see that Z(Q) = Z(G), G
G′
∼= Q

Q′ . So Q′ ≤ Z(Q), since Q
Z(Q)

∼= Cq × Cq, and so
Q
Q′ is non-cyclic. But this yields that |Cen(G)| ≥ q2 by Lemma 2.2(i), which, again,
is a contradiction.

Case VI. |Inn(G)| = 2pq. By a classification of G of order 2pq(p > q), G
Z(G)

∼=
Hi(i = 1, 2, 3), where:

H1 =< a, b|apq = b2 = 1, ab = ar, r2 ≡ 1(mod pq) >,
H2 =< a, b > × < c > with ap = bq = c2 = 1,
H3 =< a, b, c|ap = bq = c2 = 1 = [b, c], ab = ar, ac = a−1, rq ≡ 1(mod p) > .
If G

Z(G)
∼= H1, then since Z(G) ≤ Q by (2), we have:

G ∼=< a, b, Z(G)|apq = z1, b
2 = 1, ab = arz2 >, z1, z2 ∈ Z(G).
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Define α by

α =
(

a b z
a−1 b z−1

)
.

Then Z(G) > 1 implies α ∈Out(G) with α2 = 1, which is a contradiction. Hence,
Z(G) = 1 and G ∼= [< a >] < b > . Lemma 2.3 implies that |Aut(< a >)| divides
|Aut(G)|, i.e. ϕ(pq) divides 2pq2, which is also a contradiction. If G

Z(G)
∼= H2, then

since T acts trivially on PQ
ZpZq

, we have that T acts trivially on PQ, also. This
implies G = T × PQ, which, again, is a contradiction.

Now consider the case when G
Z(G)

∼= H3 = [< a >] < bc >, where ap = (bc)2q =
1, abc = a−r, δp(−r) = 2q. Substituting bc for b, if Z(G) = 1, by Lemma 2.5 we
have |Aut(G)| = p(p− 1). Hence, p− 1 = 2q2, G ∼= G3 with i = 1, as desired.

Next assume that Z(G) > 1. If | G
G′ |q = 1, then Q ≤ G′. This yields that Z(G) =

Z(G)∩Q ≤ Z(G)∩G′ = 1, since every Sylow subgroup of G is Abelian, which is a
contradiction. Hence, q| (| G

G′ |, |Z(G)|) and |Cen(G)| = q by (1) and Lemma 2.2(ii).

By (1) we have |P | = p. In addition, that G′ =
(

G
Z(G)

)′ ∼= H ′
3 ∈Sylp(H3) implies

G′ = P, and so Gq

G′
∼= Q. By Lemma 2.2(i) we give Q ∼= Cq2 and Z(G) ∼= Cq. Hence

we obtain G ∼= G3 with i = 2. Lemma 2.5 implies |Aut(G)| = 2pq2 and p− 1 = 2q,
as desired.

The proof of the theorem now is complete.

Theorem 3.3. Let G be non-nilpotent with no non-trivial direct factor and let it
satisfy (*), then Out(G) = 1 if and only if G is the following:

G4
∼=< a, b, c|a19 = b18 = 1, ab = a2 > .

Proof. First, we may similarly derive the following (1) and (2) from the proof of
Theorem 3.2.

(1) G = [P ]QT, |Cen(G)| = 1 or q or q2.
(2) |P | = p, |T | = 2, G′ = PQ′[Q, T ], Z(G) ≤ Q, where P ∈Sylp(G), T ∈

Syl2(G), Q ∈Sylq(G).
Second, from Lemma 2.3 we have p− 1 = 2q or 2q2. Finally, we can complete our
proof in the following three parts:

(a) |Cen(G)| = q2. Lemma 2.1 implies |Z( G
Z(G) )| = q2, obviously, G = Q× TP.

Since G has no non-trivial, Abelian, direct factor, we have that Q is non-Abelian
and |Q| > q2. Hence, Z(Q) = Q∩Z(G) = Z(G) and | Q

Z(Q) | = q2, which yields that
|Q| divides |Aut(Q)|. Now, since Aut(G) = Aut(Q)×Aut(TP ), we have q3 divides
|Aut(G)|, which is a contradiction.

(b) |Cen(G)| = q, i.e. |Z( G
Z(G) )| = q, Z(G) > 1. G

Z(G) may be isomorphic to one
of the following groups:

(i) H1 = < a, b, c, g|aq = bq = cp = g2 = 1 = [a, b] = [a, c] = [b, c], ag = b, bg =
a, cg = c−1 > .

(ii) H2 = < a, b, g|ap = bq2
= g2 = 1 = [b, g], ag = a−1, ab = ar, δp(r) = q > .
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(iii) H3 = < a, b, c, g|ap = bq = cq = g2 = 1 = [a, c] = [b, c] = [c, g], ag =
a−1, ab = ar, bg = bi >, i = 1,−1.

Case I. G
Z(G)

∼= H1. Since Z(G) ≤ Q, we have G ∼=< a, b, c, g, Z(G)|aq = z1, b
q =

z2, c
p = g2 = 1, [a, b] = z3, a

g = bz4, b
g = az5, c

g = c−1 >, where zi ∈ Z(G), i =
1, 2, 3, 4, 5. But, z3 = [a, b]g = [bz4, az5] = z−1

3 , hence z3 = 1. Letting

α =
(

a b c g z
a−1 b−1 c g z−1

)
, ∀z ∈ Z(G),

we see that α extends to an automorphism of G. Thus zi = 1(i =1, 2, 4, 5) since
Out(G) = 1, and so Z(G) = 1, which is a contradiction.

Case II. G
Z(G)

∼= H2. In this case, Q is Abelian and since [Q,T ] ≤ Z(G), we have

1 = G′ ∩ Z(G) = P [Q,T ] ∩ Z(G) = [Q,T ](P ∩ Z(G)) = [Q,T ].

On the other hand, Gq

G′ = QG′

G′
∼= Q. So |Z(G)| = q by Lemma 2.2(i) and

|Cen(G)| = q, which implies that Q is cyclic. This is a contradiction, since bq will
then lie in Z(G) and not just Z(H2).

Case III. G
Z(G)

∼= H3 with i = −1. In this case, |Cen(G)| = q implies [a, b] = 1
and so G = [PQ]T. By Lemma 2.3,

α =
(

x g
x−1 g

)
, ∀x ∈ PQ, g ∈ T.

Obviously, α provides an automorphism of G of order 2, so G has an outer auto-
morphism. This contradicts Out(G) = 1.

Case IV. G
Z(G)

∼= H3 with i = 1. We may take:
G = < a, b, c, g, Z(G)|ap = g2 = 1, [b, g] = z1, [c, g] = z2, b

q = z3, c
q = z4, [b, c] =

z5, a
g = a−1, ab = ar > .

In this case, z2
1 = 1 = z2

2 implies z1 = 1 = z2, since Z(G) < Q. Hence [Q,T ] = 1.
Furthermore, G′ = PQ′ by (2) and so G′ ≤ PZ(G). On the other hand, |Cen(G)| =
q implies that G

G′ has a cyclic Sylow subgroup Gq

G′ . It follows that G
PZ(G) has a cyclic

Sylow subgroup Q
Q ∩ PZ(G), i.e. Q

Z(G) is cyclic. This contradicts the assumption

that G
Z(G)

∼= H3, as this would imply that Q
Z(Q)

∼= Cq × Cq.

(c) |Cen(G)| = 1 i.e. |Z( G
Z(G) )| = 1. G

Z(G) may be isomorphic to one of the
following groups:

(i) H1 = < a, b|apq2
= b2 = 1, ab = a−1 >;

(ii) H2 = < a, b, c, g|aq = bq = cp = g2 = 1, ag = a−1, bg = b−1, cg = c−1 >;
(iii) H3 = < a, b, g|ap = bq2

= g2 = 1, ag = a−1, ab = ar >;
(iv) H4 = < a, b, c, g|ap = bq = cq = g2 = 1, ag = ai, bg = b−1, ac = ar >, where

i = 1 or −1.
We first assume that Z(G) > 1. Thus | G

G′ |q = 1 by Lemma 2.2(ii), which yields
Q ≤ G′. Assume Q is Abelian, it follows that Q ∩ Z(G) ≤ G′ ∩ Z(G) = 1. This
contradicts Z(G) > 1. Hence Q is non-Abelian and G

Z(G)
∼= H1, or H3 or H4 cannot

occur.
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Suppose G
Z(G)

∼= H4. In this case, we have [c, g] = z1 and [b, c] = z2, with
z1, z2 ∈ Z(G). Obviously, z2

1 = [c, g2] = 1, and so z1 = 1. In addition, z−1
2 =

[c, b]g = [c, bg] = [c, b−1] = z2, and it follows that z2 = 1, so Q is Abelian, which is
a contradiction. If G

Z(G)
∼= H2, then we have

G = < a, b, c, g, Z(G)|aq = z1, b
q = z2, c

p = g2 = 1 = [a, c] = [b, c], ag = a−1z3, b
g =

b−1z4, c
g = c−1, [a, b] = z5 >,

where zi ∈ Z(G), i =1, 2, 3, 4, 5. Now Lemma 2.8 implies G ∼=< a, b, c, g, z1, z2, z3,
z4, z5 >, since Out(G) = 1. In addition,

1 = [aq, g](= [z1, g]) = a−q(aq)g = a−q(a−1z3)q,

so we have 1 = z−2
1 zq

3 . Similarly, we have 1 = z−2
2 zq

4 . Noting that

α =
(

a b c g z
at bt c g zt

)

defines an automorphism of G for any t such that t ≡ 1(mod q). In particular, if
we take t = q + 1, then the requirement that α be inner gives that zq = 1 for all
z ∈ Z(G). Hence, we have always zq

i = 1, i = 1, 2, 3, 4, 5. So z1 = z2 = 1.
If < z3 > ∩ < z5 > = 1 and < z4 > ∩ < z5 > 6= 1, then we see that

α1 =
(

a b c g z3 z4 z5

a b−1 c g z3 z−1
4 z−1

5

)

defines an outer automorphism of G, which is a contradiction.
A similar argument shows that < z3 > ∩ < z5 > 6= 1 and < z4 > ∩ < z5 > = 1

cannot occur.
If < z3 > ∩ < z5 > = 1 =< z4 > ∩ < z5 >, then

α2 =
(

a b c g z3 z4 z5

a−1 b−1 c g z−1
3 z−1

4 z5

)

defines an automorphism of G. So z3 = z4 = 1, since Out(G) = 1. In this case,
since Q is non-Abelian, we see that

α3 =
(

a b c g z5

a−1 b c g z−1
5

)

provides an outer automorphism of G, which is, again, a contradiction.
If < z3 > ∩ < z5 > 6= 1 6= < z4 > ∩ < z5 >, then < z3 > = < z4 > = < z5 > .

We have
G = < a, b, c, g, z|aq = bq = cp = g2 = 1 = [b, c] = [a, c], cg = c−1, [a, b] = z ∈

Z(G), ag = a−1zi, bg = b−1zj >
for suitable i, j. Choose i1 and i2 such that 2i1 ≡ 1 − i( mod q) and 2i2 ≡ 1 −
j( mod q) and, replacing a and b by azi1 , bzi2 , respectively, we have

G = < a, b, c, g, z|aq = bq = cp = g2 = 1 = [a, c] = [b, c], cg = c−1, [a, b] = z ∈
Z(G), ag = a−1z, bg = b−1z > .
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In this case, define α4 by

α4 =
(

a b c g z
az−1 ab−1 c g z−1

)
.

Then α4 determines an outer automorphism of G, since Q is non-Abelian. This
contradicts Out(G) = 1.

Next, we may assume that Z(G) = 1. Thus G ∼= Hi(i = 1, 2, 3, 4). If G ∼= H1,
then by Lemma 2.3 we have that |Aut(PQ)| divides |Aut(G)|. However, |Aut(PQ)| =
ϕ(pq2), this implies that 4 divides |Aut(G)|, which is a contradiction. If G ∼= H2,
then we can use the same argument as when G ∼= H1. PQ is still Abelian and this
time |Aut(PQ)| is even divisible by 32, since |GL(2, q)| is divisible by 16.

When G ∼= H3, if we write G = < a, b|ap = b2q2
= 1, ab = ar >, then δp(r) = 2q2,

since Z(Inn(G)) = 1. Now Lemma 2.5 implies that |Aut(G)| = p(p − 1) = 2pq2,
as desired. Further, p − 1 = 2q2 implies p = 19 and q = 3. In addition, r =
2, 3,−4,−5,−6,−9, since δp(r) = 18. For the various possibilities for r, choose
suitable i such that ri ≡ 2(mod 19), we then have G ∼=< a, b|a19 = b18 = 1, ab =
a2 >, as desired.

If G ∼= H4 with i = 1 and Z(G) = 1, then G ∼= < b, g > × < a, c > .

|Aut(< a, c >)||Aut(< b, g >)| divides |Aut(G)|.
But, from Lemma 2.3 we have Aut(< a >) ≤Aut(< a, c >) and Aut(< b >) ≤
Aut(< b, g >). It follows that (p − 1)(q − 1) divides |Aut(G)|, which contradicts
|Aut(G)|2 = 2.

If G ∼= H4 with i = −1, then δp(r) = q since Z(G) = 1. From Lemma 2.9, we
have that 4 divides |Aut(G)|, which is a contradiction. Therefore G ∼= H4 cannot
occur.

This completes the proof of the theorem.

Theorem 3.4. Let G be non-nilpotent with an Abelian direct factor and let it sat-
isfy (*), then one of the following holds:

(i) G ∼= G1 × C2,
(ii) G ∼= G2 × C2,

where G1 and G2 are the same as in Theorem 3.2.

Proof. Assume that G = H × A, where A 6= 1 is Abelian and H has no Abelian
direct factor. Then

|Aut(H)||Aut(A)| divides |Aut(G)|,
and Lemma 2.6 implies that |Aut(H)|2 = 2 and A ∼= C2.

(1) Clearly, 4 divides |Aut(H)| when H ∼= Dp, since, if we write G = < z > × <
a, b|ap = b2 = 1, ab = a−1 >, then the map a 7−→ a, b 7−→ zb extends to an
automorphism of order 2 of G, and hence Aut(Dp) has even index in Aut(G).
If H ∼= G1 or G2, then Aut(G) = Aut(H)× Aut(A) and |Aut(G)| = 2pq2,
as desired. If H ∼= G3 or G4, a similar argument as when H ∼= Dp, shows
that this case cannot occur.
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(2) For |Aut(H)| = 2pq, we have

H ∼= < a, b|am = bp = 1, ba = bt, δp(t) = m,m|2q, p− 1 = 2q > .

In this case, we may assume that m = 2q. By direct calculation, we see that
|Aut(G)| = 4pq, which is a contradiction.

(3) |Aut(H)| = 2p or 2q. By [6, lemma 6] we have that H ∼= S3. However, 4
divides |Aut(S3 × C2)|, which is also a contradiction.

(4) By [6, lemma 7], the case when |Aut(H)| = 2q2 cannot arise.
The proof of the theorem is therefore completed.
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