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ABSTRACT

In this work, we studied bending fluctuations of an elastic line on 3-dimensional
Minkowski space. The path of bent elastic lines must satisfy a differential equation
on the surface that is derived by variational methods. The bending energy per unit
length scales with the square of the extent of bending (Hooke’s Law) if the surface
is a hyperbolic 2-space.

1. Introduction

In this section, we will outline some fundamental definitions and theorems.

Definition 1.1. Let a be a curve on a semi-Riemannian surface S in R?, parametrized
by arc length s, 0 < s <. Let k(s) be the curvature of « at a(s). An elastic line
of length [ is defined as a curve with total arc length [ and associated stress energy
U,

1
U = SbKy, (1.1)

where b is the Hooke’s Law bending constant and K5 is the total square curvature

l
Ky = /H2d8, (1.2)
0

with s the arc length and x(s) the curvature along the curve in R3.

Definition 1.2. F(R?"!) denotes the set of all smooth, real-valued functions on
ROHL

Let ¢ € F(R""1) as usual be the function ¢(v) = (v,v). Relative to natural
coordinates

v n+1
g=—> (w)’+ > ()
i=1 j=v+1
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If P is the position vector field of R?™1, then ¢ = (P, P). For r > 0 and ¢ = +1,
Q = ¢~ !(er?) is a semi-Riemannian hypersurface of R?*! with unit normal U = P/r
and sign ¢ (see [3]).

Definition 1.3. Let W be a subspace of a Lorentz vector space V, and let g be
the scalar product of V. There are three mutually exclusive possibilities for W :

(1) g | W is positive definite; that is, W is an inner product space. Then W is
said to be spacelike.

(2) g | W is nondegenerate of index 1. Then W is timelike.

(3) g | W is degenerate. Then W is lightlike.

W is called its causal character (see [3]).

Definition 1.4. Let S be a surface in R$. S is a spacelike surface if and only if
(N,N) < 0.
Similarly, S is a timelike surface if and only if
(N,N) > 0.
Here, N is a normal vector field of M (see [5]).

Definition 1.5. Let L be a 3-dimensional Lorentzian space. If (z1,x2,z3) and
(y1,y2,ys3) are the components of X and Y with respect to an allowable coordinate
system, then

(X,Y) |[L= —2191 + 22y + 23Y3,

which is called a Lorentzian inner product. Furthermore, a Lorentzian exterior prod-
uct X x Y is given by

X XY = (—way3 + r3y2, T3y1 — T1Y3, T1Y2 — T2Y1)
(see [6]).

Definition 1.6. Apart from the Frenet frame {T',n,b}, there also exists a second
frame at every point of a curve a. At a point a(s) of «, let T denote the unit
tangent vector to «, let N denote the unit normal to .S, and let

N xT =eQ(s), &= =1, respectively, with respect to which the inner product
{T,Q, N} gives an orthonormal basis in Rj.

If S is a spacelike surface, T X @ = N, Q x N =—-T, N xT = —Q (see [4]).

Definition 1.7. Let M be a semi-Riemannian surface, that is, a semi-Riemann
manifold of dimension 2. For a coordinate system u, v in M, the components of the
metric tensor are denoted by

E=g1= <1'u7517u>7 F=gio=go = <IU,IU>, G =gy = <xv7xv>7
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and the line element is
ds*> = Edu® 4+ 2F dudv + Gdv®

(see [3]).
Definition 1.8. Let S be a surface in R} and let o be a curve on M. The function

kg:I=[0]]CR —R
defined for s € I by

ko(s) =<T'(s),Q(s) >

is called the geodesic curvature function of o, and kg4(s) is said to be the geodesic
curvature of a at a(s) in R (see [4]).

Definition 1.9. Let S be a surface in R3. Let T’ denote the unit tangent vector to
a. Let 1T denote the second fundamental form of S. Then II(T,T) = ¢ (S(T),T) N
and (N, N) = e. The function

kn:ICR —R
defined for s € I by
kn(s) = (II(T(s),T(s)), N)
is called the normal curvature function of o (see [3]).
Definition 1.10. Let M be a surface in R and « a curve on M. The function
q:ICR — R,
defined for s € I by

7o(s) =< Q'(s), N(s) >,

is called the geodesic torsion function of «, and 7,4(s) is said to be the geodesic
torsion of a at a(s) in R? (see [4]).

Remark 1.1. Let z(u,v) be the spacelike surface, having parameter curves that are
perpendicular to each other passing through the point a(s) of any curve «. If the
curvature lines are chosen as parameter curves, the geodesic curvature is [4]

kg = (kg),cosp+ (ky),sing + %’ (Liouwille’s formula), (1.3)

where (kg),is the geodesic curvature of the u-parameter curve at a(s), (ky), is the



18 Mathematical Proceedings of the Royal Irish Academy

geodesic curvature of the v-parameter curve at a(s) and ¢ is the angle between the
u-coordinate curve through «(s) and the curve a.
Also, the normal curvature is [4]

ky, = k1 cos® ¢ + kg sin? ¢ (Euler’s formula), (1.4)

where k1 = (k)1 and ko = (K, )2 are the principal curvatures of the surface at «(s).
And the geodesic torsion is [4]

Ty = (ko — k1) cos psin . (1.5)

Remark 1.2. Let x(u,v) be the timelike surface, having parameter curves that are
perpendicular to each other passing through point «(s) of any curve . Then, the
geodesic curvature is [4],

ky = (kg)lcoshgo—(kg)Qsinh@—(é—f (Liouville’s formula). (1.6)
Here,
_ 1 B, 1 G
(kg)1 - _i\EHGP/? ) (kg)z — 2]E|73q| -

The normal curvature is [4]

kn = Fkicosh?p — kysinh? ¢ (Euler’s formula). (1.7)

The geodesic torsion is [4],

Tg = (ko — k1) cosh psinh . (1.8)

Theorem 1.1. Let S be a surface in R and let a be a curve on S. The analogue
of the Frenet—Serret formulas is given by

T/ 0 €2kg €3k'n T
QI = —€1k‘g 0 €3Ty Q y (19)
N/ —Elkn —EQTQ 0 N

where < T, T >=¢1, < Q,Q >=¢e9, < N,N >= ¢3.

Theorem 1.2. Let v be a nonconstant geodesic of the pseudo-sphere SI(r) C
R

(1) If v is timelike, it is a parametrization of one branch of a hyperbola.

(2) If v is null, it is a straight line.

(3) If v is spacelike, it is a periodic parametrization of an ellipse.
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This theorem holds also for the pseudo-hyperbolic space H]}(r), provided the words
spacelike and timelike are reversed [3].

Definition 1.11. Let h denote the second fundamental form of S in L3. With
respect to a Lorentzian frame field (e, eq,e3), h is represented by the matrix h
where

R

hij = = (De,ej,€3) , (1.10)

D denoting covariant differentiation in L3 [1].

2. The variational problem and its solution in R}

On a general surface, an elastic line is said to be relaxed if its energy U is a minimum,
subject only to the constraint that the line be confined to the surface and only to
boundary conditions at the initial point of the line. We do not want our definition
of bending to include the bending necessary merely to stay on the surface in R$. We
define the extent to which an elastic line is bent away from its relaxed position, and
this definition must imply that the relaxed elastic line, in this sense, is not bent.
Equation (2.1) gives a definition of what is meant by the bending of an elastic line
through an angle o on a surface, such that the total geodesic curvature K, equals
a,

1
K, = /kgds = a. (2.1)
0

A relaxed elastic line is not generally congruent with a geodesic arc. In applica-
tions to the physics of bending away from the relaxed position, we therefore must
be content with special cases for which the relaxed line does follow a geodesic path.

The main problem is to find a curve of length [ that minimizes the energy
functional, or equivalently, the total square curvature K5 defined by Equation (1.2)
subject to the constraint of total geodesic curvature fixed at the value « in Equation
(2.1). In addition, the location on the surface of the initial point s = 0 is specified.
Accordingly, we define an auxiliary functional J,

J = Ky +akK,, (2.2)

where a is a constant Lagrange multiplier, and we seek stationary curves of J with
no constraints other than fixed initial location and direction.

We consider the desired stationary curve, construct the orthonormal frame
[T'(s),Q(s), N(s)] at each point along the curve and define a variational field of
curves by displacements along the vector Q(s), which is a surface tangent normal
to the stationary curve.

Thus, « is expressed as

a(s) = x (u(s),v(s)), 0<s <l
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with
Ordu Oz dv
—_ / —_— —
T(s) = a'(s) = Oou ds + ov ds
and
Q(s) = p(s)zu + q(s)y,

for suitable scalar functions p(s) and ¢(s).

Next, we must define variational fields for our problem. In order to obtain vari-
ational arcs of length [, it is generally necessary to extend « to an arc o defined
for 0 < s < I*, with I* > [, but sufficiently close to [ so that o lies in the coor-
dinate patch. Let pu(s), 0 < s < I*, be a scalar function of class C2, not vanishing
identically. Define

Then, along «

n(8)xu + &(s)z0 = p(s)Q(s) (2.3)
Assume also that
(0) = 0, 4/(0) = 0 (2.4)
Now define
Blo;t) =z (u(o) + tn(o),v(o) + t&(0)) (2.5)

for 0 < o <I*. For |t| < € (where € > 0 depends upon the choice of a* and of u),
the point 3(o;t) lies in the coordinate patch. For fixed ¢, B(o;t) gives an arc with
the same initial point and initial direction as «, because of (2.4). For t = 0, 3(o;0)
is the same as a* and o is arc length. For ¢ # 0, the parameter o is not arc length
in general.

For fixed t, |t| < e, let L*(¢) denote the length of the arc §(o;¢),0 < o < I*.

Then
L*(t)]ﬂ<gf<o;t>,§f<o;t>>

L*(0) = 1* > L. (2.7)

do, (2.6)

with

It is clear from (2.5) and (2.6) that L*(¢) is continuous. In particular, it follows
from (2.7) that

L+

L*(t) > >1, (It < &1) (2.8)

for a suitable 1 satisfying 0 < e < e Because of (2.8), we can restrict 3(o;t),
0 < |t| < &1, to an arc of length [ by restricting the parameter o to an interval
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0 <o < A(t) <1*, by requiring

AD) TR
/ ‘<aa,8a>‘dol. (2.9)
0

Note that A(0) = I. The function A(¢) need not be determined explicitly, but we
shall need

2
dt

:El/ukgds. (2.10)
=0

The proof of (2.10) and of other results below will depend on calculations from
(2.5), such as

9| _p 0<o<l, (2.11)
0o |,_q
which gives
0%
@ - = T/ = EngQ —+ €3an. (212)
Also, it follows from (2.3) that
B
il = . 2.13
o, e, (2.13)

Using (2.3), the second differentiation of (2.13) gives

0%3
Otdo

= —e1pk,T + 1/ Q + esutyN, (2.14)
and the third differentiation of (2.13) gives

leide}

dtdo? = (_251,u/kg - 51#’% — 5153/1,7'g/€n) T

=0
+ (1" = ereapky — e225p7g) Q (2.15)
+ (2esp'mg — ere3pkghy + espt)) N.

To prove (2.10), differentiate (2.9) with respect to ¢, remembering that [ is
constant, and evaluate at t=0 using (2.11) and (2.14), with A(0) = L.
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| \/Kaﬂ
dt 1t=0 ]

+f<

9%p
' Qoot

(52 |,—0’ 8= .=
t= 0> (32“ tioaga =—ds = 0.

9o lt=0’ 90 |¢= 0>

Here, K5(t) denotes the total square curvature of the arc 3(c;t), 0 < o < A(¢),
|t| < e1. Since o is not generally arc length for ¢ # 0, the total square curvature is

MO ° 88 (6,008 (0,0, 22 (00N LR (00)

Ko (t) = of (52 (o), 52 (o) |’
(2% (0.0).2 @) ao.

We calculate the derivate J'(t) and set ¢ to 0. According to (2.2), we must compute
both K3 and K. In calculating Kj(t), we give explicitly only those terms that do

not vanish for ¢ = 0. The omitted terms are those with a factor <%, %>, which
vanishes at t = 0, since (T",T) = 0. Thus,

/ 98 03 93 0°p
=3 {‘<80 80> <302’a"2>’} A
_37) 05 09\ 1 5 oa\ ({550 )| |05 0% do
9o’ do
0

otdo’ Oo 85 8/3 002’ Oo?
A(t)
op o0p
2 [ ()
0

Using (2.10), (2.11), (2.14) and (2.12), we find

—3/2

do + ...

3/2< &5 826> \<3o§’3f’>‘

Otdo?’ Ho2 <8275 @>
o2 Ho?

l
K5(0) = 1 [ pkgds {[e2ky +eski |}y o
0

l

ki, +esk
+2Jk (,u —alsg,uk — E2E3/uT; )%d
l (2.16)
k2 4esk?
+2 [k, (253//7-g — e1e3pkgk, + 53@7';) %d

0

l
+3¢e1 [ pkg |e2k? + e3k2] ds.
0
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However, with integration by parts and (2.4),

l

!
Q/M”kgds =24/ (kg (1) = 2u(1) ke (1) + Q/ngd& (2.17)
0 0
and
! ! !
4/’u/7-gknds = dpu)k, (1)74(1) — 4/uk;ngs - 4/,ukn7;ds. (2.18)
0 0 0

We now calculate the derivative K ; and then set t to 0, where

!
bfﬂ{slkgkg(l) — 63792 — 63kn(%u’2 + %0’2)}ds

K;(0) = (2.19)
+ea(p' (1) — 1'(0)).
The final result can be written as
l
e1 [ pkyds {|52k§ + 53k%|}gzx(o)
0
l 2 2
k2 4esk?
+2Ofk9 (NH - Elfzﬂkg — 5253u792) %ds
lk / k k ’ |52k§+€3ki‘d
oy = T2 Gean'my = erankohn + anm) SEETEds (o)

l
+3e1 [ pkg |e2k? + 3k | ds
0
l
+a [ pleikoky(l) — e372 — ko (NEw + LEv2)}ds
0
+agz (1’ (1) — 11'(0)).

2.1. Intrinsic equations for a relazed elastic line on a timelike surface for a
timelike arc o

If T is timelike, @ and N are spacelike, then
<T,T>=¢g;=-1

<Q7Q>:€2:1
<N,N>=e5=1,

|eak? +esky| = k2 + k. (2.21)
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Substituting (2.10), (2.11), (2.14), (2.17), (2.18) and (2.21) in (2.16), we find

l
Ofu{Zkg - 2kn7'£'7 — 4kl Ty

ROT= i, (k2 — k20 — k2 — 12— 272) s (222)
24 (D (1) = 2u(D kg (1) + 4Dk (D74 (D),
and from Equation (2.19)
l
K(0) = Of ({—kgky(l) — 72 — kn(MEw? + LEv2)}ds (2.23)
+(' (1) = 1 (0)).
So,
l
[ {2k = 2oy = 48,7, =+ g [k (D) = k(1) = K — kL = 27]]
POV = kg 0) + 72 + b (MEW? + LG y2)]}ds (2:24)

— 2p(k — 27y + 12Ky + Q)

From Equation (2.24) for all choices of the function p(s) satisfying (2.4), with
arbitrary values of u(l) and p'(1), and J'(0) = 0, the given timelike arc o must
satisfy two boundary conditions and a differential equation:

(1) a = 72]{9([)7

(2)  ky(l) = 2k ()7, (1),

3) 2!l — 2kt — Akl Ty + ko [—k2(1) — k2 (1) — k2 — k2 — 272
( +2kg (1) [kghky (1) + 72 + kn(2Eu? + £E02)] = 0.

(2.25)

2.2. Intrinsic equations for a relazed elastic line on a timelike surface for a
spacelike arc a

If @ is timelike, T" and N are spacelike, then
(i) in the case of k2 < k7,

|eak? + eski| = —k2 + k7. (2.26)

Substituting (2.10), (2.11), (2.14), (2.17), (2.18) and (2.26) in (2.16), we find K4(0)
can be written as
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l
Ofu{ng - 2]4:”7'5’7 — 4k T

K5(0) = 2.27
200 = b, (k20 + R20) — k2 4 42 + 272)}ds (227)
+2p (kg (1) = 20Dk (1) + 4Dk ()7 (D),
and from Equation (2.19)
/ NE LG
Kg/](o) = /H{kgkg(l) - T; - kn(ﬁul2 + f”a)}ds = (W (1) = p(0). (2:28)
0
Therefore,
1
J {2k — 2k 1) — Ak, + kg [—k2(1) 4+ k2(1) — k2 + k2 + 277]
0
1(0) —
J (0) - +a[kgkg(l) _ 7_2 _ kn(@u& + %U’Q)]}ds (2.29)

g G
l
+1' 2k (1) = @)l — 2u(k) — 2kaTy)]

From Equation (2.29), for all choices of the function u(s) satisfying (2.4), with
arbitrary values of u(l) and p/(1), and J'(0) = 0, the given arc o must satisfy two
boundary conditions and a differential equation:

(1) a = 2k!] (l)7
(2)  kg(l) = 2kn (174 (1),
2kl — 2k, 1! — 4K/, T (2.30)
(3)  Akgl—k2(1) + k2 (1) — k2 + k2 + 277]
+2kg (D) [kghg (1) — 72 — ki (BEu? 4+ LE02)] = 0.
(i) In the case of k2 > k2,

|eak] + eskp| = k2 — k7. (2.31)

Substituting (2.10), (2.11), (2.14), (2.17), (2.18) and (2.31) in (2.16), K4(0) can be
written as

l
K5(0) = [ u{—2k! + 2k, 7, + 4kl + kg (K2(1) — k2 (1)
0 (2.32)

R = k2 22) s — 20 (D (1) + 200k (1) — 4Dk, (D).

Hence,
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l
Ofu{—zk’g’ + 2k, 7, 4 4k, Ty + kg[kg(l) —Kk2()

J'(0) = (2.33)

+k2 — k2 = 272] + alkghy (1) — 72 — k(22 u? + LE0'2)]}ds

1
- (2kg + a)\é + 2u(k, — 2kn79)|0 .
From Equation (2.33) for all choices of the function u(s) satisfying (2.4), with

arbitrary values of u(l) and p/(1), and J’(0) = 0, the given arc o must satisfy two
boundary conditions and a differential equation:

(1) a=—2ky(l),
(2)  ky(D) = 2kn(1)74(D),
) =2k} + 2k, 1) + Ak Ty + kg[k2(1) — k2 (1) + K2 — k2 — 277)]

—2kg(D)[kgky (1) — 72 — kn(Ew? + LE02)] = 0.

(2.34)

2.8. Intrinsic equations for a relaxed elastic line on a spacelike surface

If T, Q is spacelike and N is timelike,
(i) in the case of k2 < k2,

|eok? + eski| = ki — k2. (2.35)

Substituting (2.10), (2.11), (2.14), (2.17), (2.18) and (2.35) in (2.16), K4(0) can be
written as

!
bfu {—2%’ — 2kn1) — 4k} Ty 4 kg (—k2(1) + k2 (1) — K2 + k2 — 2792) }ds

K3(0) =
—=2p' (kg (1) + 20D kg (1) + Ap(D)kn (1) 74(1),
(2.36)
and from Equation (2.19),
1
Ky(0) = [ a0+ 72 + k(i + 50 ds + () - 0D, (23)
0
So,
ju{—?k’g’ — 2k, Ty — Ak}, T + kg[—K2(1) + k2 (1)
0
J'(0) = (2.38)

—k2 + k2 — 272) + alkgkg (1) + 72 + kn (22 w2 + LE02))}ds
+ 2u(k] + 2knry) | — 1 (2K — @)}

From Equation (2.38), for all choices of the function p(s) satisfying (2.4), with
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arbitrary values of p(l) and p/(1), and J'(0) = 0, the given arc o must satisfy two
boundary conditions and a differential equation:

(1) a= 2k9(l)a
(2) ko(l) = =2kn(D)7(D),

(2.39)
) =2k} — 2k, 1) — Ak} Ty + ko[—KZ(1) + Ko (1) — k2 + k7 — 277]
+2kg (1) [kgky (1) + 72 + kn(2Eu? + LE0'2)] = 0.
(i) In the case of k2 > k2,
|eak? + eski| =k — k7. (2.40)

Substituting (2.10), (2.11), (2.14), (2.17), (2.18) and (2.40) in (2.16), K45(0) can be
written as

1
J {2k} + 2k, 7] + 4k; 7,
K5(0) = 0 (2.41)
2 +hg (K2(1) — K2(1) + k2 — k2 + 272) }ds

+ 20 (kg (1) = 221K (1) — 4p(D e (D)7, ().

Therefore,

!
J {2k 4 2k, 7 + 4k;, 7y
0

+alkgky(l) + 72 + kn (P u + L&y} ds
!
—2(Kly + 2kny)|, + 1 (2kg + a); -

From Equation (2.42), for all choices of the function u(s) satisfying (2.4), with
arbitrary values of u(l) and p/(1), and J’(0) = 0, the given arc o must satisfy two
boundary conditions and a differential equation:

(1) a= 72]%'9(1)7
(2) k(1) = =2kn (D)7 (D),
2k + 2k, ) + 4Kl Ty (2.43)

(3)  Akglk2(1) — k2(1) + k2 — k. + 277]
—2kg(D)[kgky (1) + 72 + kn (22 w? + LE02)] = 0.

Example 2.3.1. Let —22 + y? + 22 = —r2,7 > 0 be a hyperbolic 2-space space.
H?(r) is a spacelike surface. We consider this surface parametrized by
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x(u,v) = (r coshu, rsinhucos v, r sinh u sinv).

For the hyperbolic 2-space E = 72, G = r?sinh?*u, L = — (z,,,N) = —r,
N = — (24y, N) = —rsinh® u. From Equation (1.7), k, = -1 k== 4.
From the differential equation of (2.39),

2+ kS — k(1) — 22k + ko ()] = 0; (2.44)

with integrating factor k;, a first integral is

2k + k3 — kgkZ(l) — 2¢?[kg + ky(1)] = 0; (2.45)

with integrating factor &, a first integral is

1 1
(k)2 + Zk;‘ - 5/g;’kg(z) — kylky + 2k, (1)] = cons. (2.46)

From (2) of Equation (2.39), k(1) = 0 due to 7, = 0, the constant is evaluated by
setting s = [ and so,

(k)?+ i[/@ﬁ — k(D)) = lkg + kg(1)]> = 0. (2.47)

Each of the three nonnegative terms on the left hand side of Equation (2.47)
must vanish. Thus, k,(s) must have the constant value £k4(l) along its entire
length. From Equation (2.1), ky(s) = ¢.

The definition of the energy AU of a bending fluctuation on the pseudosphere
is given as

AU =U(a) — U(0), (2.48)
where U is the energy of the elastic line defined by Equation (1.1) and U(«) is the
energy when the elastic line coincides with the stationary curve. U(0) is the energy
when the elastic line is not bent. The vanishing of the bending angle « implies
vanishing geodesic curvature, ellipses and hyperbolas for the pseudo-sphere from

Theorem 1.2. We know that ellipses and hyperbolas are relaxed positions for elastic
lines. U(w) is given by

l
1
Ula) = 5b/|52k§+53k3 ds. (2.49)
0
In the case of k2 < k2 and k7 > k7,

1 2
AU = iibaT (2.50)

follows for the hyperbolic 2-space.
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Hooke’s Law holds for the hyperbolic 2-space.
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