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Abstract

Let MX denote the McAlister monoid on a set X with at least two elements. It is
shown that the contracted l1-algebra of MX is: (a) *-primitive if and only if X is
countably infinite; (b) prime if and only if X is infinite.

1. Introduction

The McAlister monoid MX on a set X with at least two elements is the monoid
obtained from the free inverse monoid on X by factoring out the ideal generated by
all elements xy−1 and x−1y for x, y ∈ X and x 6= y. Thus, MX is an inverse monoid
with zero and it inherits several of the properties of the free inverse monoid on X.
We consider here the Banach algebra l10(MX), called the contracted l1-algebra of
MX , obtained from the standard l1-algebra of MX by identifying the zero of MX

with that of its algebra. This has an involution *, induced by inversion (x 7→ x−1) in
MX . The main result, Theorem 2, concerns the algebraic property of *-primitivity,
a strong form of primitivity defined below, and shows that l10(MX) has this property
if and only if X is countably infinite. In Theorem 3, it is proved that l10(MX) is
prime if and only if X is infinite. Analogous results hold if we replace l10(MX) by
the usual contracted semigroup algebra C0[MX ] of MX over the complex field C.
A more detailed discussion of the various concepts mentioned above now follows.

2. Discussion

By a *-module for an algebra R over C with an involution * we mean a (left) module
V for R, under the action ◦, which admits an inner product 〈 | 〉 such that, for all
u, v ∈ V and all a ∈ R,

〈a ◦ u| v〉 = 〈u| a∗ ◦ v〉.
As in [4], we say that R is *-primitive if and only if it has a faithful irreducible
*-module. Clearly, if R is *-primitive then it is primitive.
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The l1-algebra l1(S) of a semigroup S consists of all functions a : S → C of
finite or countably infinite support and such that

∑
x∈S |a(x)| < ∞, where addition

and scalar multiplication are defined pointwise and multiplication is convolution.
Then l1(S) is a Banach algebra, with norm ‖ ‖ defined by ‖a‖ =

∑
x∈S |a(x)|.

By identifying each x ∈ S with its characteristic function, we can write a typical
element a of l1(S) as

∑
x∈S αxx (αx ∈ C), where

∑
x∈S |αx| < ∞.

The semigroup algebra C[S] of S over C is the subalgebra of l1(S) consisting of
all elements of finite support. In the case where S is a nontrivial semigroup with
zero z, it is frequently convenient to replace C[S] by C[S]/Cz, where Cz is the ideal
{αz : α ∈ C}—thereby, in effect, identifying z with the zero of the algebra. The
quotient C[S]/Cz is called the ‘contracted semigroup algebra’ of S over C and is
denoted by C0[S]. Bearing in mind that Cz is a closed ideal of l1(S), we call the
Banach algebra l1(S)/Cz the contracted l1-algebra of S and denote it by l10(S).
Taking S′ to be the set of all nonzero elements of S, we can write a typical element
a of l10(S) as

∑
x∈S′ αxx (αx ∈ C), where

∑
x∈S′ |αx| < ∞; and we define the

support of a, supp(a), to be {x ∈ S′ : αx 6= 0}.
We shall be concerned with the case in which S is an inverse semigroup; that

is, a semigroup in which to each x ∈ S there corresponds a unique x−1 ∈ S such
that xx−1x = x and x−1xx−1 = x−1. For an account of such semigroups, see [6].
In particular, inversion (x 7→ x−1) is an involution on S and this extends to an
involution * on l1(S) by the rule that

( ∑

x∈S

αxx

)∗
=

∑

x∈S

αxx−1 (αx ∈ C),

where αx denotes the complex conjugate of αx. This induces an involution on the
semigroup algebra C[S]. For the case in which S is a nontrivial inverse semigroup
with zero, inversion in S induces an involution * on l10(S) by a similar rule; and
this, in turn, induces an involution on C0[S].

In preparation for a discussion of McAlister monoids, we introduce further no-
tation. First, the cardinal of a set S will be denoted by |S|, singleton sets will be
identified with their elements and, for two sets S and T , S\T := {x ∈ S : x /∈ T}.
The set of positive integers is denoted by N and we write ℵ0 := |N|. Let X be a fixed
nonempty set. The free group on X will be denoted by G, its elements consisting of
the reduced words in the alphabet X∪X−1, where X−1 is the set of formal inverses
of the elements of X. The identity of G is the empty word, denoted by 1. We define
the length l(w) and the content con(w) of w ∈ G as follows: if, in reduced form,
w = y1y2 · · · yn (yi ∈ X ∪ X−1), then l(w) = n and con(w) = {x1, x2, . . . , xn},
where xi = yi if yi ∈ X and xi = y−1

i if yi ∈ X−1; also l(1) = 0 and con(1) = ∅.
For a subset H of G, we write

con(H) := ∪h∈Hcon(h); H−1 := {g ∈ G : g−1 ∈ H}.

For w ∈ G, we define w ⊆ G by

w := {g ∈ G : g is a prefix of w (including 1 and g)},
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and for H ⊆ G we write H := ∪h∈Hh. A subset A of G is termed left-closed if and
only if A = A 6= ∅.

Now let E denote the set of all finite left-closed subsets of G and let

IX := {(A, g) ∈ E ×G : g ∈ A}.

For (A, g), (B, h) ∈ IX it can be shown that A ∪ gB ∈ E ; thus, since gh ∈ A ∪ gB,
it follows that (A ∪ gB, gh) ∈ IX . We can therefore define a multiplication in IX

by the rule that

(A, g)(B, h) = (A ∪ gB, gh).

With this multiplication, IX is the free inverse monoid on X [6, chapter 6]. Note
that its identity is (1, 1) and that, for all (A, g) ∈ IX ,

(A, g)−1 = (g−1A, g−1), (A, g)2 = (A, g) ⇔ g = 1.

For x ∈ X, write [x] := (x, x) = ({1, x}, x). Then the mapping x 7→ [x] embeds X
in IX .

For the remainder of the paper we shall assume that X is a set with |X| ≥ 2.

Let N denote the two-sided ideal of IX generated by all elements of the form
[x][y]−1 or of the form [x]−1[y], where x, y ∈ X and x 6= y. The McAlister monoid
MX on X is defined to be the Rees quotient

IX/N.

This concept, starting from a different definition, was introduced and studied by
Lawson [6, section 9.4], the title reflecting the fact that it is closely related to
a semigroup that first appeared in [7]. An alternative treatment, based on the
representation of the elements of IX by birooted word trees, is given in [9]. Observe
that MX inherits certain key properties of IX : in particular, it is combinatorial and
completely semisimple, each nonzero principal factor being a finite semigroup of
matrix units [6].

It is convenient in this paper to give a description of MX that is derived directly
from the description of IX given above. First, we denote by P the set of all elements
of G that (in reduced form) have no negative exponents. Thus P is isomorphic to
the free monoid on X. Now write

L := {u ∪ v−1 : u, v ∈ P}

and note that L ⊂ E . The following theorem is readily deduced from the description
in [9] of the elements of MX in terms of linear birooted word trees. However, we
give a direct proof below.
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Theorem 1. MX = {(A, g) ∈ L ×G : g ∈ A} ∪ {0} with multiplication according
to the rule that

(A, g)(B, h) =
{

(A ∪ gB, gh) if A ∪ gB ∈ L,
0 otherwise,

and 02 = 0 = 0(A, g) = (A, g)0.

Proof. It suffices to show that

IX\N = {(A, g) ∈ L ×G : g ∈ A}. (1)

Note that, for (A, g) ∈ IX , (A, g) ∈ N if and only if (A, 1) ∈ N . Note also that N
is the ideal of IX generated by all elements of the form (xy−1, 1) or (x−1y, 1) for
x, y ∈ X with x 6= y.

First, observe that A ∈ E\L if and only if, for some x, y ∈ X with x 6= y, one of
the following holds:

(a) wxy−1 ∈ A for some w ∈ P ,
(b) wx−1y ∈ A for some w ∈ P−1,
(c) wx, wy ∈ A for some w ∈ P ,
(d) wx−1, wy−1 ∈ A for some w ∈ P−1.

If (a) holds then (A, 1) = (A,w)(xy−1, 1)(A,w)−1 ∈ N . Similarly, if (b) holds then
(A, 1) ∈ N . If (c) holds then (A, 1) = (A∪wx∪wy, 1) = (A,wx)(x−1y, 1)(A, wx)−1 ∈
N . Similarly, if (d) holds then (A, 1) ∈ N . Thus

A ∈ E\L ⇒ (A, 1) ∈ N.

Conversely, assume that (A, 1) ∈ N . Then there exist w ∈ A and x, y ∈ X with
x 6= y, such that either (e) wx,wxy−1 ∈ A or (f) wx−1, wx−1y ∈ A. Assume that
(e) holds and suppose that A ∈ L. Then w ∈ P ∪ P−1. But, by (a), w /∈ P and so
w ∈ P−1. Now w = vz−1, with v ∈ P−1 and z ∈ X\x, is impossible by (b); and
w = vx−1, with v ∈ P−1, is impossible by (d). Hence A /∈ L. Similarly, if (f) holds
then A /∈ L. Thus,

(A, 1) ∈ N ⇒ A ∈ E\L.

Consequently, for (A, g) ∈ IX , (A, g) /∈ N if and only if A ∈ L, and so (1) holds.

Denote the set of all idempotents of MX by E. Recall that E is a commutative
subsemigroup of MX (called the semilattice of MX) and is partially ordered by the
rule that

e ≥ f ⇔ ef = f.

From Theorem 1, the following results are easily deduced:

E = {(u ∪ v−1, 1) : u, v ∈ P} ∪ {0};
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and, for e = (u1 ∪ v−1
1 , 1) and f = (u2 ∪ v−1

2 , 1) (u1, u2, v1, v2 ∈ P ),

e ≥ f ⇔ u1 is a prefix of u2 and v1 is a suffix of v2.

For e, f ∈ E we write e Â f (‘e covers f ’) to mean that e > f and that there is no
g ∈ E for which e > g > f . Note that, for all f ∈ E,

(1, 1) Â f ⇔ f ∈ {(x, 1) : x ∈ X} ∪ {(x−1, 1) : x ∈ X}.

We now give four lemmas. The first of these is a general lemma on Banach
algebras and is adapted from a result of Duncan [5]. (See also [8].) A proof is
provided for convenience.

Lemma 1. Let R be a Banach algebra with norm ‖ ‖, let V be a Banach space
with norm ‖ ‖V and let ◦ be a left action of R on V such that

(∀ a ∈ R)(∀ v ∈ V ) ‖a ◦ v‖V ≤ κ‖a‖.‖v‖V ,

where κ is a positive constant. If there exists a cyclic vector v0 in V and if, for
all v ∈ V \0, there exists a sequence (an) in R such that an ◦ v → v0, then V is
irreducible.

Proof. Let v0 be a cyclic vector in V . Since the mapping f : R → V defined
by f(a) := a ◦ v0 is continuous, the open mapping theorem shows that, for some
positive real number δ,

{v ∈ V : ‖v‖V < δ} ⊆ {f(a) : a ∈ R and ‖a‖ < 1}.

Let v ∈ V \0 and let (an) be a sequence in R such that an ◦ v → v0. Then there
exists n ∈ N such that ‖v0 − an ◦ v‖V < δ. Hence, there exists a ∈ R with ‖a‖ < 1,
such that

v0 − an ◦ v = a ◦ v0.

Define c ∈ R by c := −∑∞
r=1 ar. Then a + c− ca = 0. Hence,

(an − can) ◦ v = (v0 − a ◦ v0)− c ◦ (v0 − a ◦ v0)
= v0 − (a + c− ca) ◦ v0 = v0.

Since v0 is cyclic, it follows that v is cyclic. Thus V is irreducible.

The next three lemmas involve different restrictions on the cardinality of X.

Lemma 2. Let X be finite. Then l10(MX) is not prime.

Proof. Let E denote the set of idempotents of MX and, for brevity, let e denote
the identity (1, 1). Since X is finite, e covers exactly 2n elements of E\0, where
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n = |X|. Define σ(e) ∈ l10(MX) by

σ(e) :=
∏

f∈E, eÂf

(e− f).

Let a ∈ l10(MX)\0 and let p ∈ supp(a). First, suppose that e > pp−1. Then there
exists f ∈ E such that e Â f ≥ pp−1, and so σ(e)pp−1 = 0. Thus σ(e)p = 0.
Next, suppose that e = pp−1. Now p = (A, g) for some A ∈ L and g ∈ A. Since
pp−1 = (A, 1), we have that A = 1 and so g = 1. Thus p = e and therefore
σ(e)p = σ(e). In either case, σ(e)p(e− σ(e)) = 0. Hence, σ(e)a(e− σ(e)) = 0. But
σ(e) 6= 0 and e− σ(e) 6= 0 in l10(MX). Thus l10(MX) is not prime.

Lemma 3. Let X be infinite, let I be a two-sided ideal of l10(MX) and let ε be a
positive real number. Then there exist e = e2 ∈ MX\0 and r ∈ l10(MX), such that
e + r ∈ I and ‖r‖ < ε. In particular, e can be taken to be either (w, 1) or (w−1, 1)
for some w ∈ P .

Proof. Let a ∈ I\0. Consider (A, g) ∈ supp(a), with |A| minimal in {|B| :
(B, h) ∈ supp(a)}. Let α ∈ C\0 be the coefficient of (A, g) in a. Then a = b + c,
where b, c ∈ l10(MX), (A, g) ∈ supp(b), |supp(b)| < ∞, supp(b)∩supp(c) = ∅ and
‖c‖ < ε|α|.

Let Y := ∪w∈ supp(b)con(w). Then, since |supp(b)| < ∞, |Y | < ∞. Choose
x ∈ X\Y and define D ∈ L by D := ux ∪ (xv)−1, where A = u ∪ v−1 (u, v ∈ P ).
Then A ⊂ D. We show that

(D, 1)b(A, g)−1 = α(D, 1). (2)

Let (B, h) ∈ supp(b). Then, with T := A ∪B ∪ hg−1A, we have that

(A, 1)(B, h)(A, g)−1 =
{

(T, hg−1) if T ∈ L,
0 otherwise.

Now A ⊆ T . First, assume that A = T . Then B ⊆ A. Hence, since |B| ≥ |A|,
we have that B = A. Also, since hg−1A ⊆ A, all powers of hg−1 lie in A and so
h = g. Thus (B, h) = (A, g). Next, assume that A ⊂ T and that T ∈ L. Then
T = u1 ∪ v−1 for some u1, v1 ∈ P , and so either l(u1) > l(u) or l(v1) > l(v).
Hence, either l(u1) ≥ l(ux) or l(v1) ≥ l(xv). Thus, since x /∈ con(T ), D ∪ T /∈ L
and so (D, 1)(T, hg−1) = 0. Since (D, 1)(A, 1) = (D, 1), we have established (2).
Consequently,

(D, 1)a(A, g)−1 = α(D, 1) + (D, 1)c(A, g)−1.

Write e := (D, 1) and r := α−1(D, 1)c(A, g)−1. Then e = e2 ∈ MX\0, e+ r ∈ I and
‖r‖ ≤ |α|−1‖c‖ < ε.

For the last part, define p, q ∈ MX by taking p := (t, t), q := (s, s), where
s := ux, t := xv, and so e = (s ∪ t−1, 1). It is easily verified that pep−1 = (ts, 1)
and q−1eq = ((ts)−1, 1). Then p(e + r)p−1 = e1 + r1 ∈ I, where e1 := (ts, 1) and
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r1 := prp−1; also, q−1(e+r)q = e2+r2 ∈ I, where e2 := ((ts)−1, 1) and r2 := q−1rq.
Further, ‖ri‖ ≤ ‖r‖ < ε (i = 1, 2).

Lemma 4. Let X be uncountably infinite and let f be a positive linear functional
on l10(MX) with f((1, 1)) 6= 0. Then f vanishes on a nonzero, two-sided ideal of
l10(MX).

Proof. By a projection in l10(MX) we mean an element a such that a = a2 = a∗.
Note that every idempotent in MX is a projection in l10(MX), since e = e2 ∈ MX

implies e−1 = e. Note also that if a is a projection in l10(MX), then f(a) = f(a∗a) ≥
0.

Let S be a nonempty set of pairwise-orthogonal projections in l10(MX). We show
first that |{a ∈ S : f(a) > 0}| ≤ ℵ0. Let a1, a2, . . . , an be finitely many distinct
elements of S, and let s := a1+a2+· · ·+an. Then ((1, 1)−s)2 = (1, 1)−s = ((1, 1)−
s)∗, and so f((1, 1)− s) ≥ 0. For all n ∈ N, let Sn := {a ∈ S : f(a) > 1

nf((1, 1))}.
By the preceding argument, |Sn| ≤ n. Suppose that a ∈ S is such that f(a) > 0.
Then there exists n ∈ N such that a ∈ Sn. Thus

{a ∈ S : f(a) > 0} ⊆ ∪∞n=1Sn,

and so |{a ∈ S : f(a) > 0}| ≤ ℵ0, as required.
For each pair (m,n) of nonnegative integers, define a subset Lm,n of L by

Lm,n := {u ∪ v−1 : u, v ∈ P, l(u) = m, l(v) = n}.

Now for all u1, u2, v1, v2 ∈ P with l(u1) = l(u2), l(v1) = l(v2) and either u1 6= u2

or v1 6= v2, we have that

(u1 ∪ v−1
1 , 1)(u2 ∪ v−1

2 , 1) = 0.

Hence, if m and n are not both zero, {(A, 1) : A ∈ Lm,n} is a set of pairwise-
orthogonal projections in l10(MX) and so, by the first part of the proof,

|{A ∈ Lm,n : f((A, 1)) > 0}| ≤ ℵ0.

Write Ym,n := ∪A∈Lm,n{con(A) : f((A, 1)) > 0} and let Y denote the union of
all such sets Ym,n. Thus, for each (m,n), |Ym,n| ≤ ℵ0 and so |Y | ≤ ℵ0. Choose
x ∈ X\Y . Then f((A, 1)) = 0 for all A ∈ L with x ∈ con(A). Let (A, g) ∈ MX ,
with x ∈ con(A). By the Cauchy–Schwarz inequality,

|f((A, g))|2 = |f((A, g)(1, 1))|2 ≤ f((A, g)(A, g)−1)f((1, 1)) = 0,

and so f((A, g)) = 0. Thus f vanishes on the ideal of C0[MX ] spanned by {(A, g) ∈
MX : x ∈ con(A)}. Hence, by continuity [1, §37, corollary 9] f vanishes on its
closure, a nonzero ideal of l10(MX).

The main result now follows.
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Theorem 2. l10(MX) is ∗-primitive if and only if X is countably infinite.

Proof. Assume that |X| = ℵ0. Then |P | = ℵ0 and so the elements of P\1 can be
written as a sequence (wi). Let (xi) be the sequence of elements of X obtained by
taking, in order, all the letters of w1, followed by those of w2, followed by those of
w3, and so on. Define H ⊂ G by writing

H := {hi : i = 0, 1, 2, . . . },

where h0 = 1 and, for i ≥ 1, hi = x1x2 · · ·xi. Let V denote the Banach space
l1(H−1); thus a typical element of V is of the form

∑∞
i=0 αih

−1
i for some sequence

(αi)∞i=0 of complex numbers with
∑∞

0 |αi| < ∞. We shall define a left action ◦ of
l10(MX) on V .

First, for all (A, g) ∈ MX\0 and all f ∈ H, write

(A, g) ◦ f−1 =
{

gf−1 if A ⊆ gf−1H,
0 otherwise.

Note that if A ⊆ gf−1H, then 1 ∈ gf−1H and so gf−1 ∈ H−1. Now, for all
(A, g), (B, h) ∈ MX\0 and all f ∈ H,

(B, h) ◦ [(A, g) ◦ f−1] =
{

hgf−1 if A ⊆ gf−1H and B ⊆ hgf−1H,
0 otherwise, (3)

and

[(B, h)(A, g)] ◦ f−1 =
{

hgf−1 if B ∪ hA ∈ L and B ∪ hA ⊆ hgf−1H,
0 otherwise. (4)

We next show that

B ∪ hA ⊆ hgf−1H ⇒ B ∪ hA ∈ L. (5)

For all n ∈ N, write Hn := hn. Assume that B ∪ hA ⊆ hgf−1H. Then B ∪
hA ⊆ k−1Hn for some n, where k := fg−1h−1. Now Hn ∈ L and, since 1 ∈ B,
k ∈ Hn. Hence (Hn, k) ∈ Mx\0. Thus, (k−1Hn, k−1) = (Hn, k)−1 ∈ MX\0 and so
k−1Hn ∈ L. But, in IX ,

(B ∪ hA, 1)(k−1Hn, 1) = (k−1Hn, 1).

Hence, if (B ∪ hA, 1) ∈ N then (k−1Hn, 1) ∈ N , which is false. Thus, B ∪ hA ∈ L,
which establishes (5).

Since A ⊆ gf−1H and B ⊆ hgf−1H if and only if B ∪hA ⊆ hgf−1H, it follows
from (3),(4) and (5) that

(B, h) ◦ [(A, g) ◦ f−1] = [(B, h)(A, g)] ◦ f−1.

Now ‖(A, g) ◦ f−1‖V ≤ 1, where ‖ ‖V denotes the norm on V . Hence, by linearity
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and continuity, we can extend ◦ to a left action of l10(MX) on V with the property
that

(∀ a ∈ l10(MX))(∀ v ∈ V ) ‖a ◦ v‖V ≤ ‖a‖.‖v‖V . (6)

First, we show that the module V is faithful. Denote the ideal {a ∈ l10(MX) :
a ◦ V = 0} by ann(V ). Suppose that ann(V ) 6= 0. Then, by Lemma 3, there exists
w ∈ P and r ∈ l10(MX), such that (w, 1) + r ∈ ann(V ) and ‖r‖ < 1

2 . Now there
exists v ∈ H such that v, vw ∈ H. Hence, (w, 1) ◦ v−1 = v−1 and so, by (6),

‖((w, 1) + r) ◦ v−1‖V ≥ 1− ‖r ◦ v−1‖V ≥ 1− ‖r‖ >
1
2
.

But ((w, 1) + r) ◦ v−1 = 0, which gives a contradiction. Hence, ann(V ) = 0 and so
V is faithful.

We now establish the irreducibility of V . To begin with, we prove that 1 is a
cyclic vector in V . Consider a typical element v =

∑∞
0 αih

−1
i ∈ V , where (αi) is a

sequence of complex numbers with
∑∞

0 |αi| < ∞. For all i, (Hi, hi) ∈ MX\0 and
(Hi, hi)−1 ◦ 1 = (h−1

i Hi, h
−1
i ) ◦ 1 = h−1

i . Thus,
(∑∞

0 αi(Hi, hi)−1
) ◦ 1 = v and so

1 is cyclic in V . Next, we show that, for v ∈ V \0, there exists a sequence (an) of
elements of l10(MX) such that an ◦ v → 1 as n → ∞. Again, take v as above and
assume that αj 6= 0. Then (Hj , hj) ◦ h−1

j = 1 and so

(Hj , hj) ◦ v =
∞∑

i=0

βih
−1
i (7)

for some coefficients βi with
∑∞

0 |βi| < ∞ and β0(= αj) 6= 0. Let n ∈ N. Suppose
that there exists r ∈ {1, 2, . . . , n} such that, for all q ∈ N, hrHq ⊆ H. Then
xi = xi+r for all i ∈ N, which is impossible from the definition of H. Hence,
for all r ∈ {1, 2, . . . , n}, there exists qr ∈ N such that hrHqr * H. Let mn =
max{q1, q2, . . . , qn}. Then hrHmn * H, since Hqr ⊆ Hmn ; that is, (Hmn , 1)◦h−1

r =
0 (r = 1, 2, . . . , n). Also, (Hmn , 1) ◦ 1 = 1 and so, from (7),

[(Hmn , 1)(Hj , hj)] ◦ v = β01 +
∑

i∈S

βih
−1
i

for some S ⊆ {i ∈ N : i > n}. Write an := β−1
0 (Hmn , 1)(Hj , hj). Then an ◦ v → 1

as n →∞. Since 1 is cyclic, Lemma 1 shows that V is irreducible.

To complete the proof that l10(MX) is *-primitive, we now show that V is a
*-module. Let 〈 | 〉 denote the inner product on V induced by taking H−1 to be an
orthonormal basis. Let h, k ∈ H−1 and let (A, g) ∈ MX\0. Then (A, g)−1 ∈ MX\0
and

(A, g) ◦ h = k ⇔ A ⊆ ghH and gh = k

⇔ g−1A ⊆ g−1kH and g−1k = h

⇔ (g−1A, g−1) ◦ k = h.
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Thus,

〈(A, g) ◦ h|k〉 =
{

1 if (A, g) ◦ h = k,
0 otherwise

=
{

1 if (A, g)−1 ◦ k = h,
0 otherwise

= 〈h|(A, g)−1 ◦ k〉.

Hence, by linearity and continuity, 〈a ◦ u|v〉 = 〈u|a∗ ◦ v〉 for all a ∈ l10(MX) and all
u, v ∈ V . Consequently, V is a *-module and so l10(MX) is *-primitive.

Conversely, assume that l10(MX) is *-primitive. We show that X must be count-
ably infinite. First, we note that l10(MX) is primitive and therefore prime. Hence,
by Lemma 2, X is infinite. Suppose that X is uncountable. Let V be a faithful ir-
reducible *-module for l10(MX), with left action ◦, and let 〈 | 〉 be an inner product
on V such that, for all a ∈ l10(MX) and all u, v ∈ V , 〈a ◦ u|v〉 = 〈u|a∗ ◦ v〉. Since
V is faithful, there exists u ∈ V \0 such that (1, 1) ◦ u 6= 0. Define a positive linear
functional f on l10(MX) by the rule that, for all a ∈ l10(MX),

f(a) = 〈a ◦ u|u〉.

Observe that f((1, 1)) 6= 0. Hence, by Lemma 4, f vanishes on a nonzero ideal I of
l10(MX). Let a ∈ I\0. Then, for all b, c ∈ l10(MX),

0 = f(bac) = 〈(bac) ◦ u|u〉. (8)

Let v ∈ V \0. Since V is irreducible, there exists c ∈ l10(MX) such that c ◦ u = v.
Suppose that a ◦ v 6= 0. Then there exists b ∈ l10(MX) such that b ◦ (a ◦ v) = u.
Thus (bac) ◦ u = u and so, from (8), 0 = 〈u|u〉, which is false. Hence a ◦ v = 0.
This shows that V is not faithful, contrary to our hypothesis. Consequently, X
cannot be uncountable. We have thus shown that if l10(MX) is *-primitive, then X
is countably infinite. This completes the proof.

Finally, we have

Theorem 3. l10(MX) is prime if and only if X is infinite.

Proof. By Lemma 2, if l10(MX) is prime then X is infinite. Now assume that X is
infinite. Let I1 and I2 be nonzero, two-sided ideals of l10(MX). By Lemma 3, there
exist w1, w2 ∈ P and r1, r2 ∈ l10(MX), such that

(w1, 1) + r1 ∈ I1, (w−1
2 , 1) + r2 ∈ I2, ‖r1‖ <

1
3
, ‖r2‖ <

1
3
.

Then

((w1, 1) + r1)((w−1
2 , 1) + r2) = (w1 ∪ w−1

2 , 1) + t ∈ I1I2, (9)
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where t := r1(w−1
2 , 1) + (w1, 1)r2 + r1r2. But ‖(w1 ∪ w−1

2 , 1)‖ = 1 and

‖t‖ ≤ ‖r1‖+ ‖r2‖+ ‖r1‖.‖r2‖ < 1.

Hence, from (9), I1I2 6= 0. This shows that l10(MX) is prime.

3. Concluding remarks

1. Exact counterparts of Theorems 2 and 3 hold for the contracted semigroup
algebra C0[MX ]: this algebra is *-primitive if and only if X is countably infinite,
and it is prime if and only if X is infinite. The method of proof is similar to that
for l10(MX), but simpler in various places—for example, Lemma 1 is not required.

2. Parts of the argument above can also be adapted to establish results on the
contracted semigroup algebra F0[MX ] of MX over an arbitrary field F . Thus, it
can be shown that (a) if X is countably infinite then F0[MX ] is primitive; and (b)
F0[MX ] is prime if and only if X is infinite. These results were announced in [9],
where an alternative proof of (a) is obtained.

3. The techniques in this paper have also been used by one of us to provide an
example of a prime C∗-algebra that is not primitive [2], and to show that l1(IX) is
*-primitive if and only if X is infinite [3].
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