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Abstract

In this note, we show that if a net fα(T ) converges pointwise to f(T ), then there
is a subsequence fαn

uniformly convergent to f on the compact subsets of some
part of the spectrum of T . This extends a well known result in the case of uniform
convergence of functions of operators. We give some applications of the result.

1. Introduction

Throughout this paper, H will denote an infinite dimensional complex Hilbert space
and B(H) will denote the algebra of all bounded linear operators on H. In general,
we will follow the notation in [5] and [7].

For an operator T in B(H) we will use σ(T ) and ρ(T ) for the spectrum and the
resolvent set of T . We denote by σp(T ) the point spectrum of T , and we denote by
σc(T ) the compression spectrum of T .

If K is a compact subset of the complex plane, K̂ will denote the polynomially
convex hull of K. If G is an open subset of C and g : G −→ C is an analytic
function, then we will denote by g∗ the analytic function g∗ : G −→ C given by
g∗(z) = g(z). Here and hereafter the bar denotes complex conjugate. Recall that if
T is an operator and g is an analytic function defined in a neighborhood of σ(T ),
then g(T )∗ = g∗(T ∗).

Let T be an operator and let fn, f be analytic functions defined in a neighbor-
hood of σ(T ). The spectral mapping theorem (see [5, theorem 4.10, p. 204]) and
the fact that the spectral radius is less than or equal to the norm imply that

sup
z∈σ(T )

|fn(z)− f(z)| ≤ ||fn(T )− f(T )||.

If fn(T ) → f(T ) in the norm topology, we obtain from the previous inequality that
fn → f uniformly on σ(T ).

Let fα be a net of functions that are defined and analytic in a neighborhood of
σ(T ). If fα(T ) → f(T ) in the strong operator topology (that is, in the topology of
pointwise convergence), it is easy to see that fα(z) → f(z) for every z ∈ σp(T ).

Let λ ∈ σc(T ). Then λ ∈ σp(T ∗). Let x be a norm one eigenvector of T ∗
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corresponding to λ. Then f∗(T ∗)(x) = f∗(λ)x = f(λ)x and the same is true for
each fα. Thus,

fα(λ) = fα(λ)||x||2 = fα(λ)〈x, x〉 = 〈x, fα(λ)x〉 = 〈x, f∗α(T ∗)x〉 = 〈fα(T )x, x〉
→ 〈f(T )x, x〉 = 〈x, f∗(T ∗)x〉 = 〈x, f(λ)x〉 = f(λ)〈x, x〉 = f(λ).

Therefore fα(z) → f(z) for every z ∈ σp(T ) ∪ σc(T ).
It seemed natural to us to ask if this convergence is somehow, somewhere uni-

form. We will show that there is Ω, an open subset of σ(T ), and there is an increasing
subsequence of indices αn, such that fαn

converges to f uniformly on the compact
subsets of Ω.

2. Apostol triangular representation

This section contains an account of the upper triangular representation of a general
operator due to Constantin Apostol, as well as some consequences of this represen-
tation.

For an operator T we will denote by ρSF (T ) the semi-Fredholm domain of T ,
and we will denote by by P±(T ) its subset on which the Fredholm index is non
zero. The symbol ρ(T ) stands for the resolvent set of T .

If T is an operator, then the function min.indT : ρSF (T ) −→ N, given by
min.indT (λ) = min{dim ker(λ − T ), dimker(λ − T )∗}, is called the minimal index
of T .

If T is an operator, then the map kT : ρSF (T ) −→ B(H), given by kT (λ) =
Pker(λ−T ), is called the kernel function of T . Here, Pker(λ−T ) denotes the orthogonal
projection onto ker(λ − T ). The points where kT is continuous, when considering
the uniform topology on B(H), are called the regular points of T . The points where
kT is not continuous are called the singular points of T . The set of all regular
points and the set of all singular points of an operator T are denoted by ρr

SF (T )
and ρs

SF (T ), respectively.
The following proposition gives a connection between the two functions defined

above.

Proposition 2.1. kT is continuous at λ iff min.indT is continuous at λ.

Proof. See [1, proposition 2.6].

The next proposition states the main topological properties of the set of regular
points and the set of singular point.

Proposition 2.2. If T is an operator then:

(i) ρr
SF (T ) is an open set;

(ii) ρs
SF (T ) has no limit point in ρSF (T ).

Proof. See [1, theorem 2.2].
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For a bounded open set D, we will denote by hull(D) the union of D with all
the bounded components of the complement. If γ is a simple Jordan loop, we will
denote by insγ the inside of γ. In fact, we have

hull(D) = {z ∈ C; there is a simple Jordan loop γ ⊂ D such that z ∈ insγ}.

Corollary 2.3. If T is an operator and K ⊂ hull(P±(T )), compact, then there is
a finite set of simple, closed Jordan curves {Γj}n

j=1 such that K ⊂ ∪n
j=1insΓj and

Γj ⊂ P±(T ) ∩ ρr
SF (T ) for every 1 ≤ j ≤ n. In particular, if there is a component

D of P±(T ) such that K ⊂ hull(D), then we can take n = 1.

Although it looks very innocent, the next proposition is the basis of the whole
construction. For an operator T , we will denote the right resolvent by ρr(T ) and
we will denote the left resolvent by ρl(T ).

Proposition 2.4. If T is an operator and K is a compact subset of ρr(T )∩σp(T ),
then there is a vector x such that Pker(λ−T )x 6= 0 for every λ ∈ K.

Proof. See [1, proposition 1.8].

Next, we will state the properties of the Apostol triangular representation. If
L is a subset of H we will denote by CSp(L) the closed linear span of L. Also,
we will use σp0(T ) for the set of all isolated eigenvalues of finite (geometric) multi-
plicity of T (sometimes called normal eigenvalues). Not only are these eigenvalues
isolated, but the corresponding spectral subspace in the Riesz decomposition has
finite dimension.

Theorem 2.5. If T is an operator acting on a Hilbert space H, and

Hr(T ) = CSp{ker(λ− T ) ; λ ∈ ρr
SF (T )}Hl(T ) = CSp{ker(λ− T )∗ ; λ ∈ ρr

SF (T )},

then:
(i) Hr(T ) ⊥ Hl(T ).
If H0(T ) = (Hr(T ) ⊕ Hl(T ))⊥ and Tr, T0 and Tl are the compressions of T to
Hr(T ), H0(T ) and Hl(T ), respectively, then:
(ii) Hr(T ), Hr(T )⊕H0(T ) ∈ LatT ,
and so, with respect to the decomposition H = Hr(T )⊕H0(T )⊕Hl(T ),

T =




Tr ∗ ∗
0 T0 ∗
0 0 Tl


 ,

such that:
(iii) ρSF (T ) ⊆ ρr(Tr) ∩ ρl(Tl);
(iv) ρr

SF (T ) ⊆ ρ(T0);
(v) ρs

SF (T ) ⊂ σp0(T0);



94 Mathematical Proceedings of the Royal Irish Academy

(vi) σp0(T ) ⊆ ρ(Tr) ∩ ρ(Tl) ∩ σp0(To);
(vii) min.indTr

(λ) = 0 for every λ ∈ ρSF (Tr).

Proof. See [1, theorem 2.8].

Proposition 2.6. If T is an operator, then ρSF (T ) ∩ cl(intσp(T )) ⊂ ρr(Tr) ∩
σp(Tr).

Proof. Let λ ∈ ρSF (T ) ∩ cl(intσp(T )). As λ ∈ ρSF (T ), by (iii) of Theorem 2.5,
we conclude that λ ∈ ρr(Tr). Suppose that λ /∈ σp(Tr). Then, since λ − Tr has
closed range and no kernel, λ ∈ ρl(Tr) and so λ ∈ ρ(Tr). Hence, there is an ε > 0
such that Bε(λ) ⊂ ρ(Tr) ∩ ρSF (T ). The set Bε(λ) ∩ intσp(T ) is open, nonempty
and it is included in ρSF (T ). Therefore, by (ii) of Proposition 2.2, there is a µ ∈
Bε(λ)∩σp(T )∩ρr

SF (T ). But ker(µ−Tr) = ker(µ−T ) 6= (0), which implies µ ∈ σ(Tr),
and this is a contradiction.

As a corollary, we will obtain a generalization of Proposition 2.4 for arbitrary
minimal index.

Corollary 2.7. (i) If T is an operator and K is a compact subset of ρSF (T ) ∩
cl(intσp(T )), then there is a vector x such that Pker(λ−T )x 6= 0 for every λ ∈ K.
(ii) If T is an operator and K is a compact subset of ρr

SF (T )∩ σp(T ), then there is
a vector x and 0 < m ≤ M such that m ≤ ‖Pker(λ−T )x‖ ≤ M for every λ ∈ K.

Proof. (i) By Proposition 2.6, K ⊂ ρr(Tr)∩σp(Tr). Hence, using Proposition 2.4,
there is a vector x such that Pker(λ−Tr)x 6= 0 for every λ ∈ K, and as for λ ∈ K,
ker(λ− Tr) = ker(λ− T ), we obtain the conclusion.
(ii) We actually have K ⊂ ρSF (T )∩intσp(T ), so by (i), there is a vector x such that
Pker(λ−T )x 6= 0 for every λ ∈ K. As K ⊂ ρr

SF (T ), the function λ 7−→ ‖Pker(λ−T )x‖
is continuous, it is defined on the compact set K and it never takes the value 0.
Hence, it has a maximum and a nonzero minimum.

3. Main result

The following proposition is an easy consequence of the continuity of the Fredholm
index.

Proposition 3.1. For an operator T , and K a compact subset of hull(P±(T )),
there is an ε > 0 such that K ⊂ hull(P±(S)) for every operator S with the property
that ||T − S|| < ε.

For K, a compact subset of C, and ε > 0 we will denote by

Kε = {z ∈ C : dist(z,K) ≤ ε }.

Corollary 3.2. If T is an operator and K ⊂ ρSF (T ), compact, then there is an
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ε > 0 such that Kε ⊂ ρSF (T ) and the boundary of Kε consists entirely of regular
points.

Proposition 3.3. Let T be an operator and let {fα} be a net of analytic functions
in a neighborhood of σ(T ). If fα(T ) is convergent in the strong operator topology to
some operator S, then for every K, compact subset of (ρSF (T ) ∩ σc(T )) \ σp0(T ),
there is α0 such that {fα}α≥α0 is uniformly bounded on K.

Proof. By Corollary 3.2, there is ε > 0 such that Kε ⊂ ρSF (T ) ∩ σc(T )) \ σp0(T )
and the boundary of Kε consists entirely of regular points. Then the boundary of
K∗

ε is a subset of ρr
SF (T ∗) ∩ σp(T ∗). By (ii) of Proposition 2.7, there is y ∈ H

and there are 0 < m < M such that m ≤ ‖Pker(λ−T )∗y‖ ≤ M for every λ in the
boundary of Kε.

Since fα(T )y converges to Sy, there is α0 such that ||fα(T )y|| ≤ ||Sy|| + 1 for
every α ≥ α0.

Let yλ = Pker(λ−T )∗y. Then,

m2 |fα(λ)| = m2|f∗α(λ)| ≤ |f∗α(λ)|〈yλ, yλ〉 = |f∗α(λ)|〈yλ, y〉 = |〈f∗α(T ∗)yλ, y〉|
= |〈yλ, fα(T )y〉| ≤ ||yλ||||fα(T )y|| ≤ M(||Sy||+ 1)

for every α ≥ α0 and every λ in the boundary of Kε. An application of the maximum
modulus theorem (see [4, theorem 1.4, p. 129]) concludes the proof.

The next theorem establishes the uniform convergence claimed in Section 1
above.

Theorem 3.4. If fα(T ) is convergent in the strong operator topology to f(T ), then
there is an increasing sequence of indices αn such that fαn converges to f uniformly
on the compact subsets of (ρSF (T )∩σc(T )) \σp0(T ). Moreover, if xm is a sequence
of points in H, the subsequence can be chosen such that fαn(T )xm converges to
f(T )xm for every m ≥ 1.

Proof. Let Kn be a sequence of compact subsets of (ρSF (T ) ∩ σc(T )) \ σp0(T ),
such that (ρSF (T ) ∩ σc(T )) \ σp0(T ) = ∪nKn and Kn ⊂ intKn+1 for every n ≥ 1.
Let {zn} be a sequence of points in (ρSF (T ) ∩ σc(T )) \ σp0(T ), which has a limit
point in every component of (ρSF (T ) ∩ σc(T )) \ σp0(T ). Thus fα(zn) converges to
f(zn) for every n ≥ 1.

Let α1 such that {fα}α≥α1 is uniformly bounded on K1, |fα(z1)−f(z1)| < 1
2 and

||fα(T )x1−f(T )x1|| < 1
2 for α ≥ α1 . Let α2 > α1 such that {fα}α≥α2 is uniformly

bounded on K2, |fα(zj) − f(zj)| < 1
22 and ||fα(T )xj − f(T )xj || < 1

22 for α ≥ α2

and j = 1, 2. Let αn > αn−1 such that {fα}α≥αn is uniformly bounded on Kn,
|fα(zj)−f(zj)| < 1

2n and ||fα(T )xj−f(T )xj || < 1
2n for α ≥ αn and j = 1, 2, . . . , n.

It can easily be seen that {fαn} is locally bounded on (ρSF (T )∩σc(T ))\σp0(T ).
Therefore, by Montel’s theorem (see [4, theorem 2.9, p. 153]), {fαn} is a normal
family. Hence, there is g, an analytic function on (ρSF (T )∩σc(T ))\σp0(T ), such that
a subsequence of {fαn} converges to g uniformly on the compact subsets. To simplify
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the notation, the subsequence will also be denoted by {fαn}. In particular, we have
that fαn

(zj) converges to g(zj) for every j ≥ 1. Since, by construction, the same
sequence converges to f(zj), we conclude that f(zj) = g(zj) for every j ≥ 1. Thus
f = g on a set that has a limit point in every component of (ρSF (T )∩σc(T ))\σp0(T ).
This implies that f = g on (ρSF (T ) ∩ σc(T )) \ σp0(T ).

The proof of the Moreover statement from Theorem 3.4 is obvious.

Corollary 3.5. If fn(T ) is convergent in the strong operator topology to f(T ), then
fn converges to f uniformly on the compact subsets of (ρSF (T ) ∩ σc(T )) \ σp0(T ).

Proof. According to Theorem 3.4, every subsequence of fn has a subsequence
converging to f . It is not difficult to see that this, in fact, implies that fn converges
to f uniformly on the compact subsets of ρSF (T ) ∩ σc(T ).

Remark 3.6. Theorem 3.4 and Corollary 3.5 are true in the case of convergence
in the weak * topology.

Remark 3.7. If ||fα(T )|| are bounded, then the result in Theorem 3.4 can be ex-
tended to (ρSF (T ) ∩ σ(T )) \ σp0(T ).

Remark 3.8. Theorem 3.4 and Corollary 3.5 are true, in particular, on the domain
where the Fredholm index is negative.

4. Applications

For an operator T on a Hilbert space, P (T ), P∞(T ) and A(T ) will denote the
uniform closure, the weak ∗ closure and the closure in the strong operator topology
of the set of all polynomials in T and I, respectively.

Let A be a subset of the complex plane. For a Hilbert Space H we define:

UA(H) = {T ∈ B(H) : A ⊂ ρ(T ) and (λ− T )−1 ∈ P (T ) for everyλ ∈ A },
W∗

A(H) = {T ∈ B(H) : A ⊂ ρ(T ) and (λ− T )−1 ∈ P∞(T ) for everyλ ∈ A },
WA(H) = {T ∈ B(H) : A ⊂ ρ(T )and (λ− T )−1 ∈ A(T ) for everyλ ∈ A }.

We have UA(H) ⊂ W∗
A(H) ⊂ WA(H). It is completely apparent that all three

classes are invariant under similarities and so are their interiors and their closures.
Also, T ∈ UA(H) if and only if T ∗ ∈ UA∗(H), where A∗ denotes the conjugate set
of A. Similar relations hold for the other two classes. It is not difficult to see that
if T is in one of the classes (on H) and M is an invariant subspace of T , then the
restriction of T to M is in the same class (on M).

If A is the complement of the unit circle and T is a diagonal operator with the
diagonal dense in the unit circle, then T ∈ W∗

A(H) \ UA(H). See also [6, example
7.6, p. 304].

For an operator T , we will use σlre(T ) to denote the left and right essential spec-
trum of T (that is, the intersection of the left essential spectrum and right essential
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spectrum). Recall that if C is a component of σlre(T ) that is not a component of
σe(T ), then some part of the boundary of C is included in the boundary of P±∞(T ).

First, we will characterize the closure of the three classes.

Theorem 4.1. For an operator T the following are equivalent:
(a) T ∈ clUA(H),
(b) T ∈ clWA(H),
(c) hull(P±(T ))∩A = ∅ and if C is a component of σlre(T )∪σp0(T ) then C is not
included in intA.

Proof. It is clear that (a) implies (b).
(b) implies (c)

Suppose that there is λ ∈ hull(P±(T )) ∩ A. Without loss of generality we can
assume that λ ∈ hull(P−(T )) (if not, consider the adjoint). By Proposition 3.1,
there is ε > 0 such that λ ∈ hull(P−(S)) for every ||T − S|| < ε. As T ∈ clWA(H),
there is such an S in WA(H). Let Γ be a simple Jordan loop such that Γ ⊂ P−(S)
and λ ∈ insΓ.

Since λ ∈ A, there is a net of polynomials, pα, such that pα(S) converges in the
strong operator topology to (λ−S)−1. By Theorem 3.4, there is a subsequence pαn

such pαn(z) converges to (λ− z)−1, uniformly on the compact subsets of P−(S). In
particular, pαn(z) converges to (λ− z)−1 uniformly of Γ, which is a contradiction,
because λ ∈ insΓ. Thus, hull(P−(T )) ∩A = ∅.

Suppose now that there is C, a component of σlre(T ) ∪ σp0(T ) such that C ⊂
intA.

If C is a component of σ(T ), then the upper semi-continuity of the spectrum
implies that there is ε > 0, with the property that σ(S) ∩ intA 6= ∅ for every
||T − S|| < ε. Since T ∈ clWA(H), there is such an S in WA(H). Therefore σ(S) ∩
intA 6= ∅ for some S ∈ WA(H). This is a contradiction, because A ⊂ ρ(S).

If C is a component of the essential spectrum then a similar argument, using
the upper semi-continuity of the essential spectrum, leads to a contradiction.

If C is not a component of σ(T ) and is not a component of σe(T ), then C is a
component of σlre(T ), which is not a component of σe(T ). Thus, some part of the
boundary of C is included in the boundary of P±∞(T ). Hence, intA∩P±∞(T ) 6= ∅.
Since this implies that hull(P±(T )) ∩A 6= ∅, we get, again, a contradiction.

Therefore, if C is a component of σlre(T ) ∪ σp0(T ), then C is not included in
intA.

(c) implies (a)
Let T be an operator satisfying the conditions in (c). If C is a component of σlre(T )∪
σp0(T ), then there is a point zC ∈ C such that either zC /∈ A or zC is a limit point
of C \A.

Let ε > 0. By [3, proposition 2.1 and theorem 2.3], there is an operator S such
that ||T − S|| < ε

2 and σ(S) = σ0 ∪ σ1, where σ0 ⊂ P±(T ) and σ1 is a finite
subset of {zC}C . Let σ1 = {z1, . . . , zk}. There is an invertible operator R such
that RSR−1 = B0 ⊕ B1 ⊕ . . . Bk, where σ(Bk) = σ0 and σ(Bj) = {zj} for every
1 ≤ j ≤ k.

If zj ∈ hull(P±(T )) or zj /∈ clhull(P±(T )) ∪ A, let wj = zj . If zj is in the
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boundary of hull(P±(T )), let wj ∈ hull(P±(T )) such that |zj − wj | < ε
2||R|| ||R−1|| .

If zj /∈ clhull(P±(T )) and zj ∈ A, then, since zj is a limit point of C \ A, we can
find wj /∈ clhull(P±(T )) ∪A such that |zj − wj | < ε

2||R|| ||R−1|| .
Let F = B0 ⊕ (B1 + (w1 − z1)I) ⊕ . . . ⊕ (Bk + (wk − zk)I). We have that

||RSR−1 − F || < ε
2||R|| ||R−1|| . Then,

||T −R−1FR|| ≤ ||T − S||+ ||S −R−1FR|| ≤ ε
2 + ||R−1RSR−1R−R−1FR||

≤ ε
2 + ||R|| ||R−1|| ||RSR−1 − F || < ε.

Thus, in order to show that T ∈ clUA(H), it will be enough to prove that R−1FR ∈
UA(H). Moreover, since UA(H) is invariant under similarities, it suffices to show that
F ∈ UA(H). It is clear that A ⊂ ρ(F ).

Let λ ∈ A. If wj ∈ hull(P±(T )), let rj such that Brj
(wj) ⊂ hull(P±(T )), where

Brj
(wj) denotes the open ball of radius rj centered in wj . If wj /∈ clhull(P±(T )), let

rj < min{dist(wj , clhull(P±(T ))), |wj − λ|}. We have that σ(F ) ⊂ hull(P±(T )) ∪
∪k

j=1Brj
(wj), which is a finite union of simple, connected sets and does not contain

λ. By a corollary of Runge’s Theorem (see [4, corollary 1.15, p. 200]), there is a
sequence of polynomials, pn, such that pn(z) converges to (λ − z)−1 uniformly on
the compact subsets of hull(P±(T ))∪(∪k

j=1Brj (wj)). The continuity of the analytic
functional calculus implies that pn(F ) converges uniformly to (λ−F )−1. Therefore
F ∈ UA(H).

Corollary 4.2. clUA(H) = clW∗
A(H) = clWA(H) = {T ∈ B(H) : hull(P±(T )) ∩

A = ∅ and if C is a component of σlre(T )∪σp0(T ), then C is not included
in intA }.

Next we will characterize the interior.

Theorem 4.3. For an operator T , the following are equivalent:
(a) T ∈ intUA(H),
(b) T ∈ intWA(H),
(c) σ̂(T ) ∩ clA = ∅.

Proof. It is clear that (a) implies (b).
(b) implies (c)

Suppose that there is T in intWA(H) such that σ̂(T )∩clA 6= ∅. Since σ(T )∩A = ∅,
either there is a sequence {λn} in A convergent to some point in the boundary of
σ(T ), or there is λ ∈ A such that λ ∈ σ̂(T ) \ σ(T ).

In the first case, by [3, proposition 2.1], for every ε > 0, there is an operator
Sε such that ||T − Sε|| < ε and σ(Sε) ⊃ {z : dist(z, σ(T )) < δε} for some δε > 0.
This implies that there is N such that λn ∈ σ(Sε), and so Sε /∈ WA(H). Therefore,
T /∈ intWA(H).

To deal with the second case we will use a technique we learned from [8]. Let
ε > 0 such that ||T−S|| < ε implies that S belongs to intWA(H). By [3, proposition
2.1], there is an operator S with the following properties: ||T − S|| < ε, σ(S) is a
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perfect set, σlre(S) is the closure of a bounded open set whose boundary consists of
finitely many pairwise disjoint smooth simple Jordan loops, σ(T ) ⊂ σ(S), σp0(S)
is a finite subset of σp0(T ), and ρSF (S) has a finite number of components. Hence,
intWA(H) contains an operator with all these properties.

Let D1, . . . , Dk be the components of ρSF (S) where the index is positive, let
Dk+1, . . . , Dr be the components with negative index, and let nj be the index on
Dj for 1 ≤ j ≤ r. For 1 ≤ j ≤ k, let Bj be the njth inflation of the adjoint of the
Bergman operator on Dj . For k + 1 ≤ j ≤ r, let Bj be the njth inflation of the
Bergman operator on Dj . Let B0 be the infinite inflation of the Bergman operator
on intσlre(S) direct sum with its adjoint. Let Br+1 be the Riesz summand of S
corresponding to σp0(S). Finally, let B = ⊕r+1

j=0Bj .
By the Similarity Orbit Theorem (reduced form, see [2, theorem 9.1, p. 5]),

S is in the closure of the similarity orbit of B. Let δ > 0 such that ||S − R|| < δ
implies that r belongs toWA(H). Thus, there is an operator similar to B inWA(H).
Therefore B itself is in WA of the corresponding space. We have that

λ ∈ σ̂(T ) ⊂ σ̂(S) = σ̂(B).

It is not very difficult to see that there is an invariant subspace of B, M, such
that σ(BM) = σ̂(B), where BM denotes the restriction of B to M. This is a
contradiction, since BM ∈ WA(M) and so A ⊂ ρ(BM).

(c) implies (a)
Let T be an operator such that σ̂(T ) ∩ clA = ∅, and let V be an open set with
simply connected components such that σ̂(T ) ⊂ V and V ∩ clA = ∅. The upper
semi-continuity of the spectrum implies that there is an ε > 0 such that whenever
||T − S|| < ε, we have σ(S) ⊂ V . Since V has simply connected components, in
fact σ̂(S) ⊂ V . It is clear now that every such S is in UA(H). Therefore T is in
intUA(H).

Corollary 4.4. intUA(H) = intW∗
A(H) = intWA(H) = {T ∈ B(H) : σ̂(T ) ∩

clA = ∅ }.
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