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ABSTRACT

We characterize exposed 2-homogeneous polynomials in the unit ball of P(zlz) for
1<p<oo.

1. Introduction

In recent years, some work has been done in analyzing the geometry of spaces
of polynomials on real Banach spaces (see [1; 2; 3; 5; 6; 7; 8]). It is natural to
consider the problem of finding exposed 2-homogeneous polynomials on real I,
spaces. Such a problem has been attempted, for p = 2, by Kim and Lee [7]. They
showed that every extreme point of the unit ball of continuous 2-homogeneous
polynomials on a real, separable Hilbert space is its exposed point, and that the
unit ball of continuous 2-homogeneous polynomials on a real, non-separable Hilbert
space contains no exposed point. Recently, Choi and Kim [3] characterized the
exposed points in the unit ball of 77(2112,)7 (p = 1,2, 00). In this paper, we characterize
exposed 2-homogeneous polynomials in the unit ball of P(zlf,) for 1 < p < .
We apply the results to show that no exposed 2-homogeneous polynomial on lf,
for 1 < p < 2 remains exposed in the unit ball of P(%l,) when regarded as a
2-homogeneous polynomial on [,,.

We write Bg for the closed unit ball of a real Banach space F, and the dual
space of E is denoted by E*. Recall that a unit vector z in E is an extreme point
of Bg if y,z € Bg with x = %(y—&— z) implies ¢ = y = z. A unit vector z in E
is an exposed point of Bg if there is a unit vector f € E* so that f(z) = 1 and
f(y) < 1 for every y € Bg \ {z}. It is easy to see that every exposed point of Bp
is an extreme point. We denote by expBg and extBpg the sets of exposed points
and extreme points of Bg, respectively. We recall that a function P : E — R is
a continuous 2-homogeneous polynomial if there exists a continuous bilinear form
B on the product E x E, such that P(z) = B(z,z) for every x € E. We denote
by P(2E) the Banach space of all continuous 2-homogeneous polynomials from E
into R endowed with the natural norm || P[| = sup ;=1 |P(z)|. For more details on
polynomials, see [4].
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2. Exposed 2-homogeneous polynomials on lg, 1<p<

For 1 < p < o0, we let l?, = R? with /,-norm. Note that in [3, theorem 1, remark
after theorem 1, and theorem 2] the following results were proved:

(i) expBp 22y = extBp(2iz)\{£(2? — y* + 22y)} and expBp 23y = extBp(23);

(i4) expo(zlgo) = exth(zlgo)\{i(%xQ — %y2 +axy)}.

Grecu [5, theorems 2.5 and 3.9] obtained a characterization of the extreme points
of the unit ball of P(*12) (1 < p < 2,2 < p < c0). Using his results, we characterize
the exposed points in the unit ball of P(zlg) for 1 <p < o0.

The following is the main result of this paper.

Theorem 1. (A) If 1 <p <2, then ewap(zl%) = exth(zl%).
(B) If 2 < p < o0, then expBp(2iz) = eSCth(zl]z))\{ﬂ:l‘Q, +y?}.

PROOF OF (A). Note that the following results, which we will use, were proved in
[5, proposition 3.8 and theorem 3.9].

() If P is a polynomial of unit norm in P(*[?), then there exist two extreme
polynomials of unit norm:

aP — bP

a? + b2

2(abP~t + baP~ 1)
a? 4+ b2

P1(x,y):i( (22 —y?) + aty) (a>b>0,a” +0bP=1)

and

uP — vP (22 +y?) & 2(uvP~t — puP~1)

u2 — 2 u2 — 2

Pg(sc,y):lz( xy) (u>v>0,uP+0P =1),

or
_ 2_2 2 2 2_1
Py(z,y) =+ (2P p(z”+y°) £277 (2 —p)fcy) ,

such that P lies on the line segment joining P; and Ps.

(xx) Let 1 < p < 2. A 2-homogeneous polynomial of unit norm P(z,y) =
ax? 4+ 2bxy + cy? is an extreme point of the unit ball of ’P(2lz2)) if and only if
a+c:Oora:cz22/p_2p.

Since dim P(*12) = 3, the unit ball of P(*2) is the closed convex hull of
extBp2iz), so || f[| = sup{|f(P)[ : P € extBp(2gz)} for every f € PCL)*.

(Case 1) + (g’;;gg (2% — 1) + 2(1773@) (@>b>0,a"+b° = 1) are

exposed points.

Let P(x,y) = %= (22 — y?) + 240" D) ) (0> 0,b> 0,a? + b7 = 1). Let
1
~3

a2+b2 a2+b2
f € P(I2)* be such that f(z?) = 5(a® — %), f(y*) = —5(a® — b?), f(zy) = *ab.

Then f(P) = 1. We claim that f exposes P.

P

Let Q(z,y) = Y57 (22 —y?) £ 2 20" Dy (w0 > 0, (u,v) # (a,b), u? +

u?+v2
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vP = 1). By [5, proposition 3.3], we have:

2(uvP~t + puP~1)

u? + v?

If(xQ)| =

ab= Q(a,+b) < 1
Let R(x,y) = 45—z _“p(x +y%) £ %x,’y (u>v>0,u 40P =1). By [5,
proposition 3.3], we have:

2(uvP~t —puP~1)
2

|f(£R)| = ab < R(a,+b) < 1.

u2 —v?

By [5, proposition 3.5], we have:
2_ 2_
f (i (2P pla® +y7) £2071(2 *p)fvy» |
= 25712 = p)ab < 27 2p(a® + b?) + 25 (2 — plab < 1.

Thus, we have shown that [|f[| =1 and if f(Q) =1 for some Q € extBp2z2), then
@ = P. By (x) and the above argument, it is easy to show that f exposes P.

(Case 2) + (ZZ Z;)(x +y?) £ %xy) (@>b>0,aP +b" =1) are
exposed points.

Let P(z,y) = ‘;2_52 (22 +9?) £ %xy. Let f € P(*2)* be such that
f(@?) = L(a® +b?), f(y?) = $(a® +b?), f(zy) = +ab. Then f(P) = 1. We claim
that f exposes P.

Let Q(z,y) = zJrv2(at: —y)i%xy (u>v>0,uP+oP =1). By
[5, proposition 3.3], we have:

2(uvP~ 4+ vuP~t)
u? + v?

|f(£Q)] = ab < Q(a,+b) < 1.

Since (a,b) # (27%,27%), by [5, proposition 3.3], we have: |f(i2%xy)| =2rab < 1.
p—1_, p—1
Let R(z,y) = Y=2 (22 +y2) £ 207 =" Dy (u> v > 0, (u,v) # (a,b), uP +

w2 —02 w2 —02

vP =1). By [5, proposition 3.3], we have:

2(uvP~1 —puP~1)
2

uP — P

FER) = S e +17) +

ab = R(a,+b) < 1.

u2 — v?

Since (a,b) # (2_%,2_%), by [5, proposition 3.5], we have:
|f (:I: (2%_2p(x2 +y%) + 2%_1(2 - p)xy)) | = 2%_2]9(a2 +b?) +2%_1(2 —p)ab < 1.

Thus, we have shown that || f|| =1 and if f(Q) =1 for some Q € extBp(22), then
@ = P. By (x) and the above argument, it is easy to show that f exposes P.

(Case 3) i(2%72p(m2 +y?) £ 2%71(2 — p)zy) are exposed points.
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We claim that:

(a =) ((a+b) 2" F (@t +0r1))

= inf{Q(Z_Tp) (ap _pp— ( )abl’ 14 ( )bap 1)

ca>b>0,aP4+b" =1} > 0.

It is not difficult to show that:

(@) ((a+0) -2 @ 1)) > 0.0 (2 e (G2 Yt s,

2—p 2—p

foralla >b>0,a? +0 =1.
Put

(a=b) ((a+b) =2 F (@t 40r71))

9(a,b) == 2(2;%) (ap - — (5% )abp '+ (5 )bap 1)

forall a > b > 0,a” + b” = 1. Then g(a,b) > 0 for all a > b > 0,a? + b? = 1.
It is easy to show that:

2(1—?*ﬁp—mwkﬁ
lim gla,b) = lim 5 = o0.

_1 1 _1 _
a—2 P b—2 P a—2 Pb—2 P

Since g(a,b) is continuous for each a > b > 0,a? + b” = 1, by the Extreme
Value Theorem, there exists (a/, b/) € 112, with @ > b >0, a’ vt = 1, such that
1=g(d',b)>0.

Let P(z,y) = 25 2p(a2 + y2) £ 25 1(2 — p)zy. Choose a § > 0, such that § <

min{l,?f%}. Let f € P(*12)* be such that f(z?) = f(y*) = 21*,J“(ch)

:|:(27% —9). Then f(P) = 1. We claim that f exposes P.

Let R(z,y) = ZZ;% (22 —y?) %x@; (a>b>0,aP+b" =1). Then
we have:

2(abP~! + baP~1)

S (27 ) <R <|R|=1

[f(£R) =

Let Q(z,y) = az_gs(x +y):t%xy (a>b>0,a#b,aP+bP =1).
Then it is easy to show that |f(£@Q)| < 1. Thus, we have shown that || f|| = 1 and
if £(Q) =1 for some Q € extBp(22), then @ = P. By (x) and the above argument,
it is easy to show that f exposes P. M

Proor or (B). Note that the following results, which we will use, were proved in
[5, proposition 2.4 and theorem 2.5]:
(s % %) If P is a polynomial of unit norm in P(*12), then there exist two extreme
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polynomials of unit norm:

a? — b,

2ab(aP=2 + bP~2)
——5 @ =)+
a? + b2

a? + b2

P1(J;,y)=:|:( a:y) (a>b>0,a? +0 =1)

and
Py(w,y) = ca® +dy* (ed > 0,[c|72 + |d|72 = 1),

such that P lies on the line segment joining P; and Ps.

(x % *x) Let p > 2. A 2-homogeneous polynomial of unit norm P(z,y) = az? +
2bxy + cy® is an extreme point of the unit ball of P(*12) if and only if a + ¢ =0 or
b =0 and ac > 0 with |a|?/®=2) 4 |¢[p/P=2) =1,

Note that || f[| = sup{|f(P)| : P € extBpgz)} for every f € PE2)*.

(Case 1) + (%(ﬁ -y + ny) (a>b>0,a” +b° =1) are

exposed points.

Let P(x,y) = %oz (22 — y?) + %xy Let f € P(*I2)* be such that

f(@?) = 3(a® = b?), f(y*) = —5(a® — b?), f(zy) = +ab. Then f(P) = 1. We claim
that f exposes P.
P_yP wo(uP = 24P 2
Let Q(z,y) = %2 (2? — y?) & Zuo(ul AT )y (u>v>0,u”+oP =1). By

g u2+'u2 u2+v2
[5, proposition 2.2], we have:

2uv(uP~? + vP~2)
u? + v2

| f(£Q)] ab = Q(a, +b) < 1.

u? + v?

For reals ¢,d with c¢d > 0, |c|7°2 + |d|7°2 = 1, we have:

1 1
[Fea® + dy?)] = 5le = dl(a® = b%) < 5 max{|cl,|d]}a* <

N —

Thus, we have shown that ||| =1, and if f(Q) =1 for some Q € extBp2z), then
@ = P. By (* * x) and the above argument, it is easy to show that f exposes P.

(Case 2) ca? + dy? (cd > 0, |c|7°% + |d|7°2 = 1) are exposed points.

Let P(z,y) = cx? + dy? (cd >0,|c|7°2 4 |d|72 = 1) . Without loss of gen-
erality, we assume 0 < ¢ < 1 and 0 < d < 1. Let f € 77(213)* be such that
f(2?) = cﬁ,f(yz) = dﬁ,f(xy) = 0. Then f(P) = 1. We claim that f exposes
P

Let Q(z,y) = ZZ;Z; (22 —y?) £ %ch (a>b>0,a? +0° =1).

Indeed, for reals a,b with 0 < a,0 < b,aP + b? = 1. We have:

(aP — bp)|c% — dﬁ| aP max{c%,d%}

|f(£Q)] = a2 + b2 aP + b

<1
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For reals a,b with ab > 0, |a 4 |b|ﬁ = 1, by the Hélder inequality, we have:

|F(az® +by?)| = ac7™® +bd7™2 | < (|a|7 + p|772) "7 (772 +d77)F =1 (1)

Thus we have shown that ||f|| = 1. We will show that if f(az? + by?) = 1 for
some reals a,b with ab > 0, |a|ﬁ + |b\v%2 = 1, then az? + by?> = P(z,y). Since
p% >1,5>1,(a,b) € Slzp%,(cﬁ,dﬁ%) € 512%, by the equality condition in the
Hélder inequality (%), we have a7~ = tc7-2 and b72 = td7-2 for some t > 0.
Thus t = 1, so a = ¢,b = d. Thus, we have shown that if f(Q) = 1 for some
Qe ezth(zlg), then @ = P. By (**x*) and the above argument, it is easy to show
that f exposes P.

(Case 3) +22, £32 are not exposed points.

Let P(x,y) = 2% Let f € P(*I2)* be such that f(z*) =1 = [|f||. Put b = f(y?).
We claim that b = 0. Clearly |b] < 1. Since f(22 —9?) <1,0<b<1.Ifb=1, then
P is not an exposed point. Assume that 0 < b < 1. Let Q(z,y) = (1 — bg)%

p2 22 +
b"2" 2. Then it is easy to show that |Ql = 1. Since 0 < 1-b% < 1and 0 < ijz <1,
we have:

1> f(Q)=(1—b8)"% +b5 >1-b5 +08 =1,
which is a contradiction. Thus b = 0, so f(z* — 4?) = 1. Therefore P is not an
exposed point. Similarly —z2, 432 are not exposed points. M

Remark. It is clear that if P is an extreme point of the unit ball of 77(2112)) for
1 < p < 2; then Py (z) = P(x1e1 +T263)+23 are polynomials of norm one on [, and
P is the midpoint of P, and P_, which shows that P does not remain extreme when
extended by zero to the whole of {,. Thus, no exposed 2-homogeneous polynomial
on lf) for 1 < p < 2 remains exposed in the unit ball of P(?l,) when regarded as a
2-homogeneous polynomial on [,,.
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