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ABSTRACT

The Weyl calculus for a pair A = (A;, A3) of self-adjoint (n x n)-matrices, due to
H. Weyl, associates a matrix Wa (f) to each smooth function f defined on R? in
a linear but typically not multiplicative way. Letting ca (A\) := det((A; — M\ 1)% +
(Ay — X\oI)?) for A € R? denote the joint characteristic polynomial of the pair A,
it is known, for n < 3, that A1 As = Ay A; if and only if Wa(ca) = 0. It is an
open question whether this is still true for n > 4. Our aim here is to pursue two
new approaches: the role of the canonical order structure for self-adjoint matrices;
and topological invariants arising from continuity properties of the non-linear map

(A, f) — Wal(/).

1. Introduction

For a pair A = (A1, As) of self-adjoint operators in a Hilbert space, the Weyl
functional calculus Wa : f — Wa(f) for A is a means of constructing bounded
operators Wa (f) for suitable smooth functions f defined on R?. It was introduced
by H. Weyl [22] in his treatment of quantum mechanics and is based on Fourier
theory, namely

Walf) = & [ et et fg) dg (1.1)
R2

see also [1; 2; 4; 8; 14; 20]. In recent years new techniques arising from matrix-
valued Fourier p-multiplier theory, Clifford analysis and joint spectral theory have
proved valuable in making available a finer analysis of the Weyl calculus, especially
in finite dimensions, see [3; 5; 6; 7; 8; 9; 10; 11; 12; 13; 16; 17; 18; 19]. Certain
analytic and geometric properties associated with the Weyl calculus Wa, and its
support, often force A; and As to commute. For a summary of such properties we
refer to [3, theorem 1] and [19, theorems 1 and 2], for example.
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In [3] a more algebraic condition was introduced. Define the joint characteristic
polynomial of a pair A = (A1, As) of self-adjoint (n x n)-matrices 4; and As by

ca(N) == det[(A; — M I)* + (Ay — Mo1)?], A= (A1, \) € R2. (1.2)

If A; and A2 commute, then Wa (ca) = 0, [3, proposition 1]. This extends the situ-
ation for a single self-adjoint matrix A, in which case an analogously defined Weyl
calculus coincides with the usual Borel functional calculus as given by the spec-
tral theorem (see [1, lemma 3.1] and properties (2a)—(2f) below). By the Cayley—
Hamilton theorem, c4(A) = 0 where ca(\) = det(A — A)?, and consequently
Wa(ca) = ca(A) = 0. The converse statement was established for n =2 and n = 3
in [3, theorem 2]. The computational approach used in [3] (for n = 3, Maple was
essential) is not feasible for n > 4; therefore other ideas will be needed to prove, or
disprove, the following:

Conjecture. Let n € N. Then Wa(ca) =0 if and only if A1As = AsA;.

The purpose of this note is to pursue two approaches that seem not to have been
considered to date. Consider the real linear space MS* of all self-adjoint (n x n)-
matrices over C with its canonical partial order. Note that ca always has real
coefficients and satisfies ca > 0 pointwise on R?, see [3, proposition 2], and that
W has the property that Wa (f) € M:® whenever f is real-valued (see (2f) below).
So, what order properties can be expected of Wa (ca)? This aspect, useful in [18] for
extending certain commutativity results due to M. Uchiyama related to the Weyl
calculus, [21], is considered in Section 3 in relation to the above Conjecture; some
interesting inequalities for ca will be established there. The second approach is to
treat A as a variable in [M3%]? := M2% x MS® and hence, to consider topological
aspects of the non-linear map W : (A, f) — Wa(f). Indeed, since ca € Pq, (the
real linear space of all 2-variable polynomials of degree at most 2n), we may view
W as a map from [M3%)? x Py, into M3%. The idea is to find a topological invariant
(if it exists!) that distinguishes the sets

Cni={A €M : A1 Ay = Ay A1} (1.3)

and
Z, = {A € [M:*)?: Wa(ca) = 0}, (1.4)

for n > 4. As remarked above, we always have C,, C Z,,.

2. Preliminaries

Throughout this paper, n > 1 is an arbitrary integer; M,, denotes the (n X n)-
matrices over C equipped with some matrix norm || - || (arbitrary, but fixed); and
A = (Ay, Ay) € [MS9]2. The M,,-valued distribution f +— Wa(f), which is defined
via (1.1) on the Schwartz space S(R?), has compact support [1, lemma 2.3] and is
of finite order [1, lemma 3.8]. Accordingly, it has a unique extension to C'°°(R?),
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again denoted by Wa . Moreover, W has the following fundamental properties; see
[1], for example.
If U € M, is unitary and UAU~! denotes the pair (UA; U1, UAU 1), then

UWA(NU™" =Wuau-(f),  f€CT(R). (2a)
If p: R? — C is a polynomial of \; alone, j € {1,2}, then
Wa(p) = p(4;). (2b)

If M : R? — R? is an affine transformation given by (MX); == d;+ 3 a_, mjx ),
for j € {1,2}, and p is any 2-variable polynomial, then

Whra(p) = Wa(Mp), (2¢)

where (MA); = d;I + Zi:l mjr Ay for j € {1,2}, and Mp denotes the function
A= p(MA) for A = (A1, he) € R,
If p(A) = (a1 A1 + az)2)™ for some m € N and a1, a2 € R, then

WA(p) = (a1A1 + GQAQ)"L. (2d)
If p(A) = A¥1A52 and k = k; + ko, then

Wal(p) = b

Vko!
k! Z AryAr(2) - Ar(i) (2¢)

where the sum is taken over all maps 7 : {1,2,...,k} — {1,2} that assume the
value j € {1,2} precisely k; times.

Wa(f) € M:* whenever f € C™(R?) is R-valued. (2f)

The following useful properties, needed later, follow directly from properties
(2a)—(2f).

Lemma 2.1. Let n € N and let A € [M3:%]%.
(i) For each o € R\ {0} we have, with aA = (aAy,aAs), that

can(N) = a®ca (a_l)\l,a_l)\g) (Ne ]R?)7

and hence,
WaA (CQA) = OzQ"WA (CA) .

(i) Let A denote (A1, —As) or (—Ay, As). Then
W g (c,g) = Wal(ca) (o € R).
(iii) For € € R? and with A + & := (A; +e11, Ay +e2l), we have

Waye (care) = Walca).
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(iv) For each unitary U € M,, we have cyay-1 = ca and
Wyav-1 (cuav-1) = UWa(ca)U ™"

3. Order Properties and Examples

We begin with some useful inequalities regarding the joint characteristic polynomial.
Given A € [M3%)?, define the polynomials

g N det (45 — N 1)?),  AER?,

for j = 1,2. By the arithmetic-geometric mean inequality we have

1/2
1 2 11 2
ay +af > 2 (dh) )
pointwise on R2. A connection to ca is via the following result:

Proposition 3.1. Let A € [M:%]?. Pointwise on R? we have

1/2
ca > 2" (qi] -qgl) >0 (3.1)
and
CcA > qi] + qf] > 0. (3.2)

Proor. For aj,as > 0 with a; + as = 1 and positive definite matrices By, Bs €
M:e, it is known that

det (OélBl + O[QBQ) > [det(Bl)]al [det(Bg)]OQ,

[15, theorem 33.3.1]. For points A € R? with \; ¢ o(A;) for j = 1,2 (the spectrum
of A;), set B; = (A; — A\;I)? to conclude that

1/2
ca(N) =2"det (3 By + 3 Ba) = 2" (VT (V) (3.3)

Since o(A;) x o(A3) C R? is finite, we conclude by continuity that (3.3) holds for
all A € R2.
For positive definite matrices By, By € M it is also known that

det(By + Bs) > det(By) + det(B>),
[15, p. 150]. For A € R? with \; ¢ o(A;) apply this to the particular matrices

Bi, By given in the previous paragraph to deduce, in a similar fashion, that (3.2)
holds. M
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By the Cayley—Hamilton theorem for single matrices, property (2b) and linearity
of f — Wa(f), we can conclude that:

Wa (qﬂi] + qi]) =Wa (QR]) + Wa (qf]) =0.

In view of (3.2) or the fact that ca > 0, it is then natural to ask whether Wa (ca) >
0 always holds? A related question is whether the map A — Wa(ca) is monotone
(where A > 0 means that A; > 0 for j = 1,2)? For n < 2 it is known that always
Wa(ca) > 0, [3, section 3].

Ezample 3.2. Consider the non-commuting matrices
1 0 O 0 0 1
Ai=101 0],4=101 0],
0 0 -1 1 0 0

which satisfy the following identities:

A2=AZ=1,
0 01 00 -1
A1A2 = 0 1 0 and A2A1 = 0 1 0 s
-1 0 0 1 0 O
-1 0 0 0 0 -1
A2A1A2 = 0 1 0 and A1A2A1 = 0 1 0 5
0 01 -1 0 0
-1 0 O
A1AA1 Ay = Ay A1 AA = 0 1 0
0 0 -1

Direct calculation gives
caN) = A8+ A5 — 200 20T — 203 4+ 8A3 + 402 —4X2 — 8\ + 8
+3AIAZ F3AINE —2X302 — 120305 — 61 A3 + 4A2)2
+8AI Ny + AN A2 — 240 \s.

Using the properties of the Weyl calculus listed in Section 2 and the above identities
for A = (A1, As), we find that

, (26 0 80
Walea)=— [0 —105 0 |,
15\80 0 162

which is not positive definite.
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The pair A is non-positive; however, for a suitable € € R?, the pair D := A + ¢
is positive definite. According to Lemma 2.1(iii) we see that

WD(CD) = WA(CA) ;7_4 0.

This shows that the map A +— Wa(ca) is not monotone.

It may be interesting to note that there also exist non-commuting (3 x 3)-pairs A
for which Wa (ca) is positive semi-definite. Indeed, let S; = (? 5) and Sy = ( o 5)
be the classical spin matrices. For any (1 x 1)-pair of matrices (u,v), with u,v € R,
consider the direct sum matrices A3 = S; @ (u) and As = S5 @ (v). By Lemma 3.3
below we have ca () = cs(A)c(u,v) (A), that is,

ca(N) = AT+ A3+ 20303 +4) - ((u— )%+ (v —X2)?) .
According to (3.5) below we have:
Wal(ca) = Ws(ca) ® Wiy (ca)

and, since the (1 x 1)-pair (u,v) commutes, that W, .)(ca) = (ca(u,v)) = (0).
Expanding the above product for ca()\) and using the identities S = S5 = I and
5152 = —5251, we get

Ws(ca) = %5 ((168 + 100(u? + v*))I — 168uS; — 168vSs) .

From this and Wa (ca) = Ws(ca) @ (0) it can be checked that Wa (ca) is positive
semi-definite.

Example 3.2 suggests (unfortunately) that the order in [M3%])? is not a useful prop-
erty for our problem. Yet, Example 3.4 below gives some positive evidence for the
Conjecture. First, we require a simple fact, already used in Example 3.2.

Lemma 3.3. Let n = k + m for some k,m € N, and let E = (Ey,E3) and
F = (Fy, F») be elements of [Mi%)* and [M3%]?, respectively. Define Ay := By & Fy
and Ag := Ey ® Fy and set A = (Ay, Ag) € [M3%)%. Then,

ca(A) = ce(A)er(N), A€ R? (3.4)
and

Wal(ca) = WE(CECF) ) WF(CECF). (3.5)

PrOOF. Formula (3.4) follows from the fact that the determinant of a direct sum
of two matrices is the product of the determinants of the component matrices. The
identity (3.5) follows from (3.4) and the formula Wa (f) = Wg(f) ® Wr(f), which
is evident from (1.1); see the proof of [6, lemma 1(ii)(a)], for example. H
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Example 3.4. Let S; and S be the spin matrices as given in Example 3.2. Set
E = F = (51,5;) and define the non-commuting pair A = E® F € [M;]?.
By Lemma 3.3 we have Wa(ca) = Wg(cg) & Wg(cg). Direct calculation gives
ce(A) = A + A3 + 220722 + 4 and hence,

ca(N) = &) = A5+ X8+ 40802 + 40205 + 6ATAS + 8AT +8)3 + 16A2\2 + 16.
To find Wg (0123) involves computing, in particular, Wg(A{)\3); via (2e) this alone
involves 70 terms! Persevering, it turns out that Wg (c%:) = 40%[ and, hence,
that Wa (ca) =405 (I @ I) # 0, as expected.

4. Continuity of Various Maps

For each k£ € N, the norm of a polynomial from Py, the real linear space of all
2-variable polynomials of degree at most k, is taken to be the sum of the moduli of
its coefficients. For A € [M3%)? we define || Al| = ||A1|| + ||Az2]|, where || - || is the
given matrix norm in M,,. The zero and the identity matrix in M,, are denoted by
0, and I,,, respectively.

Lemma 4.1. For each n € N, the non-linear map ¥, : [MS%]?> — Py, defined by
W, : A+ ca is continuous.

PROOF. Let M;%[)\] denote the real vector space of all 2-variable polynomials, with
coefficients from M3, that have the form

P(A1,A2) = So.0 + S1.0M1 + S2.0M] + So1 A2 + So.2A3

with S € M;*, and equipped with the norm

lp) =" 118l
7.k

Define G : [M3*> — M3%[\] by A — Y5_ (A; — \;1)% For A,B € [M3%)? we
have:

2
G(A) —G(B) = (2(4; — B))\; + (4; — B))A; + B;(4; - By)),

]

<

from which it follows that:

2
|G(a) —a®)| < D@14 - Byl + (14,1 + 1B311) - 14; - By))
j=1
< @+ [Af-+ MBI - Il A =B
Accordingly, G is continuous. Define D : My%[A] — Pa, by

D(p): A det(p(V)),  p(A) € MBI
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The norm of the polynomial D(p) € P, is the sum of the moduli of its coefficients.
By definition of the determinant, each coefficient of D(p) arises as a finite sum
of products of the entries of the coefficient matrices of p(\). Since the entries of
a matrix depend continuously on the matrix, it follows that the moduli of the
coefficients of D(p) depend continuously on the coefficient matrices of p(A). So, D
is continuous. Since ¥,, = D o GG, we conclude that ¥,, is continuous. H

Lemma 4.2. Let k,n € N and p € Py, be fived. The non-linear map ®, : [M2%]? —
M:® defined by @, : A — Wa(p) is continuous.

PROOF. Suppose that
P =D kA AR, A e R?,
k1, k2
where the sum is over all integers k1, ko > 0 with k1 + ko < k. For each A € [M;(;’“]Q7

linearity of f +— Wa(f) yields

Op(A) =Walp) = Y an s Wa(A1A52).
k1,k2

According to (2e), in the formula for each term WA()\’fl)\gz) only finitely many
matrix operations are performed. It follows that ®, is continuous. See also [I,
theorem 2.9(c)]. W

Lemma 4.3. Fiz k,n € N and A € [M292. The map Wal¥! : P, — M3* defined
by p— Wa(p) is linear and, hence, continuous. In particular,

Wa™ | = sup{|[Wa ()| : p € By, [Ip]| <1} < oo
Our final preparatory result is the following:

Lemma 4.4. Fiz k,n € N. The non-linear map (A,p) — Wa(p) is continuous
from [M3%)? x Py, into M2®.

PrOOF. Fix (A,p) € [M3%])? x Py. Since
Di(A):={Be€ M) ||A-BJ <1}
is compact in [M3)?, it follows from Lemma 4.2 that, for each q € Py, the set

®,(D1(A)) is compact in M7* and, hence, that sup{||Wg(¢)| : B € D1(A)} < 0.
Accordingly, {W}gC l'Be D;(A)} is a pointwise bounded subset of the Banach
space L(Py, M3%) consisting of all linear maps from Py, into M:®. That is, for each
q € Py, we have sup{||W][3k](q)H : B € Di(A)} < oco. By the uniform boundedness
principle,

VA = sup{||W][3k]|| :B e Di(A)} < oo.
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Let ¢ > 0. For each (B,q) € [M;3"]*> x Py we have, by linearity of W]g“] and
Lemma 4.3,

IWa(p) — Wa(@)] < [[Wa(p) — Wa®)| + [Wa(p) - Wa(9)|
< [Wa(p) — Wa®)| + WSl - Ip — -

By Lemma 4.2 there is 01 € (0, 1), such that ||[Wa(p) — Wa(p)|| < § whenever B

satisfies ||| A — B||| < 01. Then, for all g € P, satisfying ||p — ¢|| < d2 := 5= and all

2vA

B satisfying || A — B|| < é1, we have |[Wa(p) — Wn(q)|| < &, thus proving the
claim. W

Proposition 4.5. For each n € N, the non-linear map A — Wa (ca) is continuous
from [M3%)? into M2®.

PROOF. Fix A € [M:%)? and let {A,,}5°_; C [M:%)? be a sequence such that

A,, = A asm — oo. Then ca,, — ca in Py, by Lemma 4.1. Therefore, Lemma 4.4
implies that Wa_ (ca,,) = Wa(ca) in M3* asm —oco. N

5. Comparison of C,, and Z,

Throughout this section, n € N is fixed and the subsets C,, and Z, of [M3%]? are
given by (1.3) and (1.4), respectively. As noted in the Introduction above, the inclu-
sion C,, C Z,, always holds. The following invariance properties are straightforward
for C,, and follow from Lemma 2.1 for Z,.

(5a) If A € C,, (resp., Z,), then aA € C, (resp., Z,) for all « € R.

(5b) If A € C, (resp., Z,), then aA € C, (resp., Z,) for all & € R, where A
denotes (A, —Ag) or (—A1, As).

(5¢) If A € C, (resp., Z,), then A +¢ € C, (resp., Z,) for all € = (g1,e2) € R%

(5d) Both C,, and Z,, are unitarily invariant in the sense of Lemma 2.1(iv).

Is there a topological criterion that distinguishes C,, and Z,7
Proposition 5.1. Both C, and Z, are closed subsets of [M3]2.

PrOOF. The fact that C, is closed follows easily from joint continuity of matrix
multiplication (S,T) — ST in M,,. The closedness of Z,, is immediate from Propo-
sition 4.5. N

Proposition 5.2. Both C,, and Z,, are arcwise connected (hence, connected) sub-
sets of [MS9)?.

PRrROOF. Let A € C,,. Then tA + (1 —1t)I € C, for every t € [0, 1]. So, every A € C,
is connected by a continuous path (within C,) to I. Hence, any pair of elements
from C, can be connected by a continuous path within C,.
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Let A € Z,. Then tA € Z, for every t € [0,1]; see (ba). With e = (1 —¢,1—1),
it follows from (5c) that

tA+e=tA+(1-t)Ie 2, te0,1].
Arguing as for C,, it follows that Z,, is also arcwise connected. H
Proposition 5.3. For each n > 2, the set C, is nowhere dense in [M3%)%.

PROOF. Let A € [M3%)%. Since [M3%)? is invariant under the map A — UAU !, for
each unitary U € M,,, we may assume that A; = diag(p;)7_, is a diagonal matrix
and that (8;x) is the matrix of A, relative to an orthonormal basis determined by
the eigenvectors of A;. According to [3, proposition 3] we have

A1Ay = A Ay if and only if B (p; —p) =0 for all j < k. (5.1)

Now, fix A € C,.

Case (i). Suppose that 3;, # 0 for at least one pair j < k. There is no loss of
generality in supposing that $12 # 0. Then (5.1) implies that u; = uo. For € > 0,
define A(®) = (Ags),AQ) € [M3%)?, where Ag‘g) = diag(py + &, 2, - - -, fin). Since
Bia (1 +€) — p2) = Prae # 0, it follows from (5.1) that AS) ¢ C,.

Case (ii). Suppose that 3;j; = 0 for all j < k (hence, also B;; = B = 0). Then
Ag = diag(fj;)}—,- Suppose that at least two of the (11;)7_; or two of the (5;;)}_,
are distinct, say 317 # B2z (without loss of generality). For € > 0, define A(®) =
(A(1€),A2) € [M2%)2, where A(f) = (% &) ® diag(us, ..., /). Direct calculation
shows that A©) ¢ C,,.

Case (iil). Suppose that pu; = p and §;; = 8 for all j € {1,2,...,n}, in which
case Ay = pl and Ay = BI. Define A®) = (Ags),Aée)) for ¢ € R\ {0}, where
Aﬁ‘” = (¥ ;) ®pulh—z and Aga) = (B+¢)I, ® BI,_1. Direct calculation shows that
A©) ¢,

In all three cases and for each j € {1,2}, we see that A; — A§-€) is either the zero
matrix, or a diagonal matrix with ¢ in precisely one position and zeroes elsewhere,
or a permutation matrix of (25) & 0,_». It is then clear that || A — A®|| — 0 as
¢ — 0. Accordingly, no open ball centred at A is contained in C,,. H

The proof of Proposition 5.3 is based on criterion (5.1), which characterises
elements of C,,. No such criterion is known for characterising Z,,. Even with the
various continuity properties available from Section 4, we have been unable to
decide whether or not Z,, is nowhere dense in [M3%]? (for n > 4). A positive answer
would provide evidence for the Conjecture; a negative answer would show that the
Conjecture is false.
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