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ABSTRACT

It has previously been shown that a surface current density J on a closed surface
¥ of class C* in R3 induces a static magnetic field B in R3\ 3, which has some
discontinuity along 3. In this note, we represent B; by use of jump theorem for
harmonic forms in the case where X is of class C*. We then apply this result to prove
the existence of a surface current density J, which induces the nonzero magnetic
field B, such that B; = 0 inside (or outside) of the domain bounded by ¥ in R3.
This has previously been called the equilibrium magnetic field for 3.

1. Introduction

A C§° vector field J in R?® with div J = 0 is called a volume current density
in R3. Then J induces the smooth static magnetic field B; in R3. Let D be a
domain in R? bounded by a finite number of C* smooth closed surfaces ¥ that
has positive orientation with respect to D, namely, 8D = . We put D™ = D and
D~ =R3\ (DUY). We denote by dx the volume element of R* at 2. We denote by
dS, and ng, respectively, the surface area element and the unit outer normal vector
of ¥ at z. In [8], a C'™ vector field J on ¥ is called surface current density on %,
if there exists a sequence of volume current densities J,,, n = 1,2, ... such that
lim J,dx = JdS,, weakly.

n—oo

Then J induces the magnetic field B in R3 \ X:

Bj(z) = rot <;/2Hy‘](_yl”dsy>, reR3\ X
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Thus By(z) = O(1/||z||) at x = co and By has the following discontinuity along
Y. If we put By(z) = BT (x), © € DF, respectively, then BT are O smoothly
extended to ¥ from D¥, respectively, and satisfy

B} (z)— By (z) =n, x J(z), z€X. (1.1)

In [4], the surface current density is defined on some symmetric surfaces and
discontinuity (1.1) is studied. In [8], we also showed that there exists a surface
current density J on ¥ that induces a nonzero magnetic field By such that:

B}EO in D™.

This is the generalisation of the magnetic field induced by the usual symmetric
solenoid. We call such J and By, respectively, the equilibrium surface current
density and the equilibrium magnetic field for . In [3], we showed a canonical
algorithm to reach such J from an arbitrarily given surface current density on X.

In this paper, we treat the case when ¥ and a surface current J on ¥ are of class
C“. We represent Bj by use of the jump theorem for harmonic forms. Using this
representation, we show the existence of the surface current density 7 on X, which
induces a nonzero magnetic field B; such that By = 0 in D%, as was remarked on
in [6]. Recently, S. Hamano [5] applied this method to get a remarkable extension
theorem for separately harmonic functions.

2. Jump theorem for harmonic forms

Let D, ¥ and DT be as in Section 1, such that ¥ is of class C* in R3. We consider
the signed distance function R(x) for 3 as follows: given z € R? close to %, we find
a unique point y = y(z) € ¥ and R(x) € R such that x — y = R(z)n,. Then, R(y)
is of class C* in a neighborhood U of ¥ in R?, with R(z) =0 iff z € ¥ and n, =
grad R(x) on X. We take a sufficiently small a > 0 such that:

Vi={zeU|—-a<R(x)<a} €U,

and put
D,:=DTUV and Dy:=D UV

By putting ¥* := {R(x) = +a} € DT, respectively, we have 0V = £+ — ¥~ and
0D, =XT, 0Dy = —X~. Then we have:

Proposition 2.1. Let h be a harmonic function in V. Then there uniquely exist
harmonic functions h;, i = 1,2 in D; such that:

(1) hg*hl =h ’LTLV,

(2) ha(w) = O(1/|all) atz= oo,

The proof is the same as Hérmander’s proof for holomorphic functions (see [2]).
Since we need the proof itself for this paper, we provide the brief proof here.
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PROOF. Let x1, x2 € C5°(R3) such that x1 + x2 = 1 in R? and Supp x1 € Ds
and Supp x2 € D, where Supp x; (¢ = 1,2) means the support of the function
xi in R®. We may assume x; h € C®(D;) by extending = 0 in DS. Similarly,
X2 h € C>(Dy). Since h is harmonic in V, by extending = 0 in R? \ V, we may
assume Ay;h € C§°(R?). Thus,

X1 h+x2h=h inV; Ax1 h+Axs h =0 in R3.

Putting

(L BB, ).
hi(x) = (47T/RS Ty — 2| dy + x1h( )>, € Dy,

1 Axah
ha(x) == —/ Mdy—i—xg h(z), =z € Ds.
Ar Jpa o ly — =]

We see from the Poisson equation for Newton potential that h; is a harmonic
function in D;, and satisfies (1) and (2) in the proposition. Uniqueness is clear from
the maximum principle for harmonic functions in R3. m

Under the same notations in Proposition 2.1 we have the following jump theorem
for harmonic forms:

Theorem 2.2. Let w = adzx+ fdy+vdz be a harmonic 1-form in V. Then there
uniquely exist harmonic 1-forms w;, i = 1,2 in D; such that

(1) wy—wi=w inV;
(2) wa(x) = O(1/|lz])) at z = oo.

PRrROOF. The uniqueness follows from the fact that a harmonic 1-form € in R3, such
that Q(x) = O(1/]|z||) at = oo, is 0. To prove its existence, we note that a, 3,y
are necessarily harmonic functions in V. It follows from Proposition 2.1 that we
find harmonic functions «;, 8;,7v; (i = 1,2) in D; such that:

(i) ag—ar=0a, Bo—Pi=0, 2—m=7 inV;
(i) az(x), Ba2(z), Y2(z) = O(1/||z|) at z = occ.
We put w; := o; dz + §; dy + v; dz in D; (i = 1,2). We shall show that this w; is a

harmonic 1-form in D; that satisfies (1) and (2) in the theorem.
In fact, it remains to prove that w; is harmonic in D;; that is,

rot (e, Bi,7) =0 in D; and div (e, Bi,v:) =0 in D;.

Since the other cases are similarly proved, we only prove the case of the first element
of rot (a1, f1,m):

O 0B

(x)=0 forze Dy, (2.1)
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where = (21, x2,x3) = (z,y, 2). By the representations of 7 and (1 in Proposition
2.1 we have:

s = (o [ G220y 31 50)) or o€ D

ly — ||
_ (1 [ (Aan®) . -
’Yl(l‘) - (47T /]R?’ ||y — UCH dy +X1 ’Y( )> fo € Dl'

We take 17 : 0 < 1 < a such that, if weput V;, ={z e R} | -n < R(z) <n} €V
and By = (V\V,)N D", Ey := (V\V,)ND~; then x; = 0 (hence, x2 = 1) on
E; and x2 = 0 (x1 = 1) on Es. Since Ax13 and Ax1y € C§°(R?), we have, for
x € Dl,

1 g BB e (M)
Rl(””)‘émuw Tl I v dy)
d(x10)

_9a)

+ 81'3 (l‘ 81'2

()

Since Supp Ax18, Supp Axi1y € V and x;5, xiv € C*°(V), we have:

1 1 00 B) 90y 00ab) .\ 90a)
R =iz [ A (o - ) v e - T e

Let 29 € FE5 and take a small ball B, = {||Jz — x¢|| < e} € E3 C V. We want to
show that Rq(xzg) = 0.
In fact, since x18 = 8 and x1y = v on Ej, it follows from dw = 0 in V that:

d(x15)

o (©0) — 2007 (4 = 20 ”
T3

o, ) = g, (@)~ 5

(SL‘()) =0.

Further, Green’s formula implies that

1 ox18)  9lx: v))
A - d
/v ly — 2ol ( Jys Oy Y

1 9 <3(X15) a(Xl’Y)) ds,

= lim —
ys3 0ya

=0 Js+_s-_sp. |y — z0ll Ony

: d(x10) 5()@7)) d < 1 )
lim - (=) as,
=0 Js+ _5-_aB, ( ys3 0y Iny \ |ly — zo| Y
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Since x16 = x17v =0 on Ey; x108 = and x17v = v in FEg; and g—i — [;% =0 in
V(D %) by dw = 0 in V, the right-hand side integrals reduce to

. op oy ) 0 ( 1 )
=0+ lim - — ) — | ——— | dS
e=0 Jop, (393 dy2 ) Ony \ |ly — 0| Y

——tr (3 0) -~ 5 (aw)

so that Rq(zo) = 0 and, hence, R1(x) =0 in E,. Since F5 is an open subset of D,
and since 1 and (3; are harmonic in Dy, we have formula (2.1). ®

3. Representation of B; by jump theorem

For a vector field A = (a,b,c) in a domain or a surface K in R?® and the euclidean
coordinates X = (x,y, z), we use the following notations:

dX = (dz,dy,dz), =*dX = (dy Adz,dz Adx,dx ANdy), *(xdX)=dX,
and

A-dX = adx + bdy + cdz;
A-xdX = ady Ndz + bdz N\ dx + cdx A dy,

where A - dX and A - *dX are 1-form and 2-form in K, respectively.
We showed in [3] and [8], given a C*° vector-valued function £ = (fi, f2, f3) on
Y, f is a surface current density on ¥ if and only if:

1. f is a tangential vector on ¥;
2. of:=(ny xf)-dX is closed as a 1-form on the surface X.

Lemma 3.1 (Extension Lemma). Let ¢ = A-dX be a C¥ closed 1-form on X
such that A is a tangent vector on X.. Then there exists a unique harmonic 1-form
G = A-dX in a tubular neighborhood V of ¥ in R3, such that A= A on X.

PRrOOF. Let p € ¥ and let S, be a simply connected surface in > centered at p. If
we consider

fo(z) :/ o, TESp,

then f, is a C function on S, since ¢ is C closed on X. By Cauchy-Kowalevsky’s
theorem we have a unique harmonic function F), in a neighborhood U, of S, in R3
such that:

OF,
ong

F,=f, onS, and =0 onS,.

Hence, 7, := (grad F,)-dX =: A\p-dX is a harmonic 1-form in Uy, such that A = A\p
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on Sy,. Let p, ¢ € ¥ such that S, NSy # 0. Then, f, — f, is a constant on each
connected component of S, N S,. By Cauchy—Kowalevsky’s uniqueness theorem,

F, — F}, is a constant in each connected component of U, NU,, so that A, = A, in
U, NU,. We thus find a tubular neighborhood V of ¥ in R3 and a harmonic 1-form
6 =A-dX in V such that & = op in VNU, for any p € ¥. This 7 satisfies the
lemma’s condition. Uniqueness comes from Cauchy—Kowalevsky’s theorem. H

Let J = (f1, fo, f3) be a C¥ surface current density on ¥, and let By be the
magnetic field in R3 \ ¥ induced by JdS,. We put B; = B}—L on D*. As noted in
(1.1), Bljf in D* is C! smoothly extended to ¥ from D¥, respectively, and they
have the discontinuity along ¥ such that B} — B} = n, x J(z) for z € X. If we
simply put (g1,92,93) := ng X J(x) for x € ¥, then we see by condition 2 that

oy :=gidr + gody + gsdz on X

is a C¥ closed 1-form on . We thus find, by Lemma 3.1, a tubular neighborhood
V of ¥ in R? and a harmnoic 1-form

07 =q1dx + gody +gsdz in V,

such that g; = ¢;,7 = 1,2,3 on X. By Theorem 2.2 we uniquely find harmonic
1-forms GF on D* UV such that:

(i) Gt -G =355 inV;

(i) G (z)=0(1/|z||) atx= occ. 3.1)

If we put G* = G* - dX in DT UV, then the magnetic field B?,E is represented by
this vector field G* as follows:

Theorem 3.2. Bf =G* in DYUV, respectively.

ProOOF. If we put B*(x) := Bf -dX in D¥*, then the theorem is identical to
B* = G* as a 1-form in D*. We have proved in [3], as a generalisation of the
Maxwell equation in static electro-magnetism, that B is a harmonic field in R\ X,
i.e., BT is a harmonic 1-form in D*. We put

7= Tydx + Tody + T3dz := B —G¢* in Di7 respectively,

which is a harmonic 1-form in D* U D~ = R3\ ¥, such that 7(z) = O(1/||z||) at
x = oo. It suffices for the theorem to prove that

7=0 inR¥\X. (3.2)

In fact, since B} — B} = (g1,92,93) = (41,92, 93) = GT — G~ on 3, it follows
that 7 becomes a continuous 1-form in all R?, such that 7 is harmonic in R? \ X.
We shall show that 7 is a continuous closed 1-form in R3.

In fact, let v be any closed curve in R? and let § be a surface (2-chain) in R3
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such that 96 = v. We put v+ = yN D* and | = §N Y, so that 96T = T + [ and
06~ =+~ — 1. We thus have:

/7':/ 7'—|—/ Tz// dT—|—/ dr =0,
5 a6+ 8- 5+ 5

where the first equality comes from the continuity of 7 in R?; the second is from
Stokes’s formula and the third is from the harmonicity of 7 in D*. Thus, 7 is closed
in R3.

We consider

x
h(z) = / T, r € R3,
0

which is a C! (single-valued) function in R?® such that dh = 7 in R3. Since 7 is
harmonic in R®\ ¥, it turns out that h € C*(R3) and h is harmonic in R3 \ X. We
want to prove that h is harmonic in all R3.

In fact, let 6 = 6,.(a) := {||z — a|| < 7} be any ball in R3, and put 6% = § N D*
and 96F = [(88) N DF)] & [0 N X], respectively. Then,

@dSw: ﬁdsx_,_ ﬁdsx
95 Onz g+ Ong 85— Ong
= / Ahdx + / A hdx
5+ 5
= ()7

where the first equality comes from h € C1(R3); the second is from Green’s formula;
and the third is from the harmonicity of A in D*. Then, by the standard method,
we see that h satisfies the mean value theorem, so that A is a harmonic function in
R? and hence 7 = dh is a harmonic 1-form in R3. Since 7(x) = O(1/||z|)) at z = oo,
it follows from the maximum principle for harmonic functions that 7 = 0 in R?,
which proves (3.2). ®

4. Equilibrium magnetic fields in D~

Let J be a volume current density in R3. Let « be a closed curve in R?. We take
a 2-chain ¢ in R® such that 9§ = ~ and consider J[y] := [5J - ngy dSy, which is
independent of the choice of §. We call J[v] the fluz of J for . Let J be a surface
current density on X, and let J,, n = 1,2,... be volume current densities in R?,
such that lim,, .., J,dV, = JdS, weakly. For a closed curve v in R3\ ¥, we define

J[v] = lim Jy[v],

n—oo

which is called the fluz of J for 7. In [8] we showed
J[’y]:/BJ-dX. (4.1)
¥

We put G = DT or D~. Let {~,};=1,...4 be a 1-dimensional homology base in G.
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Then we shall show the following existence theorem of equilibrium magnetic fields
for 3 by use of Theorem 3.2.

Theorem 4.1. Fized v; (i = 1,...,q), there exists a unique equilibrium surface
current density J; on % such that:

(1) B7, =0 in Rg\é;
2) Jilvil =465, =1,....q

This result in the case where G = D7 is proved in [8], and T.Harada remarked
on it in relation to the case where G = D~ in [6]. We showed in [3] a canonical
algorithm to reach J; from an arbitrarily given surface current density J on X with
J[v;] = di;. Here, we give the proof in the case where G = D~.

To give the proof, we recall one of Weyl’s theorems. We set, for i = 1, 2,

= {du € L}(G) : u is a harmonic function in G};

={w € Hy(G)NC3(G) : w = 0 along X}.
Hilbert space I'?(G) is equipped with the usual inner product: (w, o) = fG wAxo for
w,o € T?(G); C1]S] means the closure of S in I'?(G); and, for w = A-xdX € C3(V)
where V' O %, ‘w = 0 along ¥’ means that A is tangential on %. Then Weyl’s
orthogonal decomposition theorem holds:

CF(G) = the set of all i-forms of class C* in G;
I'?(G) = the Hilbert space of square integrable i-forms in G;
Zi(G) = {w € T?(G) : w is closed in G};
Bi(G) = Cl{do € T}G) : 0 € C°,(G)};
H;(G) = {w € T(G) : w is harmonic in G};
Bio(G) = Cl{doy € T%(G) : 0p € C°,(G) with Suppog € G};
(@)
(@)
(

I3(G) = Z1(G) + *B(G);  Z1(G) = Bi(G) + #Ha(G). (4.2)

We note that
Hle(G) 1 *Hgo(G) in F%(G)

Let ¢ € ¥ and let V be a small ball centered at ¢ in R3. Let h(z) be a harmonic
function in Vg := VNG and of class C! on Vo U (XN 3Vp). Then, it is known that if
h=0or -2 =0onXNaVp, then h is harmonically exended to a neighborhood U

Ong
of ¥ N dVy in V. Therefore, it holds that Hso(G) = Hao(G), i.e., for w € Hao(G),
there exists a domain F with £ D> GUY in R? such that w € Hy(E) and w = 0
along 3.
We put Z7°(G) = Z1(G)NC(G). Let v be a simple closed curve in G. Following
[7], we consider the linear functional

wEZfo(G)H/wGR.
8!
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Then there exists M > 0 such that | fv w| < Mjw||p for any w € Z{°(G). It follows
from Riesz’s theorem that there uniquely exists *€2, € Z;(G) such that:

(w,*Q)¢ = /w for any w € Z7°(G).
2!

We call €, the reproducing form for v in G (cf: [1]). By use of Weyl’s decomposition
theorem we have Q, € Hao(G). As mentioned above, there exists a domain E with
E > GUY in R3, such that Q, is harmonic in E and ., = 0 along ¥. In the case
where G = D™, we have 0, (z) = O(1/||z|)) at x = oo, since 2., € T3(D™).

PROOF. We now provide the proof of Theorem 4.1 in the case where G = D~. To
prove the uniqueness, let J1) and J®) be surface current densities on ¥ such that,
for k=1,2,

(1) By =0 in DT, (2) JO,] =65, 5=1,...,¢q.

We simply put Bki = B(j;(,c) on D*, and consider o}, = B, -dX in D™, so that
B,j = 0in D7 and o}, is harmonic in D~ and of class C' on D~ = D~ UX. By the
discontinuity property of By and (1) for By, we have

By =B — By =n, xJ® onx.

Since n, x J*) is tangential on ¥, it follows that oy, is a harmonic 2-form on D,
which has a C! extension on ¥ such that *o; = 0 along 3, namely *o), € Hag(D 7).
If we put 7 := 01 — 02 on D, then we see from (4.1) under (2) for J*) that
7 is an exact 1-form in D~. Hence, 7 € Hi.(D~) N *Ha(D~) = {0}, so that
ng x (JA = J@) =0 on X. Since J*) itself is tangential on X, we have J1) = J(2)
on 3.

We divide the proof of the existence of 7; into two steps:

Step 1: Fized i (i = 1,...,q), there exists a unique harmonic 2-form Q =
A- *dX in a domain E with E D D~ in R3, such that

(i) =0 along X; (i) / *N=10;;,j=1,...,q
-

In fact, for £ = 1,...,q, we have the reproducing form *{; for v, in D™ so
that %€ is a harmonic 1-form in a domain F with £ D D~ in R3 and O = 0
along . For k,l=1,...¢q, we can find & € Z{°(D~) such that fvz & = Okl, k1=
1,...,q. We thus see, from the definition of *€;, that %€;, [ =1,...,q are linearly
independent in Hy(D™), so that the uniqueness in Step 1 follows. Further, if we
put ag; == f'n «Q (k,l =1,...,q), then we see that det (ay;) # 0. For, if not, we

could find (e, ..., aq) # 0, such that w := >} _, apQy satisfies
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We thus have *w # 0 and *w € Hy.(D~) N *Hyo(D~) = {0}, which is a contra-
diction. By some linear combination of *Qy (k =1,...,¢) we can find a harmonic
1-form *Q = A-dX, which is harmonic in a domain £ O D~ such that Q = 0 along
Y and f% *Q = 0;;,j =1,...,¢. Thus Step 1 is proved.

Step 2: If we put J :=n, x A on X, then J is a surface current density on %,
which satisfies (1) and (2) in Theorem 4.1.

In fact, we have
oj =My xJ)-dX =—A-dX =—%Q on3, (4.3)

so that oy is a C¥ closed 1-form on X. Since J is tangential on X, J is a C¥
surface current density on X. Thus, J induces the magnetic field B; in R3\ ¥. We
usually set By = Bj[ in D*. By Lemma 3.1, 07 has a unique harmonic extension
&7 in a neighborhood of ¥ in R3. Further, we uniquely have a harmonic 1-form
G* =G*.dX in DT UV, where V 3 ¥ in R®, which satisfies (i) and (ii) in (3.1).

On the other hand, by Step 1, *Q is harmonic 1-form in £ D D~ so that (4.3)
implies 6y = —*Qin V' :=VNE 3 X. Thus,

Gt -G =6,=0—%Q in V'

Since *Q(z) = O(1/||z||) at © = oo, it follows from the uniqueness for (3.1) that
Gt =0in D™ and G~ = *Q in D™, namely G+ = 0in DT and G~ = Ain D™.
By Theorem 3.2, Bj =0in D" and B; = Ain D™, so that J satisfies condition
(1) in Theorem 4.1 for G = D~.

By (4.1) and Step 1, we have

Vi Vi

J

so that J also satisfies (2). Thus, Step 2 and, hence, Theorem 4.1 are proved. H
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