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ABSTRACT

The classical Atkinson—Wilcox theorem claims that in the exterior of the sphere
that optimally circumscribes the scatterer, any radiating solution to the Helmholtz
equation can be expanded into a uniformly and absolutely convergent series in
inverse powers of the radial distance. Moreover, the full series can be recovered
uniquely through a second-order recurrence relation via the leading coefficient,
known as the far-field pattern. In this work we consider the medium scattering
problem and prove an analogue of the expansion theorem for inhomogeneity of
compact support.

1. Introduction

The direct and inverse medium problems are fundamental to the scattering theory,
although they are by far less studied than the scattering problems for homogeneous
media in the exterior of impenetrable obstacles. In general, the problem of scat-
tering of wave fields by inhomogeneous media appears in several situations, among
them medical imaging, analysis of biological studies at the cell level, exploration
geophysics and some industrial applications. For background material, see Colton
et al. [10], Colton and Kress [11], Gutman and Klibanov [15], Kirsch [17].

The far-field pattern (or the scattering amplitude) u. plays a central role in
the direct and inverse scattering theory. It was Atkinson [6] who in 1949 showed
that any solution of the Helmholtz equation that satisfies the Sommerfeld radiation
condition [21] is an analytic function of inverse power of the radial variable in the
exterior of the sphere that optimally circumscribes the scatterer. The Sommerfeld
radiation condition completely characterises the behavior of the scattered field at
infinity. In fact, Atkinson presented a wave analogue of Maxwell’s multipole ex-
pansion in potential theory [19], i.e. he proved that any radiation solution has an
absolutely and uniformly convergent series representation in inverse powers of the
radial distance in all space, exterior to the circumscribing sphere. This expansion
separates the radial from the angular dependence of the solution and it can be
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seen as the wave analogue in electromagnetic and elastic scattering theory [5; 9;
12]. The radial dependence characterises the radiative nature of the scattered field,
while the angular dependence incorporates the geometrical and physical character-
istics of each particular obstacle.

The one-to-one correspondence between the scattered fields and their
radiation patterns for the exterior Helmholtz problem was established by Rellich
in [20]. This correspondence was made explicit by Wilcox, who made a general-
isation of the Atkinson expansion theorem, both for the acoustic [22], as well as
the electromagnetic case [23]. His work contains the important fact that all the
angular dependent coefficients {F,, : n = 1,2, ...} in the Atkinson expansion can be
recovered through a second order recurrence relation via the leading
coefficient Fp, known as scattering amplitude or far-field (radiation) pattern o
(see for example [11; 18]). The expansion theorem brought up the questions of
recovering the radiating solution of the Helmholtz equation from a knowledge of
their far-field patterns in the direct scattering problem, as well as the determination
of the shape and the nature of the scatterer from a given scattering amplitude in
the inverse obstacle problem.

During the last decade there were many results applying the so-called
expansion theorem for arbitrary convex domain (see Arnaoudov et al. [3; 4]) for
obstacles such as the prolate and the oblate spheroid (see Burnett and Holford
[7]), the ellipsoid (see Arnaoudov and Venkov [1], Burnett and Holford [8] and
Dassios [13; 14]) and the bi-spheres (see Arnaoudov and Venkov [2]), because it
provides a very efficient way to construct methods (the infinite element method,
the method of mirror images, etc.) for solving direct scattering problems. In [4]
the Atkinson—Wilcox expansion was implemented for solving the inverse scattering
problem. More precisely, it is proved that the order of the recurrence relation be-
tween the series coefficients determines the shape of the scattering surface. Finally,
the Atkinson—Wilcox theorem was extended to scattering of electromagnetic chiral
waves (Athanasiadis and Giotopoulos [5]), to elasticity (Cakoni and Dassios [9] and
Dassios [12]) and to the scattering problems in R? (Karp [16]).

The present work provides a proof of the Atkinson—-Wilcox expansion theorem
in the theory of scattering of a time-harmonic acoustic wave by an inhomogeneous
medium of compact support. The usual way to prove the series expansion theorem
consists in reformulating the scattering problem as an integral version of the corre-
sponding elliptic equation, i.e. the Lippmann—Schwinger equation, and to use the
analytic properties of the integral kernel (the fundamental solution to the Helmholtz
equation) outside the support of the inhomogeneity. Finally, two important
corollaries are obtained via the appropriate applications of the expansion theorem.

2. The expansion theorem

We restrict our discussion to the propagation of a monochromatic, time-harmonic
acoustic spherical wave of small amplitude in an isotropic inhomogeneous medium.
The inhomogeneity of the scattering media is characterized by the refractive index
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n(r) = n (r) + Z”Qk(r), (2.1)
i
ny (r) = () ng (r) = o (r), (2.2)

where ¢ : R? — R;\{0} is the sound speed, o : R* — R is a function that models
the influence of absorption and ¢y denotes the sound speed in the homogeneous
background medium. We shall consider the case when the inhomogeneity is of com-
pact support, the region under consideration is all of R? and ¢ (r) < ¢. Assuming
the inhomogeneous region is contained inside a ball B, i.e. n(r) =1 for r € R?\ B,
then the acoustic scattering problem in the inhomogeneous medium is modelled by

u(r) =u' (r) +u®(r), (2.3)
Au+kE*n(r)u=0, rcR3 (2.4)
Tlir&r <85; — ikus> =0, r=]r|, (2.5)

where u? is an entire solution of the Helmholtz equation Au+ k%*u = 0 and «® is the
scattered field, which satisfies the Sommerfeld radiation condition (2.5) uniformly
in all directions.

We begin our analysis by introducing an integral equation that is equivalent to
the scattering problem (2.3)—(2.5). Let n € C' (R?) have the general form (2.1)
such that m := 1 — n has compact support, m : R® — (—o0,1) + i (—00,0] and let
D:={reR?:m(r) #0}.

Since the velocity potential has no discontinuities across the boundary of the
inhomogeneous medium, i.e. the boundary conditions are absent, we shall make use
of volume potentials instead of surface potentials, as in the case of impenetrable
obstacles. From Green’s second identity the solution of the above scattering problem
solves the Lippmann—Schwinger integral equation

w@®) =t @)=k [ SErmE)u)a, rer (2.6)

where ® (-,1’) : R*\{r'} — C is the fundamental solution to the Helmholtz equa-
tion of the form ®(r,r’) = exp(ik|r — r'|)/4x|r — r'|. We can state the following
representation theorem (see, for instance, theorem 8.3 in [11]).

Theorem 2.1. If u € C*(R3) is a solution of (2.3)—(2.5), then u is a solution of
the integral equation (2.6). Conversely, if u € C(R?) is a solution of (2.6) then
u € C?(R3) and u is a solution of (2.3)-(2.5).
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We note that in (2.6) we can replace the region of integration by the ball B
such that the support of m is contained and look for solutions in C (B) Then for
r € R?\B we define u (r) by the right-hand side of (2.6) and obviously obtain a
continuous solution of the Lippmann-Schwinger equation in all of R3.

From (2.6) we have

u’(r) = —kZ/B  (r,v)ym (r')u(r') dr'. (2.7)

Hence, letting r = |r| tend to infinity, with the help of the asymptotic behavior

iklr—r" ikr o, 1
£ ¢ {e_”“'r +0 () }, r=r/r (2.8)

|r — 1’| T T

we see that

ikr

ruoo(f)—i—O(l), r— 0. (2.9)

r2

e

w (r) =

The function u., defined on the unit sphere is known as the far-field pattern of
u and is given by

k2 -
——/ e kT () u (r') dr’. (2.10)
47 B

In other words, as the observation point approaches infinity the radial and the
angular dependence of the scattered field separate. The radial dependence is estab-
lished into the scatterer-independent part e?*" / r, while the angular dependence is
reflected on the far-field pattern (or the scattering amplitude) uq, (F).

From the representation theorem the following expansion theorem, analogous to
the Atkinson—Wilcox expansion theorem for impenetrable obstacles, follows
immediately.

Uoo (T) =

Theorem 2.2. Let u € C? (R®) be a solution of (2.3)-(2.5) and let Ry be large
enough so that D is contained in the ball B, := {r € R® : |[r| < Ro}. Then u has
an erpansion

eikr e F, 97
u(r) =u(rb.¢) =— 27£n¢)7 (2.11)
n=0

that converges absolutely and uniformly on compact subsets of R3\Bgr,. Further-
more, the series in (2.11) may be differentiated term by term with respect to r,0
and ¢ any number of times and the resulting series all converge absolutely and
uniformly.

PROOF. From the representation theorem applied in the exterior of the ball By
with R < Ry, we have
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u® (r) = sz/B O (r,r')m (r')u (') dr’, |r| > Ry. (2.12)

Let (r,0,¢) and (1,6, ¢’) be the spherical coordinates of r and r’, respectively.
Thus, we may rewrite (2.12) in the form

ik:‘rfr'|
(/Q ﬁm (r')u(r") dw'> r2dr, (2.13)

where ) is the unit sphere and dw’ = sin#'df’dy’. In spherical coordinates the
distance function |r — r’| that appears in the integrand of (2.13) is given by

R

0

v —1'| = (r* — 2r cosy + r’2)1/2 , (2.14)
with cosy = cosfcosf + sinfsinb’ cos (¢ — ¢'). Now, by putting p := r'/r, we

have

h -
eik(|r—1‘/|—r) peikr’ (1*2pcosy+p2)1/27

1 p
= , (2.15)
Ir—r/| r’(1—2pcos'y+p2)1/2
where the branch of the square root is chosen having the value +1 at p = 0.

)1/2

Since (1 —2pcosy + p? is analytic function in p for p < 1, then the following

expansion holds

eik(|r—r/|—r) 00 .
Py = E fa(M)p", p<l (2.16)
n=1

The above series converges absolutely and uniformly for » > Ry and « € [0, 27).
Furthermore, it may be differentiated with respect to r and v any number of
times, and the resulting series all converge absolutely and uniformly. Multiplying
by m (r') u (r') and integrating term by term we arrive at the expansion (2.11) and
the proof is completed. ®

The following two corollaries are immediate consequences of Theorem 2.2.

Corollary 2.1. The coefficients F, (0, ) of series (2.11) can be determined from
the far-field pattern us, () by the second-order recurrence relation of the form

2iknE, =n(n—1)F, 1 + B Fu1, n>1, (2.17)
where Fy (0, ) = ueo (F) and

1 0 0 1 92
I A PR T 1
Bu.e) sin 6 00 (sm 66‘9) * sin? 6 0p? (2.18)
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is the Laplace—Beltrami operator on the unit sphere.

PrOOF. From the representation theorem it follows that the expansion (2.11)
satisfies equation (2.4) in R3\Bg,. Differentiating the series in terms of spherical
coordinates and equating like powers of r we obtain

; )
ezkr

1
TZ T {—2iknF, +n(n—1)Fy1 + By Fo1} = Km(r)u(r), (2.19)

=1

which holds for » > Ry. Since D C Bpg,, then the right-hand side of (2.19) vanishes
and the corollary is proved. M

As in the classical acoustic and electromagnetic scattering theory [5; 22; 23], the
second-order recurrence relation (2.17) establishes the one-to-one correspondence
between radiating waves and their far-field patterns.

Corollary 2.2. Let u® € C? (R3\D) be the radiating solution to equation 2.4 for
which the far-field pattern us (£) vanishes identically. Then u® = 0 in R3\D.

PROOF. Since Fy (6, ¢) = s () = 0, then from Corollary 2.1 and expansion (2.11)
it follows that u® = 0 in the exterior of any ball that contains the support of m.
Then, from the analyticity of u® it follows that u* =0 in R3\D. m

REFERENCES

[1] I. Arnaoudov and G. Venkov, Ellipsoidal expansion theorem, in C. Laskarides (ed.),
Proceedings of the International conference on mathematical analysis and applications,
Athens, Greece, 2002, 35260, Greek Mathematical Society, Athens, 2003.

[2] 1. Arnaoudov and G. Venkov, The expansion theorem in two-body acoustic scattering, in
G. Bleris (ed.), Proceedings of the First international conference on mathematics and
informatics for industry, Thessaloniki, Greece, 2003, 397-405, MathIND, 2003.

[3] I. Arnaoudov, V. Georgiev and G. Venkov, Atkinson-Wilcox expansion theorem for con-
vex obstacle, in D. Fotiadis and C. Massalas (eds), Proceedings of the fourth interna-
tional workshop on mathematical methods in scattering theory and biomedical techology,
Greece, 1999, 3-9, World Scientific, Hong Kong, 2000.

[4] 1. Arnaoudov, V. Georgiev and G. Venkov, Does Atkinson—Wilcox expansion converge for any
convex domain? Serdica Mathematical Journal 33 (2007), 1001-14.

[5] C. Athanasiadis and S. Giotopoulos, The Atkinson-Wilcox expansion theorem for electro-
magnetic chiral waves, Applied Mathematics Letters 16 (2003), 675-81.

[6] F. Atkinson, On Sommerfeld’s radiation condition, Philosophical Magazine 40 (1949), 645—
51.

[7] D. Burnett and R. Holford, Prolate and oblate spheroidal acoustic infinite elements, Computer
Methods in Applied Mechanics and Engineering 158 (1998), 117-41.

[8] D. Burnett and R. Holford, An ellipsoidal acoustic infinite element, Computer Methods in
Applied Mechanics and Engineering 164 (1998), 49-76.

[9] F. Cakoni and G. Dassios, The Atkinson—Wilcox theorem in thermoelasticity, Quarterly of
Applied Mathematics 57 (1999), 771-95.

[10] D. Colton, J. Coylean and P. Monk, Recent developments in inverse scattering theory, STAM
Review 42 (2000), 369-414.



D.

G.

A.

C.

C.

VENKOV —Atkinson—Wilcox expansion theorem 25

Colton and R. Kress, Inverse acoustic and electromagnetic scattering theory, 2nd edn,
Springer-Verlag, Berlin—Heidelberg—New York, 1998.

. Dassios, The Atkinson—Wilcox expansion theorem for elastic waves, Quarterly of Applied

Mathematics 46 (1988), 285-99.

. Dassios, Ellipsoidal fitting for the Atkinson—-Wilcox expansion, in D. Fotiadis and C. Mas-

salas (eds), Proceedings of the fifth international workshop on mathematical methods in
scattering theory and biomedical techology, Greece, 2001,35-43, World Scientific, Hong
Kong, 2002.

Dassios, The Atkinson-Wilcox theorem in ellipsoidal geometry, Journal of Mathematical
Analalysis and Applications 274 (2002), 828-45.

. Gutman and M. Klibanov, Three-dimensional inhomogeneous media imaging, Inverse

Problems 10 (1994), 39-46.

. Karp, A convergent ‘Farfield’ expansion for two-dimensional radiation functions, Commu-

nications on Pure and Applied Mathematics 14 (1961), 427-34.

Kirsch, An introduction to the mathematical theory of inverse problems, Springer-Verlag,
New York, 1996.

Kyurkchan, B. Sternin and V. Shatalov, Singularities of continuation of wave fields, Uspekhi
Fizichesikh Nauk, Russian Academy of Sciences 39 (1996), 1221-42.

. Maxwell,"TTeatise on electricity and magnetism, Dover, New York, 1954.
. Rellich, Uber das asymptotische Verhalten der Lésungen von Au + Au = 0 in unendlichen

Gebieten, Jahresbericht der Deutschen Mathematiker- Vereinigung 53 (1943), 57-65.
Sommerfeld, Die Greensche Funktion der Schwingungsgleichung, Jahresbericht der
Deutschen Mathematiker- Vereinigung 21 (1912), 309-53.
Wilcox, A generalization of theorems of Rellich and Atkinson, Proceedings of the American
Mathematical Society T (1956), 271-6.
Wilcox, An expansion theorem for electromagnetic fields, Communications on Pure and
Applied Mathematics 9 (1956), 115-34.



