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Abstract

An element of a group is reversible if it is conjugate to its own inverse, and it is
strongly reversible if it is conjugate to its inverse by an involution. A group element
is strongly reversible if and only if it can be expressed as a composite of two invo-
lutions. In this paper the reversible maps, the strongly reversible maps and those
maps that are expressible as a composite of three involutions are determined in the
isometry groups of spherical, Euclidean and hyperbolic space in several dimensions.

1. Introduction

1.1. Background on reversibility
An element g of a group G is reversible in G if it is conjugate to its own inverse,
that is, if there is an element h in G with hgh−1 = g−1. The element g is strongly
reversible in G if it is conjugate to its own inverse by an involution, that is, if there
is an involution σ in G with σgσ = g−1. Notice that g is strongly reversible if and
only if there are involutions σ and τ in G with g = στ . We omit the words ‘in
G’ from the phrase ‘reversible in G’ if the group is clear from the context. The
property of being reversible and, for a natural number n, the property of being the
composite of n involutions are invariants of conjugation.

Reversible and strongly reversible elements have been studied in many contexts.
For finite groups, the terms real and strongly real are used instead of
reversible and strongly reversible [7, section 9.1] because of the connections with real
characters. Questions of reversibility for classical groups have been addressed in
works such as [6; 8; 9; 10]. The authors of these papers use the term
bireflectional to describe a group comprised entirely of strongly reversible maps.
There are numerous other papers on reversible maps; a brief selection is [1; 11; 13;
15].

The purpose of this paper is to determine the reversible and strongly reversible
maps in the isometry groups of spherical, Euclidean and hyperbolic space in each
finite dimension. For N > 1, let SN denote N -dimensional spherical space, let
EN denote N -dimensional Euclidean space and let HN denote N -dimensional

∗E-mail: ian.short@nuim.ie
doi:10.3318/PRIA.2008.108.1.33

Cite as follows: I. Short, Reversible maps in isometry groups of spherical, Euclidean, and hy-
perbolic space, Mathematical Proceedings of the Royal Irish Academy 108A (2008), 33–46;
doi:10.3318/PRIA.2008.108.1.33.

Mathematical Proceedings of the Royal Irish Academy, 108A (1), 33–46 (2008) c© Royal Irish Academy



34 Mathematical Proceedings of the Royal Irish Academy

hyperbolic space. These are the only simply connected, complete Riemannian N -
manifolds with constant curvature. Denote the corresponding isometry groups by
Isom(SN ), Isom(EN ) and Isom(HN ). These groups are each generated by
reflections. Denote the three subgroups of these three isometry groups, comprised of
orientation-preserving isometries, by Isom+(SN ), Isom+(EN ) and Isom+(HN ). A
map in Isom(SN ) lies in Isom+(SN ) if and only if it can be expressed as a composite
of an even number of reflections. Similar comments apply to the groups Isom+(EN )
and Isom+(HN ). This paper is divided into three sections: Section 2 is about SN ,
Section 3 is about EN and Section 4 is about HN .

1.2. Statement of results
The reversible maps, strongly reversible maps and those maps that are the com-
posite of three involutions are classified according to the six theorems below. A
discussion of which results are known already is given in Section 1.3.

Theorem 1.1. Each map in Isom(SN ), Isom(EN ) and Isom(HN ) is strongly
reversible.

Theorem 1.2. Each map in Isom+(SN ), Isom+(EN ) and Isom+(HN ) is strongly
reversible if and only if it is reversible.

Theorem 1.3. For N > 2, each map in Isom+(SN ), Isom+(EN+1) and Isom+(HN )
is the composite of three involutions.

The cases omitted from Theorem 1.3—namely, the four groups Isom+(S1),
Isom+(E1), Isom+(E2) and Isom+(H1)—are considered separately in Sections 2.4,
3.4 and 4.2. It remains to describe the strongly reversible maps in Isom+(SN ),
Isom+(EN ) and Isom+(HN ). The description differs for each group, so we state
three results.

Theorem 1.4. For f ∈ Isom+(SN ), either
(i) N 6= 1 (mod 4), in which case f is strongly reversible or
(ii) N = 1 (mod 4), in which case f is strongly reversible if and only if there

is a pair of antipodal points in SN that is fixed, as a set, by f .

Theorem 1.5. For f ∈ Isom+(EN ), either
(i) N = 0, 3 (mod 4), in which case f is strongly reversible;
(ii) N = 1 (mod 4), in which case f is strongly reversible if and only if either

f has a fixed point or there is a two-dimensional f -invariant plane; or
(iii) N = 2 (mod 4), in which case f is strongly reversible if and only if either

f is fixed point free or there is an f-invariant line.

Theorem 1.6. For f ∈ Isom+(HN ), either
(i) N = 0, 3 (mod 4), in which case f is strongly reversible;
(ii) N = 1 (mod 4), in which case f is strongly reversible if and only if either

f is elliptic, parabolic or there is an f -invariant two-dimensional plane; or
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(iii) N = 2 (mod 4), in which case f is strongly reversible if and only if either
f is loxodromic, or f is elliptic and there is an f -invariant line or f is
parabolic and there is an f -invariant three-dimensional plane.

The results on spherical geometry are proven in Section 2, the results on
Euclidean geometry are proven in Section 3 and the results on hyperbolic geometry
are proven in Section 4.

1.3. Literature review
Most existing results on composites of involutions in isometry groups of spherical,
Euclidean and hyperbolic space involve reflections. Many such results can be found,
for example, in the work of Coxeter ([3] or [4, p. 99]). Since we allow ourselves the
freedom of working with more general involutions than just reflections, and since
there are no reflections in the orientation-preserving isometry groups, our results
tend to differ from the classic results on composites of reflections.

The isometry group of SN is the orthogonal group of RN+1 with the usual inner
product, and questions of reversibility are known for orthogonal groups with general
inner products. In particular, the part of Theorem 1.1 involving spherical geometry
follows from results in [8]. Likewise, Theorem 1.4 and the part of Theorem 1.3
involving spherical geometry both follow from [9, theorem B]. We supply only brief
proofs of results on spherical geometry; these results are used later in the sections
on Euclidean and hyperbolic geometry.

It seems likely that others have considered the Euclidean and hyperbolic parts
of Theorem 1.1 before, because they are straightforward to prove. Nevertheless, I
am unable to find a reference to a comparable result that is valid in all dimensions.
The part of Theorem 1.3 involving hyperbolic geometry was proven in a different
context by Knüppel and Thomsen [10, theorem 8.8]. Knüppel and Thomsen were
working with orthogonal groups with respect to general symmetric bilinear forms—
not necessarily Euclidean inner products—and they were examining composites of
involutions in commutator subgroups of orthogonal groups. Equip RN+1 with the
Lorentz inner product 〈x, y〉 = x1y1+. . .+xNyN−xN+1yN+1, then the commutator
subgroup of the corresponding orthogonal group is isomorphic to Isom+(HN ). All
our results on reversibility in hyperbolic space can be re-proven in a more algebraic
fashion using Lorentz transformations. Finally, Theorems 1.1, 1.2, 1.3, and 1.6 have
all been proven for H5 in [12] using quaternionic Möbius transformations.

2. Spherical geometry

2.1. Spherical isometries
The standard model of N -dimensional spherical space is the unit sphere SN em-
bedded in RN+1 ([14, section 2]). The group of spherical isometries of SN is the
restriction of the group ON+1 of orthogonal maps of RN+1 to SN . It is convenient
to identify RN+1 with the vector space of real column vectors of length N + 1, and
to identify ON+1 with the group of (N + 1)-by-(N + 1) orthogonal matrices. The
subgroup O+

N+1 of ON+1 that consists of orientation-preserving orthogonal maps is
the special orthogonal group. Let O−N+1 = ON+1 \O+

N+1. The results of this section
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rest on the following well-known principal axis theorem, which is [5, theorem 30.5].
Let

Rθ =
(

cos θ − sin θ
sin θ cos θ

)
,

for θ ∈ R, and let Ik denote the k-by-k identity matrix.

Theorem 2.1. In either of the groups OM or O+
M , each matrix is conjugate to

another matrix of the form



Rθ1

. . .
Rθr

−Is

It




, (2.1)

where θ1, . . . , θr ∈ (−π, π)\{0}.

An orthogonal matrix is in standard form if it is of the same form as the matrix
of (2.1). For an orthogonal matrix A, let rA, sA and tA denote the integers r, s
and t of a matrix in standard form that is conjugate to A. There is no ambiguity
in this definition as sA and tA are the dimensions of the eigenspaces of −1 and 1,
and rA = (M − sA − tA)/2. The involutions in OM are those orthogonal maps A
with rA = 0.

Proof of the spherical part of Theorem 1.1.
Given an orthogonal map A in standard form, define

B =




J
. . .

J
ε1

. . .
εsA+tA




, (2.2)

where there are rA blocks

J =
( −1 0

0 1

)
,

and the εi are either −1 or 1. Then B is both orthogonal and an involution, and
BAB = A−1, no matter how the εi are chosen from {−1, 1}. Since each orthogonal
map is conjugate to an orthogonal map in standard form, Theorem 1.1 is proven
for spherical isometries.

2.2. Proof of Theorem 1.4 and the spherical part of Theorem 1.2
The next proposition is used in the proofs of Theorems 1.4, 1.5, and 1.6.
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Proposition 2.2. Let A be an element of O+
M with sA + tA = 0, and let S be an

element of OM such that SAS−1 = A−1. Then det S = 1 if M = 0 (mod 4) and
det S = −1 if M = 2 (mod 4).

Proof. Assume, by conjugation, that A is in standard form (2.1). For i = 1, . . . , rA,
let Vi be the subspace spanned by the standard basis vectors e2i−1 and e2i. Then
AS(Vi) = S(Vi). For i, j ∈ {1, . . . , rA}, it cannot be that S(Vi) ∩ Vj is one-
dimensional because A does not fix a one-dimensional subspace of Vj . Therefore
S permutes the collection {V1, . . . , VrA

}. Thus the matrix S is an rA-by-rA array of
two-by-two blocks such that all but one two-by-two block in each row and column is
the 0 block. Suppose that X is a non-zero orthogonal two-by-two block in S, in the
(i, j)th position. Then XRθj

X−1 = R−θi
. If det X = 1 this means that θi = −θj

and if det X = −1 this means that θi = θj . By studying the orbits of the Vi under
S we deduce that there are an even number of blocks X with determinant 1. After
interchanging an even number of columns, all non-zero two-by-two blocks of S can
be brought to the leading diagonal. Hence det S = (−1)rA .

In contrast to Proposition 2.2, if sA + tA > 1 (for example, if M is odd) then
we can choose whether det S = 1 or det S = −1 by using the matrix B from (2.2)
and adjusting the entry ε1.

Proposition 2.3. For A in O+
M , the following are equivalent:

(i) A is strongly reversible in O+
M ;

(ii) A is reversible in O+
M ;

(iii) either M = 0 (mod 4) or sA + tA > 1.

Proof. That (i) implies (ii) is true in all groups. That (ii) implies (iii) follows
from Proposition 2.2 and the remarks following that proposition. Assume condition
(iii). This condition ensures that the involution B from (2.2) can be chosen to have
positive determinant. Hence, by conjugating A to standard form, we see that A is
strongly reversible in O+

M .

An orthogonal map A fixes, as a set, a line through the origin if and only if it
fixes, as a set, a pair of antipodal points on the unit sphere. These circumstances
occur if and only if either −1 or 1 is an eigenvalue of A, that is, if and only if
sA + tA > 1. Thus we immediately deduce Theorem 1.4 and the spherical part of
Theorem 1.2 from Proposition 2.3.

Proof of the spherical part of Theorem 1.3
The abelian group Isom+(S1) of rotations of the unit circle is equal to the group O+

2 .
In an abelian group, the set of reversible maps, the set of strongly reversible maps
and the set of involutions coincide and form a group. Hence there are
elements in O+

2 —rotations by angles that are not integer multiples of π—that are
not expressible as composites of involutions. For all other special orthogonal groups
we have the following proposition (from which the spherical part of Theorem 1.3
follows immediately).
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Proposition 2.4. Each member of O+
M , M > 3, can be expressed as the composite

of three involutions in O+
M . Also, each member of O+

M can be expressed as the
composite of three involutions in OM , two of which lie in O−M .

Proof. Consider an element A of O+
M , which, by conjugation, we may assume is

in standard form. In Section 2.2 we saw that there is an orthogonal involution B
given by (2.2) and another orthogonal involution C such that A = IMBC. Either
all three of these matrices have determinant 1 or else only IM has determinant 1.
We can switch between these two possibilities either by swapping the sign of ε1 in
B and swapping the sign of the (2rA + 1)th diagonal entry in IM , if sA + tA > 1,
or else by adjusting a pair of two-by-two blocks in IM and B using the following
identity: (

I2

I2

)(
J

J

)
=

(
I2

J

)(
J

I2

)
.

Both parts of Proposition 2.4 have thereby been accounted for.

3. Euclidean geometry

3.1. Euclidean isometries
The standard model of N -dimensional Euclidean space is RN . The full isometry
group of RN , denoted EN , consists of maps of the form x 7→ A(x) + v, where
A ∈ ON and v ∈ RN . Such maps preserve orientation if and only if A ∈ O+

N .
Denote the orientation-preserving isometry group of RN by E+

N .
Each member of EN either has a fixed point, in which case it is conjugate to an

orthogonal map, or it does not have a fixed point. An isometry f from the latter
category may be expressed in the form f(x) = A(x) + v, where A is an orthogonal
map, v 6= 0, and A(v) = v. Such isometries have infinite order, therefore the only
involutions in EN are those maps that are conjugate to orthogonal involutions.

3.2. Proof of the Euclidean part of Theorem 1.1

Proof. Select a member f of EN . If f has a fixed point then it is conjugate to
an orthogonal map, which means that it is strongly reversible, by the spherical
part of Theorem 1.1. Otherwise f(x) = A(x) + v, where A is an orthogonal map,
v 6= 0, and A(v) = v. From the spherical part of Theorem 1.1, we may choose
orthogonal involutions S1 and S2 that both fix v such that A = S1S2. Define
Euclidean isometries σ1 and σ2 by the formulae σ1(x) = −S1(x) + v and σ2(x) =
−S2(x). Both maps are involutions, and they satisfy f = σ1σ2.

3.3. Proof of Theorem 1.5 and the Euclidean part of Theorem 1.2.
We consider isometries with fixed points and isometries without fixed points
separately.

Proposition 3.1. Let A be an orthogonal map in E+
N . The following are equivalent:

(i) A is reversible in O+
N ;

(ii) A is strongly reversible in E+
N ;
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(iii) A is reversible in E+
N .

Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are straightforward. Assume
(iii), that is, assume there is a Euclidean isometry g given by g(x) = B(x) + w, for
B ∈ O+

N and w ∈ RN , such that gAg−1 = A−1. By expanding out this equation we
see that BAB−1 = A−1, so A is reversible in O+

N .

Proposition 3.2. Let f be an element of E+
N such that f(x) = A(x) + v, where A

is an orthogonal map, v 6= 0 and A(v) = v. The following are equivalent:
(i) there is a map B in O+

N such that BAB−1 = A−1 and B(v) = −v;
(ii) f is strongly reversible in E+

N ;
(iii) f is reversible in E+

N .

Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are straightforward. Assume
(iii), that is, assume there is a Euclidean isometry g given by g(x) = B(x) + w, for
B ∈ O+

N and w ∈ RN , such that gfg−1 = f−1. By expanding out this equation we
see that BAB−1 = A−1 and B(v) + w − A−1(w) = −v. Since A is orthogonal and
fixes v, if we take the scalar product of both sides of the second equation with v
then we obtain 〈B(v), v〉 = −〈v, v〉. Since B is orthogonal, we see that B(v) = −v.

Proof of the Euclidean part of Theorem 1.2. Immediate from the equiva-
lence of (ii) and (iii) in Propositions 3.1 and 3.2.

Before we prove Theorem 1.5 we need a lemma that explains how the geometric
conditions of Theorem 1.5 relate to our results on orthogonal maps. We supply only
the key steps in the proof of the lemma.

Lemma 3.3. Let f be an element of E+
N .

(i) If f is orthogonal then there is an f -invariant line in RN if and only if there
is an f -invariant line through the origin.

(ii) If f(x) = A(x)+ v, where A ∈ O+
N , v 6= 0 and A(v) = v, then there is an f -

invariant two-dimensional plane in RN if and only if there is an A-invariant
line through the origin that is orthogonal to v.

Proof. To prove (i), suppose that f fixes a line ` that does not pass through the
origin. Then f fixes the unique point w on ` that is closest to 0. Therefore the line
spanned by w is fixed by f .

To prove (ii), suppose that f fixes a two-dimensional plane Π that does not pass
through the origin. The line spanned by v does not intersect Π because otherwise
f would fix the intersection point. This means that v is parallel to Π, which means
that the unique point w on Π that is closest to 0 is fixed by A. This point w satisfies
〈w, v〉 = 0, and the line spanned by w is fixed by A.

Proof of Theorem 1.5. Let f be an element of E+
N . If f has a fixed point then

we may assume, by conjugation, that f is an orthogonal map. In this case, by
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Proposition 3.1, f is strongly reversible in E+
N if and only if it is reversible in O+

N .
By Theorems 1.2 and 1.4, f is reversible in O+

N unless N −1 = 1 (mod 4) and there
is no f -invariant line through the origin. By Lemma 3.3, there is an f -invariant line
through the origin if and only if there is an f -invariant line. Theorem 1.5 has now
been established for maps with fixed points.

Now suppose that f(x) = A(x) + v, where A is an orthogonal map, v 6= 0 and
A(v) = v. By Proposition 3.2, f is strongly reversible if and only if there is a map B
in O+

N such that BAB−1 = A−1 and B(v) = −v. Let A0 and B0 be the restrictions
of A and B to the orthogonal complement of v. Since B preserves orientation if
and only if B0 reverses orientation, we see from Proposition 2.2 (and the remarks
following Proposition 2.2) that such a map B exists unless N − 1 = 0 (mod 4) and
sA0 +tA0 = 0. Since sA0 +tA0 > 1 if and only if there is an A0-invariant line through
the origin, we can apply Lemma 3.3 to deduce Theorem 1.5 for maps without fixed
points.

3.4. Proof of the Euclidean part of Theorem 1.3
Theorem 1.3 does not hold for Isom+(E1) or Isom+(E2). The group E+

1 consists
only of translations x 7→ x + v, where v ∈ R. It is an abelian group and the
only involution is the identity. In E+

2 , the only maps of order two are of the form
x 7→ −x + v, for v ∈ R2. The collection of strongly reversible maps is equal to
the collection of involutions and translations, and this collection is a group. The
remaining maps in E+

2 are rotations by angles that are not integer multiples of π,
and these maps are not expressible as composites of involutions.

Proof. Let f be an element of E+
N . If f has a fixed point then it is conjugate

to an orthogonal map and we can apply Theorem 1.3 for spherical isometries.
Otherwise, f(x) = A(x) + v, where A is an orthogonal map, v 6= 0 and A(v) = v.
By Theorem 1.5, the map f is strongly reversible if N is even, so we assume that
N is odd. By Proposition 2.4 we can find orthogonal involutions S1, S2 and S3—
two from O−N and one from O+

N—that each fix v and satisfy A = S1S2S3. We
can assume that S1, S2 ∈ O−N by composing suitably with the map x 7→ −x.
Define σ1(x) = −S1(x) + v, σ2(x) = −S2(x), and σ3(x) = S3(x). These maps
are involutions in E+

N that satisfy f = σ1σ2σ3.

4. Hyperbolic geometry

4.1. Hyperbolic isometries
The Möbius group, MN , is the group of bijections of RN

∞, the one-point compacti-
fication of RN , generated by reflections in (N − 1)-dimensional planes and spheres.
It contains EN . There is a subgroup M+

N of MN of index 2, which consists of those
members of MN that can be expressed as a composite of an even number of reflec-
tions and inversions. We consider RN

∞ to be the ideal boundary of the upper-half
space model of (N + 1)-dimensional hyperbolic space, and identify MN with the
full group of hyperbolic isometries of HN+1. We identify M+

N with the group of
orientation-preserving hyperbolic isometries of HN+1. Alternatively, the unit ball
BN+1 = {x ∈ RN : |x| < 1} is a model of HN+1, and the subgroup MN+1(BN+1)
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of MN+1 that fixes BN+1 forms the hyperbolic isometry group of BN+1. We use
both models of Isom(HN+1). See [2; 14] for information on hyperbolic space. One-
dimensional hyperbolic space is isometric to one-dimensional Euclidean space, and
Theorems 1.1, 1.2, and 1.6 all hold for H1, so it suffices to work with MN , N > 1,
henceforth.

Möbius transformations other than the identity map can be classified according
to their conjugacy type as elliptic, parabolic or loxodromic ([14, p. 142]). When
dealing with elliptic Möbius transformations, typically one works with the ball
model of hyperbolic space, as all elliptic Möbius transformations fixing the unit
ball are conjugate to orthogonal maps. For the other two types of map, the upper-
half space model of hyperbolic space is used. Parabolic maps are conjugate in MN

to Euclidean isometries and loxodromic maps are conjugate to maps of the form
x 7→ λA(x), where A is an orthogonal map and λ > 1. The comments of this
paragraph on conjugacy apply even if we restrict to orientation-preserving Möbius
transformations ([2, theorem 3.5.1]). Since parabolic and loxodromic maps are of
infinite order, the only Möbius transformation involutions are those elliptic maps
that, in the ball model, are conjugate to orthogonal involutions.

Let γ denote the inversion x 7→ x/|x|2, which is an orientation-reversing
involution. For λ > 0 we let λ also denote the map x 7→ λx. The proof of the
next lemma is straightforward and omitted.

Lemma 4.1. Let A be an orthogonal map and let λ > 0. Then
(i) γA = Aγ,
(ii) γλ = λ−1γ.

Proof. Elliptic and loxodromic maps are conjugate to Euclidean isometries, there-
fore both types of map are strongly reversible by the Euclidean part of Theorem 1.1.
Suppose then that f is a loxodromic member of MN . By conjugation we may as-
sume that f(x) = λA(x), where λ > 1 and A ∈ ON . Choose orthogonal involutions
S and T such that A = ST and define involutions σ = λγS and τ = γT . Then
σ, τ ∈MN and g = στ .

4.2. Proof of Theorem 1.6 and the hyperbolic part of Theorem 1.2
To determine whether a map in M+

N is strongly reversible, it is useful to consider
elliptic, parabolic and loxodromic maps separately.

Proposition 4.2. Let A be an orthogonal map in M+
N+1. The following are equiv-

alent:
(i) A is reversible in O+

N+1;
(ii) A is strongly reversible in M+

N+1(BN+1);
(iii) A is reversible in M+

N+1(BN+1).

Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are straightforward. Suppose
that (i) is false. From Theorem 1.4 we know that the only fixed point of A is 0.
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If g is an element of MN+1(BN+1) and gAg−1 = A−1 then Ag(0) = 0. Therefore
g(0) = 0. This means that g is an element of O−N+1. Hence (iii) is false.

Proposition 4.3. Let f be a member of E+
N without a fixed point. The following

are equivalent:
(i) f is reversible in E+

N ;
(ii) f is strongly reversible in M+

N ;
(iii) f is reversible in M+

N ;

Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are straightforward. Assume
(iii), that is, assume there is an orientation-preserving Möbius transformation g such
that gfg−1 = f−1. As usual, there is an orthogonal map A that fixes a non-zero
vector v such that f(x) = A(x)+v. Since fg(∞) = ∞, and∞ is the only fixed point
of f , we see that g(∞) = ∞. Therefore there is an orthogonal map W , a positive
number λ and an element w of RN such that g(x) = λB(x) + w. By expanding out
the equation gfg−1 = f−1 we see that w−A−1(w) + λB(v) = −v. Take the scalar
product of each side of this equation with v to see that λ〈B(v), v〉 = −〈v, v〉. We
deduce that λ = 1. Hence g ∈ E+

N .

Proposition 4.4. Suppose that an element f of M+
N satisfies the equation f(x) =

λA(x), for A ∈ O+
N and λ > 1. The following are equivalent:

(i) there exists an element B of O−N such that BAB−1 = A−1;
(ii) f is strongly reversible in M+

N ;
(iii) f is reversible in M+

N .

Proof. The implication (i) ⇒ (ii) holds because the B can be chosen to be an
involution, and the map g = Bγ, where γ(x) = x/|x|2, satisfies gfg−1 = f−1. The
implication (ii) ⇒ (iii) is straightforward. Assume (iii), that is, assume there is an
element g ofM+

N such that gfg−1 = f−1. The map g must either fix each of the two
fixed points of f , 0 and ∞, or else swap them. The only Möbius transformations
fixing 0 and ∞ are orthogonal maps followed by dilations. Such maps commute
with f . We conclude that g(0) = ∞ and g(∞) = 0. This means that we can express
g in the form g(x) = µBγ(x), where µ > 1 and B is an element of O−N . Condition
(i) now follows from expanding out the equation gfg−1 = f−1, using Lemma 4.1.

Proof of the hyperbolic part of Theorem 1.2. Immediate, as (ii) and (iii)
are equivalent in Propositions 4.2, 4.3 and 4.4.

Before we prove Theorem 1.6 we need a lemma that explains how the geometric
conditions of Theorem 1.6 relate to our results on orthogonal maps. We supply only
the key steps in the proof of the lemma.

Lemma 4.5. Let f be an element of Isom+(HN+1).
(i) If, when considered as an element of M+

N+1(BN+1), f is orthogonal, then



Short—Reversible maps in isometry groups of SN , EN , and HN 43

there is an f -invariant hyperbolic line if and only if there is an f -invariant
Euclidean line through the origin.

(ii) If, when considered as an element of M+
N , f is a Euclidean isometry, then

there is an f-invariant three-dimensional hyperbolic plane if and only if there
is an f -invariant two-dimensional Euclidean plane.

(iii) If, when considered as an element of M+
N , f(x) = λA(x), for A ∈ O+

N and
λ > 0, then there is an f-invariant two-dimensional hyperbolic plane if and
only if there is an A-invariant Euclidean line through the origin.

Proof. To prove (i), suppose that f fixes a hyperbolic line ` in BN+1 that does
not pass through the origin. The pair of end-points of ` on SN are either each fixed
by f , or else they are swapped. In the former case the Euclidean line through 0 and
one of the fixed points is f -invariant. In the latter case, the Euclidean line through
0 that intersects ` orthogonally is f -invariant.

To prove (ii), suppose that f fixes a three-dimensional hyperbolic plane Π. Then
f fixes the two-dimensional boundary of Π, which must be a Euclidean plane, since
f does not fix any compact sets in RN .

To prove (iii), suppose that f fixes a two-dimensional hyperbolic plane Π. Then
f fixes the one-dimensional boundary of Π, which must be a Euclidean line through
0 and ∞, since these points are the attracting and repelling fixed points of f .

Proof of Theorem 1.6. Let f be an element of Isom+(HN ), N > 2. If f is
elliptic then, by conjugation, we consider it to be an orthogonal map in MN (BN ).
Using Theorem 1.4 and Proposition 4.2 we see that f is strongly reversible unless
N − 1 = 1 (mod 4) and there is no f -invariant line through the origin. We deduce
Theorem 1.6 for elliptic maps from Lemma 4.5 (i).

If f is a parabolic map then, by conjugation, we consider it to be a fixed point
free element of E+

N−1 within M+
N−1. Using Theorem 1.5 and Proposition 4.3 we see

that f is strongly reversible unless N − 1 = 1(pmod4) and there is no f -invariant
two-dimensional Euclidean plane in RN−1. We deduce Theorem 1.6 for parabolic
maps from Lemma 4.5 (ii).

If f is loxodromic then, by conjugation, we may assume that f is an element of
M+

N−1 of the form f(x) = λA(x), for A ∈ O+
N−1 and λ > 1. Using Proposition 2.2

and Proposition 4.4 we see that f is strongly reversible unless N − 1 = 0 (mod 4)
and there is no A-invariant Euclidean line through the origin in RN−1. We deduce
Theorem 1.6 for loxodromic maps from Lemma 4.5 (iii).

4.3. Proof of the hyperbolic part of Theorem 1.3

Proof. Choose f in M+
N , N > 1. If f is elliptic or parabolic, then f can be

expressed as a composite of three involutions, by the part of Theorem 1.3 concerning
Euclidean geometry. If f is loxodromic then, by conjugation, we can assume that
f(x) = λA(x), where A is orthogonal and λ > 1. By Proposition 2.4 there are
involutions S1, S2 ∈ O−N and S3 ∈ O+

N such that A = S1S2S3. Define involutions
σ1 = λγS1, σ2 = γS2 and σ3 = S3 in M+

N . Then f = σ1σ2σ3.
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4.4. Examples
In this section, the results on strongly reversible orientation-preserving hyperbolic
isometries are reproved in two and three dimensions using alternative
representations of the hyperbolic isometry groups.

First consider the group of orientation-preserving Möbius transformations fixing
the unit disc. Each non-trivial map f from this group is the composite of two distinct
reflections. That is, f = τ1τ2, where τ1 is a reflection in a hyperbolic line `1 and τ2

is a reflection in a different hyperbolic line `2. The map f is classified as elliptic,
parabolic, or loxodromic, depending on whether `1 and `2 intersect, are disjoint
and meet on the ideal boundary point, or are disjoint and do not meet on the ideal
boundary (see Figure 1).

elliptic parabolic loxodromic

Fig. 1—The dynamic type of a Möbius map that fixes the unit disc can be classified
geometrically according to whether `1 and `2 intersect, are parallel or are disjoint
and not parallel.

Only elliptic maps and the identity map are ever of finite order, and an elliptic
map is of order two if and only if its angle of rotation is π. The angle of rotation
is π if and only if the lines `1 and `2 intersect orthogonally. The next theorem is
Theorem 1.6 in the special case N = 2.

Theorem 4.6. A Möbius transformation fixing the unit disc that is not an invo-
lution is strongly reversible if and only if it is loxodromic.

Proof. Suppose that f is a loxodromic map, say f = τ1τ2 for reflections τ1 and
τ2 in disjoint and not parallel lines `1 and `2. Define `3 to be the unique hyperbolic
line orthogonal to both `1 and `2, and define τ3 to be the reflection in `3. The
maps σ1 = τ1τ3 and σ2 = τ3τ2 are both elliptic maps of order two, and f = σ1σ2.
Conversely, define f to be the composite σ1σ2 for elliptic rotations σ1 and σ2 of
order two about distinct points p1 and p2. Define `3 to be the unique hyperbolic
line containing p1 and p2. Define `1 to be the unique hyperbolic line containing p1

that is orthogonal to `3 and define `2 to be the unique hyperbolic line containing
p2 that is orthogonal to `3. Note that `1 and `2 are disjoint and do not meet on the
ideal boundary. Let τ1, τ2 and τ3 be the corresponding reflections in `1, `2 and `3.
Then σ1 = τ1τ3 and σ2 = τ3τ2. Therefore f = τ1τ2, so f is loxodromic.

It is straightforward to prove the other theorems of Section 1 for two-dimensional
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hyperbolic space with techniques similar to those used in Theorem 4.6. The strongly
reversible maps in E+

2 can also be classified in a similar fashion.
We finish with an alternative proof of Theorem 1.6 in the case N = 3, using the

well known representation of M+
2 in terms of fractional linear transformations of

C∞. (Maps of the form

z 7→ az + b

cz + d
,

where ad − bc 6= 0.) After conjugating suitably we can assume that a map f in
M+

2 either fixes only the point ∞, or else fixes both 0 and ∞. In the first case
f(z) = z + v, v 6= 0, and in the second case f(z) = λz, λ 6= 0. The identities
z + v = −(−z) + v and λz = λ(z−1)−1 suggest how to decompose f as a composite
of two involutions. Thus, in agreement with Theorem 1.6, all members of Isom+(H3)
are strongly reversible.
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