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ABSTRACT
We establish the LP boundedness for oscillatory integrals for Bochner—Riesz
operators with critical order provided that 1 < p < oo.

1. Introduction

Let n > 2 denote the dimension of the Euclidean space. For f defined on R™, f
denotes the Fourier transform of f, and fV denotes the inverse Fourier transform

of f.
We define the Bochner—Riesz operator
(BLN©) = (1 =7 F(©).
Let
p(z) = [(1 = [¢%)%]Y (2), 6 >0, (a)+ = max(a,0).

Then, the Bochner-Riesz operator B2 f can be rewritten as

Blf(x) = (f * ¢r) (@),

where ¢, (z) = 77"¢(%). In particular, we say that BSf is a Bochner-Riesz
operator with critical order when § = %‘1, that is,

BT f(2) = (f % 6:)(a), (1.1)

n—1
where ¢(z) = [(1 - [§]*)}7 ]V ().

The Bochner—Riesz operators have been studied by many [see 4; 5 and 6, for
example]. In particular, E.M. Stein [6] proved LP boundedness for Bochner—Riesz
operators with critical order for 1 < p < co. Then, X. Shi and Q. Sun [5] obtained
weighted LP boundedness for Bochner—Riesz operators with critical order for 1 <
p < o0.
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It is well known that in 1987, Ricci and Stein [4] proved that a class of oscillatory
singular integral operator with polynomial phases and smooth kernel is bounded
on LP(R™). In 1992, Lu and Zhang [3] extended the above results to the case
of rough kernel; see also [2]. Naturally, it is an interesting question whether the
oscillatory integrals for Bochner—Riesz operators with critical order are LP bounded
for 1 <p < 0.

In this note, we will answer the question. More precisely, we have the following
results.

Theorem 1.1. Let p(x,y) be a real valued polynomial, and let ¢, be the same as
(1.1), the oscillatory integral for Bochner—Riesz operators with critical order defined

by
Bof(e) = [ 6, (@ ) fw)dy.

Then for 1 <p < 00

1B fllp < Cllflp,
where C' is independent of the coefficients of p(x,y), T and f, but depends on the
degree of p(x,y).

Furthermore, we have the following weighted result for the oscillatory integral of
Bochner—Riesz operators with critical order.

Theorem 1.2. Let B, f be the same as in Theorem 1.1, and w € A,(R")(the
Mouckenhoupt weight class). Then for 1 < p < oo

1B fllpw < Clifllp,ws

where C' is independent of the coefficients of p(x,y) and f, but depends on the degree
of p(x,y).

Throughout this paper, C' is a positive constant that is independent of the main
parameters and not necessarily the same at each occurrence. For a measurable set
E, denote by x g the characteristic function of FE. For f defined on R"”, f denotes
the Fourier transform of f.

2. Proof of the Theorems

First, we state several lemmas.
Lemma 2.1. [see 7, p. 169] Let ¢ be the same as in (1.1). Then

J x
() o) = ¢t

1
T |i —, Jy(x) denotes the Bessel function;
x| 2

(i) [¢(2)] < CA+ [z[)7";
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(ili) [Vo(z)| < C(1+ [af)7".

Lemma 2.2. (see [4]) Suppose p(x) = Z|a\gd aax® 1s a polynomial of degree d in
R™, with € < 1/d. Then

—€

sup /| ) do) < A | 3
z|<1

yERN

lo|=d
Now, let us turn to prove the theorems.
PrOOF OF THEOREM 1.1. Write
plEy)= D aapzy’.

|| <E,|B|<I

By the dilation invariance, we may assume that } -, _s. 5= [aas| = 1.
Decompose

B f(x) = / o) Sy
rz—y|<T

+ e g (z —y) f(y)dy

|z—y|>T

=Tof(z) + T f ().

For Ty, it is easy to see that

’/ eV (z —y) f(y)dy| < CT‘”/ [f()ldy < CM f(x),
lz—y|<T |z—y|<T

where M denotes the standard Hardy-Littlewood function.
Then, we have

1Tofllp < CllFllp- (2.1)

Now we return to consider T,,.We write
Toof(x) =3 / eV (@ — y) fy)dy
j=1 21— 1r<|z—y|<2iT
(oo}

= Zij($)~

We next consider two cases for 7.
Case 1. 0 <7 < 1. We claim that there exists a positive number § such that

1T fllp < C277° £, (2.2)
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holds for j > 1. From (2.2), we obtain

1T fllp < ClIfllp {14+ D277 | < Clifllps

Jj=1

which together with (2.1) will prove the theorem in the case 0 < 7 < 1. We now
prove (2.2). To do this we consider 7;T;. This operator has as its kernel L;(y, 2)
given by

/ =N 6 (g~ )6, (2 — y)da.
2i-lr<|z—z|,|lz—y|<2iT

By rescaling we would obtain the same norm if we replace L;(y, 2) by L;(y,z)
defined by

Li(y,z) = 2jnij (ij, 2jz).
Then
(L(y.2) = / (@22 DD F 22N (0 2)py (3 y)da.
T/2<|z—z|,|lz—y|<T
(2.3)

Now we make the changes of variables x — x + y in (2.3), and then write z-
integration in polar coordinates with = = ra’,r = |z|, |2/| = 1, dzx = " drdo(z).
We now write p(x,y) as follows

pla,y) = > 2*Qaly) + R(z,y),

|a|=k

where R(x,y) is a polynomial with z-degree less than k, and Q,(y) is a polynomial
with degree [. So we can write

Lily,2) = / / S EXOG, (1, 2")drdo(x)),
l2’|=1 /g <r<m g <|ra’—zty|<r

where

E=(2r)" ) 2"[Qa(22) - Qu(2'y)],

|| =k

and F' with r-degree less than k, and
(I)ij(T7 .’IZ‘/) = ¢2*jT(T'T/ -z + y)¢2*j7(r)rn_1'

By Van der Corput’s lemma (see [6, p. 332]), for any % <t <1, we have

tT
/ e EHE) gy

<Ol D 2[Qa(2 2) — Qu(27y)]

|l =k

==
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From integration by parts, and using Lemma 2.1, we have

e E+E) ®; (r,x")dr)

/;<7‘<T,;<|r:r’z+y<’r

==

@) 3 2Qu(22) — Qul(2'y)]

|a|=k

C
<1+ ] 40, (2]
T<r<r, T <|ra’ —z4y|<T

<Cr Y 2[Qa(22) - Qu(27y)]
|a|=k

(2.4)
Using Lemma 2.1, it is easy to see that

S EXNG, (1 2 )dr| < CT"xB,, (y — 2),

/’;r<r<'r,;<|rm/z+y<'r

where x g, is the characteristic function of the ball radius 27 centered at zero.
Since 7 < 1, from (2.4) and the above inequality, we get the estimate

/ S EER G, (r 2 )dr
S<r<T, <] ra’ —z4y|<T

|a|=k
which holds uniformly in §; € (0,1]. Thus, by Lemma 2.2, we get

41
%

Li(y,2)| < C| D [Qa(272) = Qu(2y)l|  XBa, (¥ — 2). (2.5)

la|=k

Now, we take d; € (0,1] such that d;/k < 1/I, then from Lemma 2.2, it follows

Rl SR DI CRCDENC )

|a|=k
< C2flj51/k = (2—2j€,

That is,

sup/ |L;(y, 2)|dy < C27 %,

z€R™

<C Z xla[Qa(2jz) - Qa(2jy)] XBa- (y -

z),
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Similarly,

sup/ |L;(y, 2)|dz < C27%9€,
yeR™ n

Hence, we have
1T fll2 < C277¢|| f |2 (2.6)

Using (ii) of Lemma 2.1, we have

Tl < [ Jor(e — ) FW)ldy
2i-1r<|u—y|<2ir
21— 1r<|e—y|<2iT |I - y|n
< CM f(x).
Thus
[T fllpe < Cpollfllpes  for 1 <po < oo (2.7)

By interpolation between (2.6) and (2.7), we obtain (2.2).
Case 2. 7 > 1. We claim that there exists a positive § such that

I £llp < C@7) 711 £l (2.8)

holds for j > 1.
The proof is parallel to the proof in case 1. We now prove (2.8). To do this we
consider T7T};. This operator has as its kernel L;(y, 2) given by

| D PEN g (5~ )6, (1 — y)da.
21 lr<|e—z|, |z —y|<2I T

By rescaling we would obtain the same norm if we replace L;(y,z) by L;(y,2)
defined by

Li(y,z) = (2j7)"ij(2j7y, 2j7'z).
Then

Lj (y’ Z) _ / ei(p(QijE,Qsz)—p(QjT(E,ZjTy))¢27j (x _ Z)¢2—j (.Z‘ _ y)dm
1/2<]z—z|,lz—yl<1
(2.9)
It is easy to see that

|L;(y, 2)| < Cxp,(y — 2), (2.10)

where x p, is the characteristic function of the ball radius 2 center at zero.
Now we make the changes of variables x — x + y in (2.9), and then write z-
integration in polar coordinates with = = ra’,r = |z|, |2/| = 1, dox = " drdo(z).
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We now write p(x,y) as follows

pla,y) = > 2*Qaly) + R(z,y),

|a|=k

where R(z,y) is a polynomial with z-degree less than k, and Q,(y) is a
polynomial with degree [. So we can write

J(ya Z) = / / ei(E+1 )(Dj (T, fl}'/) lrdO’((Ijl)’
la/|=1 3<r<l,3<|ra’—z+y|<1
Where

E= 27 Y 2*Qa(272) — Qa(21y)],

lee|=k

and F' with r-degree less than k, and

Q;(r,2") = dos(ra’ — 2+ y) s (r)r" L.

By Van der Corput’s lemma (see [6]), for any 1/2 < ¢ < 1, we have

t
/ ! ETE) gy

2

=

<C|@1)" Y °(Qa(272) — Qu(@Ty)

loe|=k

-

From integration by parts, and using Lemma 1, we have

ei(EJrF)(I)j(r, x')dr

/§<r<1,;<|rw’z+y|<1

<C|@)F Y @ Qu(272) — Qu(2iTy)]

la|=k

<1+ 45 (r, o)
%<r<1,%<|rr’fz+y\<1
1

< C@)F Y 2" Qa(2712) — Qa(2Ty)]

la|=k

From (2.10) and the above inequality, we get the estimate

S EXG (2 )dr

/;<r<1,;<mc’—z+y|<1

< c (2jT>k Z x/a[Qa(2sz) - Qa(2j7-y)] X B> (y - Z)7

lol=k
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which holds uniformly in é; € (0, 1]. Thus, by Lemma 2.2, we get

91
k

ILi(y,2)| < C@7)7 | 3 [Qa(272) = Qu(@Ty)]|  xmaly — 2)-

|| =k

Now, we take d; € (0,1] such that d;/k < 1/I, then from Lemma 2.2, it follows

/waszOWﬂ%/’ S [Qu(2r2) — Qu(@ry))|  d

lz—y|<2 lao|=k

< C(20r)~ % (2ir)~ton/k = C(207) 2.
That is,

sup [ |Ly(y.2)ldy < C2im)
zeRn Jrn
Similarly,
sup / |L;(y, 2)|dz < C(291)72%,
yERn n
Hence, we have

|75 fllz < C277) 7| fll2.

Adapting the arguments in the proof of (2.7), there exists a positive number § such
that

1T £llp < C77) 7|1 £l

holds for j > 1. Thus, (2.8) is proved.
Since 7 > 1, from (2.8), we obtain

1T fllp < ClFlp [ 14+ D277 ) <Clfllp-
j=1

Thus, the proof of Theorem 1.1 is complete. H

PROOF OF THEOREM 1.2. Adapting the idea of [2], similar to the proof Theorem
1.1, we can obtain the desired result. H
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