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ABSTRACT

We study completely contractive representations of product systems X of corre-
spondences over the semigroup Zi. We present a necessary and sufficient condition
for such a representation to have a regular isometric dilation. We discuss representa-
tions that doubly commute and show that these representations induce completely
contractive representations of the norm closed algebra generated by the image of
the Fock representation of X.

1. Introduction

A C*-correspondence E over a C*-algebra A is a (right) Hilbert C*-module over
A that carries also a left action of A (by adjointable operators). It is also called a
Hilbert bimodule in the literature. A c.c. representation of E on a Hilbert space
H is a pair (0,T), where o is a representation of Aon H and T : E — B(H) is a
completely contractive linear map that is also a bimodule map (that is, T'(a-§-b) =
o(a)T(&)o(b) for a,b € A and £ € E). The representation is said to be isometric
(or Toeplitz ) if T(£)*T(n) = o({&,n)) for every &, n € E.

In [18], Pimsner associated with such a correspondence two C*-algebras (O(FE)
and 7 (F)) with certain universal properties. In [11] we studied the operator algebra
T, (F) (called the tensor algebra) that is universal for c.c. representations of E.

A product system X of C*-correspondences over a semigroup P is, roughly
speaking, a family {X; : s € P} of C*-correspondences (over the same C*-algebra
A), with X, = A, such that X, ® X; is isomorphic to X; for all s,t € P\{e} (see
Section 2 for the precise definition). A c.c. (resp. isometric) representation of X
is a family {75} such that, for all s € P\ {e}, (T.,Ts) is a c.c. (resp. isometric)
representation of X and such that, whenever x € X, and y € Xy, Tst(05,:(zQy)) =
Ts(x)T(y) (where 65 is the isomorphism from X ® X; onto X).

If E is a C*-correspondence over A then, setting X (n) = E®" (and X (0) = A),
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we get a product system over P = Z and every product system over Z, arises in
this way.

In [4], Fowler studied product systems over more general (discrete) semigroups
P. He proved the existence of a C*-algebra 7 (X) that is universal with respect
to Toeplitz representations. In [21, proposition 3.2], we proved the existence of an
operator algebra 7, (X) (the universal tensor algebra), which is universal for c.c.
representations of X; that is, there is a c.c. representation of X whose image gener-
ates 7 (X) and every c.c. representation of X gives rise to a completely contractive
representation of the algebra 7, (X).

In [21, theorem 4.4] we also proved that every c.c. representation of a product
system X over P = Zi can be dilated to an isometric representation of X . (This was
then used to dilate a pair of commuting CP maps). Specialising to the case where
A =C and X(n) = C ,n € Z2%, this result recovers Ando’s dilation result ([1]).
Ando proved that, given a pair (T1,T3) of commuting contractions in B(H), there
is a Hilbert space K, containing H, and a pair (V;,V3) of commuting isometries in
B(K) such that, for all n = (ny,n2) € Z3,

PyV{"Vy?|H =TT,

It is well known (see [16] or [17]) that such a result is false, in general, for Z% | k > 3
(that is, for k-tuples of commuting contractions with k& > 3). Thus, in particular,
[21, theorem 4.4], cannot be proved for product systems over Z’i, k> 3.

It is known, however, that, if (T1,7%,...,Tx) is a commuting tuple of con-
tractions in B(H) satisfying an additional condition, then there are isometries
(Vi,Va,..., Vi) (in B(K) for some Hilbert space K containing H) that dilate
(Ty,To,...,Tx), (see [2] or [14, theorem 9.1]). The additional condition requires
that, for every subset v C {1,...,k},

S(v) =Y (1)@ 7™ >0, (1.1)
uCv
where, for u = {i1,...,in}, |u| = m and T®®) = T; ... T; . In fact, this condition

is a necessary and sufficient condition to have an isometric dilation (V4,...,Vy)
with the additional property that, for every n,m € Zi with n Am = 0,

PyVyM g = prm

where 7™ =[] 77" and V™ = [T V;™. Such a dilation is called a regular dilation.

In Definition 3.2 we define regular isometric dilations for c.c. representations of
the product system X (over Zi) and, in Theorem 3.5, we prove that a condition
similar to condition (1.1) is a necessary and sufficient condition for the existence of
an isometric regular dilation. It is also possible, in this case, to find an isometric
regular representation that is minimal (in an obvious sense) and, in Proposition 3.7,
we show that such a dilation is unique up to unitary equivalence.

In the classical case, it is known [14, proposition 9.2] that, if the k-tuple (11, ..., Tx)
of contractions doubly commutes (that is, the operators commute and, in addition,
Ty =TT, for all ¢ # j), then it satisfies condition 1.1 (and, thus, a regular,
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minimal isometric dilation exists). It is also known [6, theorem 1] or [22, theorem
2] that, in this case, the regular, minimal isometric dilation also doubly commutes.

In Theorem 3.10 we prove a similar result for representations of X. (See Def-
inition 3.8 for the definition of a doubly commuting representation of a product
system X). Then, in Lemma 3.11, we observe that, for an isometric representation,
the doubly commuting condition is equivalent to a condition known in the litera-
ture (e.g.[4; 5; 15]) as Nica covariance. We then note, using results of [4], that the
C*-algebra generated by the image of the Fock representation L on the Fock space
F(X) :=>_ X(n) is isomorphic to the algebra 7.,,(X). The algebra 7.,,(X) was
studied by Fowler in [4] and was shown there to be universal for Nica-covariant
representations provided X is compactly aligned (Definition 3.14). Considering the
Banach algebra generated by the image of the Fock representation L (and writing
T+..(X) for it), we use Theorem 3.10 to show, in Corollary 3.17, that every doubly
commuting, c.c. representation {Tn} of X on H gives rise to a unique completely
contractive representation of 7 .(X) mapping L(x), for x € X (n), to Tn(z). We
refer to 7 .(X) as the concrete tensor algebra associated with X.

Although some of the results of this paper may be expected in view of the case
of commuting tuple of operators, the examples in the last section show that they
form a far-reaching generalisation.

Recently, k-graphs and the C*-algebras associated with them have been studied
extensively. (See [8] where these C*-algebras were introduced, the survey article
[19] and the references there). Note that every k-graph can be defined by a product
system of graphs over Z’i [20]. The algebra 7, . for such a product system, asso-
ciated with a k-graph A, is the multivariable analogue of the quiver algebra of [12]
and can be referred to as a k-quiver algebra and denoted 7. .(A). These algebras
(and their weak closures) were studied in [7]. In Subsection 4.4, we discuss the case
of a single-vertex k-graph in more details.

The next section is devoted to recalling some preliminary results and notation.
In Section 3 we present and prove the main results of the paper and in Section 4
we present some examples.

2. Preliminaries

We begin by recalling the notion of a C*-correspondence. For the general theory of
Hilbert C*-modules which we use, we will follow [9]. In particular, a Hilbert C*-
module E over a C*-algebra A will be a right Hilbert C*-module. We write L(E)
for the algebra of continuous, adjointable A-module maps on E. It is known to be
a C*-algebra.

Definition 2.1. A C*-correspondence over a C*-algebra A is a Hilbert C*-module
E over A endowed with the structure of a left A-module via a *-homomorphism
v A— L(E).

When dealing with a specific C*-correspondence E it will be convenient to write
¢ (instead of pg) or even to suppress it and write a§ or a - £ for p(a)€.
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If F and F are C*-correspondences over A, then the balanced tensor product
E ®4 F is a C*-correspondence over A. It is defined as the Hausdorff completion
of the algebraic balanced tensor product with the internal inner product given by

(E1@m, & @n2) = (1, pr((€1,&2) E)M2) F (2.1)

for all &1,&; € E and 11,12 € F. The left and right actions of a € M are defined by

vrer(a)(@n)b=pr(a)§ ®nb (2.2)
foralla,be M,{ € FEandn € F.

Definition 2.2. An isomorphism of C*-correspondences E and F' is a surjective,
bimodule map that preserves the inner products. We write E = F if such an iso-
morphism exists.

If E is a C*-correspondence over A and o is a representation of A on a Hilbert
space H then E ®, H is the Hilbert space obtained as the Hausdorff completion
of the algebraic tensor product with respect to (( ® h,n Q@ k) = (h,c({{,n)E)k)H.
Given an operator X € L(E) and an operator S € o(A)’, the map E@h — XE® Sh
defines a bounded operator X ® S on E ®, H. When S = Iy and X = pg(a) (for
a € A) we get a representation of A on this Hilbert space. We frequently write
a® Iy for p(a) ® Iy.

Definition 2.3. Let E be a C*-correspondence over a C*-algebra A. Then a com-
pletely contractive covariant representation of E (or, simply, a c.c. representation
of E) on a Hilbert space H is a pair (o,T), where

(1) o is a x-representation of A in B(H).

(2) T is a linear, completely contractive map from E to B(H).

(3) T is a bimodule map in the sense that T(alb) = o(a)T(§)o(b), £ € E, and

a,beA.

Such a representation is said to be isometric if, for every &,n € E, T(&)*T(n) =

a((&m)-

It should be noted that there is a natural way to view F as an operator space
(by viewing it as a subspace of its linking algebra) and this defines the operator
space structure of E to which Definition 2.3 refers when it is asserted that T is
completely contractive.

As we showed in [11, lemmas 3.4-3.6], if a completely contractive covariant
representation, (o,T), of E in B(H) is given, then it determines a contraction
T:E®, H — H defined by the formula T(n®h) :=T(n)h,n@h € E®y, H. The

operator 1" satisfies

T(p()@I)=0(-)T. (2.3)

In fact we have the following lemma from [13, lemma 2.16].

Lemma 2.4. The map (0,T) — T isa bijection between all completely contractive
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covariant representations (o, T) of E on the Hilbert space H and contractive oper-
ators T : E ®, H — H that satisfy equation (2.3). Given o and a contraction T
satisfying the covariance condition (2.3), we get a completely contractive covariant
representation (o, T) of E on H by setting T(£)h :=T(£ @ h).

Moreover, the representation (o,T) is an isometric representation if and only if
T is an isometry.

Remark 2.5. In addition to T we also require the “generalised higher powers” of
T. These are maps T, : E5"@ H - H defined by the equation T,,(§1 ® ... ®
En®h)=T(&)-- (fn)h, §®..0& @h € E® ® H. One checks easily that
T, :TO(IE®T)O~--O(IE®71—1 ®T), n > 1.

3. Regular dilations

In the following we follow the notation of Fowler ([4]). Let P be the semigroup
Z% . Suppose p : X — P is a family of C*-correspondences over A. Write X (n) for
the correspondence p~t(n) for n = (ny,...,n;) € P and ¢n : A — L£(X(n)) for
the left action of A on X (n). We say that X is a product system over Z’i if X is
a semigroup, p is a semigroup homomorphism and, for each n,m € Z* 1\{0}, the
map (z,y) € X(n) x X(m) — zy € X(n+ m) extends to an 1bomorphlbm On m of
correspondences from X (n)® X (m) onto X (n+m). We also require that X (0) = A
and that the multiplications X (0) x X(n) — X (n) and X (n) x X(0) — X(n) are
given by the left and right actions of 4 on X (n).
The associativity of the multiplication means that, for every n,m,p € Zi,

9n+m,p(9n,m & Ip) = 0n,m+p(1n & am,p) (3.1)

where, for m € Z%, Im stands for the identity of X (m). We shall write e; for the
element in Zi whose ith entry is 1 and all other entries are 0 and, for a subset
uC{l,...,k}, we write e(u) = > {e; : i € u}.

Given a product system X over Z% , we set E; = X (e;) for 1 <14 < k. It will be
convenient to write EP for the n-fold tensor product E™ and to identify X (n) (for
n € Z%) with E]' ® E}* ® - - - ® E}* (where these tensor products are the balanced
tensor products over A). That means, in particular, that the isomorphisms fe, e,
for i < j7 are identity maps. Setting ¢; ; = fe, e, : i ® E; — E; @ E; for i > j (and
tig =15, ! for i < j), one can check that the family {t:; 1 1 <14,j <k} satisfies

(tji @ le,)(le; @ t)(ti; @ Ie,) = (le, @ t1,5)(t1; ® e, )(le, @ tj:) (3.2)

for every 1 <4,5,1 < k. One can also check (but we omit the tedious computation)
that, given k correspondences Ey, ..., Ej, over the C*-algebra A and a family {tz,j :
1<4,j <k} suchthatt,;;: E; ®E — E; ® E; is an isomorphism, ¢; ; =t L and
t; i is the 1dent1ty map, it determines, in a unique way, a product system X (Wlth
X( n) = E/" ®---® E;*) whose isomorphisms {fn m} satisfy fe, e, = id if i <j
and tgei7ej = ti,j if 4 > J-

Definition 3.1. A c.c. representation of X on a Hilbert space H is given by a
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nondegenerate representation o of A on H and k completely contractive maps T -
E; — B(H) such that, for each 1 < i <k, (0,T") is a c.c. representation of E;
and, for i,j, they satisfy the commutation relation

TO(Ig, @TW) =T (Ig, @ TD)o (t;; ® In) (3.3)

Recall that we write Ty(f-) (where 1 < i < k and n > 0) for T(i)(li QT®). .. (I;®
L;®---®TW): E' @ H— H (where I; stands for Ip,). Similarly, for n € Z¥, we
write

Tn = TT(I,})(Inlel ® Trg)) T (In*nkek ® T’I’(LE)) : X(n) ®@H — H. (34)

The map T : X (n) — B(H) is then defined by Th(£)h = Tn(€ ® h) (for h € H).
It follows from (3.3) that, for n,m € Z* , ¢ € X(n) and n € X (m),

Tnym(fnm(§ ®@n)) = Tn(€)Tm(n). (3.5)

So that Definition 3.1 agrees with the definition stated in Section 1.
For n = (ny1,ns,...n;) € 7ZF we write n, for the vector whose ith entry is
max{n;,0} and n_ for ny —n. We also write

T(n) =Ty Tn, : X(ny)®H — X(n_)® H. (3.6)

Definition 3.2. Let (o, TWD, ..., T®) be a c.c. representation of X on H. A reg-
ular isometric dilation of (o, T™, ..., T"®)) is a representation (p, V),
ceey V(k)) of X on a Hilbert space K, containing H, such that

(i) Each VW is an isometry (from E; @ K into K ).

(ii) H is invariant for every V@ (€)%, € € E;.

(iii) H 1s reducing for p and p(a)|H = o(a) for a € A.
(iv) For every n€ Z*, (Ix(n_y® Pu)V(n)|X(ny) ® H =T(n).
Such a dilation is said to be minimal if the smallest closed subspace of K that
contains H and is invariant under all VO (€), for € € By, is K.

Note that the word “regular” refers to the fact that we require (iv) to hold for
every n € Z* and not only for n € Z’j_.

In the following, in order to avoid cumbersome notation, we shall often suppress
the isomorphisms between X (n) ® X (m) and X(n + m). For example, the map
Ip_ew) ® Té(u)fe(u)7 appearing in the statement of Lemma 3.3 below, is a map
from X(p — e(u)) ® X(e(u)) ® H to itself but we view it there as a map from
X(p) ® H to itself, invoking these isomorphisms. Another example is Equation
(3.5) which will be frequently used in the form

The following, technical, lemma will be needed in the proof of the next theorem.

Lemma 3.3. Let (0,{T™}) be a c.c. representation of X on H. Write R =
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(R(p, q))P,qGZ’jr for the (infinite, operator-valued) matriz defined by
R(p,q) =Iq(q-p,®T(qg—p): X(@®@H — X(p)® H.

Write S = (S(p, q))pﬂez’i for the matriz defined by S(p, @) = R(p, q) if ¢ > p and
S(p, q) = 0 otherwise. Also, let D be the diagonal matriz with

uC{1,....k},e(u)<p
for pe Zk.
Then

R=S5"DS. (3.7)
Also, let L be the (operator-valued) matriz given by L(n,m) = (—1)1"IT @ T(e(v))
if m— n= e(v) and 0 otherwise. Then SL =1 and

D =L*RL. (3.8)

Remark 3.4. Before we turn to the proof, note that, although we multiply here
infinite matrices, the sums involved in the computations of the entries of the product
are all finite sums. The precise meaning of Equation (3.7) is (Rh,g) = (DSh, Sg)
forh e X(p)®@ H and g € X(q) ® H. Thus, it holds for all h,g in the vector space
Ho, which is the (algebraic) sum ZpeZ’jr X(p) ® H. A similar remark applies to

Equation (3.8). It thus follows from the lemma that, R is positive on this space (in
the sense that (Rh,h) > 0 for every h € Ho) if and only if D is positive (in a
similar sense).

PROOF OF LEMMA 3.3. Given 0 # n € Z¥ | it is easy to check that

> (-1l =o. (3.9)

uQ{L"wk}’e(u)Sn

If n = 0, this sum is, of course, 1.
Now compute, for p,q € Zi,

(S*DS)(p,a) = D> S(L,p)*DA1S(,q) =
l<prq

Yo (M@ TE -1 ) e © TéwTew)(h @ T(a—-1) =
ew)<l<pnrq

_1)lul [ [ =
> (- Neew ® Teqyp-1Tewrq-1) =
e()<l<paq
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S Y ()" Im ® T ymTpem)-

O<m<pnrq €(v)+Mm<pArq

Applying (3.9), the last sum is equal to

Iprg @ (Tp_pagyTa-ra) = Ig-(q-p); ® T(a—Pp).

This proves that R = S*DS.
Now, let L be as in the statement of the lemma and compute

(SL)(p,@)= > S(p.DI(,q) =

p<l<q

Yo (D)UpeTA-p)([eT(e(v) =
p<lg=l+e(v)

S () e (T -p)(_p © Tlew) = Y (~1)"(p & T(a - p)).
p<lg=l+e()

where the last sum runs over all v C {1 <1 <k : p; < ¢;}. The argument at the
beginning of the proof shows that this is non zero only if p = q and, in that case,
it is equal to Iq. This shows that SL = I and, consequently, D = L*RL.

|

Theorem 3.5. A c.c. representation (o, {T™}) of X on H has a regular isometric
dilation if and only if, for every v C {1,...,k},

> (=DM (Tew)—eqw) @ TéwyTew) = 0, (3.10)

uCwo

where |u| is the number of elements in u.
The reqular isometric dilation, when it exists, can be chosen minimal.

PROOF. Suppose condition (3.10) holds. Write H for the vector space of all finitely
supported functions g on Z* with g(m) € X(m) ® H for all m € Z%. On H, we
consider the following sesquilinear form

9.5)= 3 ((In_m-m), ®T(n—m))g(n), f(m)). (3.11)

nm>0

Lemma 3.3 (together with condition (3.10)) implies that this form is positive
semidefinite. Let N be the space of all g € Hy with {g,¢g) = 0 and write K for
the Hilbert space obtained by completing the quotient Ho/A with respect to the
inner product defined by (3.11).

We first embedd H into K. For that, define W : H — K by Wh = hég + N
where hdg(0) =h € H= X(0) ® H and hig(n) = 0 if n # 0. Then, for h, f € H,
(Wh,W f) = (hdg, fog) = (h, f). Thus W is an isometry of H into K.
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Now, for a € A and g € Hy, we set p(a)(g + N) = f + N where f(m) =
(¢x(m)(a) ® I)g(m). Note that, if a € A and n,m € Z satisfy n Am # 0, then
(Inrm ® T'(n —m))(pxmn) (@) ® 1) = (pxm)(a) @ In)(Inanm @ T'(n — m)) since
(a) acts on the left most factor in X (n Am). If n Am = 0 we still have the same
equality since, in this case, T(n — m)(pxm)(a) ® Iy) = TinTn(pxm)(a) @ Iy) =
Tiqo(a)Th = (exmy(a) ® Iy)T{yTn. Thus, letting C(a) be the diagonal matrix
with ¢ xm) ® Iy in the n,n entry, we find that C(a) commutes with R (where R
is as in Lemma 3.3). Clearly ||C(a)| < ||a|| and, therefore, C(a)*RC(a) < |a|/?R.
It follows that the map p(a), defined above, is a well defined bounded operator on
K. Tt is easy to check that p is indeed a C*-representation of A on K.

For 1 < i < k and ¢ € Ej, define V@O (€)(g + N) = g; + N where g;(n) =
£ ®g(n—e;) if n > e; and is 0 otherwise. The covariance property of V() is easy
to check and so is the equality

(95, fi) = (g, p((& M) f)
for g, f € Ho. Thus VO (&)* V) (n) = p((€,n)) so that, for each 1 < i <k, (p, V¥)

is an isometric representation of E;.
Now, for g € Hy, £ € E; and h € H, we compute

(9. VI Wh) = (V(€)g,Wh) = > (Tn(¢® g(n —e;)),h) =

n>e;

> (Tn-e,(g9(n =€), TO(€)"h) = (g, WT (€)" ).

n>e;
Thus V@O (€)*W = WT®(£)*. This proves property (ii) of Definition 3.2. Property
(iii) is easy to check and we need only to verify (iv).

Note first that, for p € Zi, ¢ € X(p) and g € Hy, it follows from the definition

of VW above that Vp(f ® g)(p) ={®gn—p)ifn > p (and it is equal to 0
otherwise). Thus, for h € H, Vp({ ® Wh)(n) = £ ® h if n = p and 0 otherwise.
Therefore, for n € Z¥, ¢ € X(ny),n € X(n_) and hy,hy € H,

(V) (€@ Why),n®@ Wha) = (Vn, (£ @ Whi),Va_(n ® Why)) =

(T'(n)(§ @ h1),n @ hy).

This proves that this is indeed a regular isometric dilation.

Now assume that (o, {7)}) has an isometric regular dilation (p, {V(®}) (on K).
Let Ry, Sy and Dy be the matrices described in Lemma 3.3 with V replacing T
Since (p, {V¥}) is an isometric representation, it follows that, for u C {1,...,k},
Vé(u) Ve(u) is the identity map on X (e(u))® H. The argument in the first paragraph
of the proof of Lemma 3.3 now shows that Dy is the identity matrix and, thus, Ry =
Sy Dy Sy > 0. But, since the dilation is regular, the matrix R (as in Lemma 3.3)
is a compression of Ry . It follows that R > 0 and, using Lemma 3.3 again, D > 0.
From this, (3.10) follows.

If a regular, isometric, dilation exists, we can restrict it to the minimal closed
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subspace containing H and invariant under all V(i)(f), ¢ € E;, to get a minimal
one. N

The following lemma is easy to verify but will be useful.

Lemma 3.6. If (0,{VV}) is an_isometric representation (that is, each V@ is an
isometry), then, for n,m € ZX , Vi Vp = Innm @ V(n — m).

PROOF. Compute V&Vn = (In/\m®Vﬁ-lfm/\n)‘?ﬁl/\n‘?m/\n([n/\m®Vn7m/\n) =
Im/\n®V(n—m). |

Proposition 3.7. A minimal, reqular, isometric dilation of (o, {TD}) is unique
up to unitary equivalence.

PROOF. Suppose (p, {V#}) and (7, {U#}) are minimal regular isometric dilations
of (0,{T™}) on K and G respectively. For every n € Z write K (n) = Vn(X(n) ®
H) and G(n) = Un(X(n) ® H) (and, for n = 0, K(0) = H = G(0)). Now, let
R(n) : K(n) — G(n) be defined by R(n)Vn (£ @ h) = Un(€ @ h) (for £ € X(n) and
h € H) and R(0) = Ig. For n,m € Z%, ¢ € X(n), n € X(m) and h,g € H, we
have

(Mn(®h), Vm(n® 9)) = (VinVa((® h),n® g) =

(Iman @ V(n—m))(@h),n©@g) = (Iman ®T(n—m))(§@h),n®g),

where the second equality follows from Lemma 3.6 and last one follows from Def-
inition 3.2 (iv). A similar computation holds for U, in place of V, and we get
(R(m)kn, R(m)km) = (kn, km) for every kn € K (n) and km € K (m). This shows
that each R(n) is well defined and isometric and, also, that there is a unitary op-
erator R : K — G such that R|K(n) = W(n) forn € Z% . Fix 1 <i < k, n € Z¥,
ne€Xm), € FE; and h € H. Then

RVO(E)Va(n® h) = RVe,(Ie, @ Vn)(E @0 @ h) = RVnte, (E@n @ h) =

Unte, (6 @0 ® h) = Ue,(le, ® Un)(§ ® 1@ h) = U (€)Un(n @ h).

It follows from the minimality assumption that, for all 1 < ¢ < k and £ € E;,
RV®(¢) = UMD (&)R. Similarly, one checks that, for a € A, Rp(a) = 7(a)R. |

Definition 3.8. We say that a representation (o, {TD}) is a doubly commuting
representation if, for every i # j (in {1,...,k}), we have

TOTO = (Ie, © T (Ie, @ TU*). (3.12)

More precisely, TW*T(®) = (Ie; QT (t; ;@In)(le, @TW*) where t; ; : E;@E; —
E; ® E; is the isomorphism as in Equation (3.2).
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The proof of the next lemma is straightforward and is omitted.

Lemma 3.9. Let (o, 7%) be a doubly commuting representation. Then
(i) For n,m € Z% with n A m = 0,

(Im ® Tn)(In® Tiy) = TinTn.
In particular, for p € ZF,
(Ip. ®Tp, )Ip, ®Tp ) =T(p).
(ii) If p,g,m € Z’j with p < n and g\ p= 0, then
(In-p+q® TpTp)(In® TgTq) = In_p @ Tp, ¢Tp+q-
(iii) Foru Cv C{l,...,k} andl ¢ v,

(Te(w)—ew+e @ Tow Tew) Tew)+e, @ In — (Tew) @ TO*TW)) =

Uew)-ew+e @ Té(u)Te(U)) — (Tew)—e(w) ® Té(u)+el Te(u)+e)-
(iv) Let j £l in {1,...,k} and {j,1} Cw C{1,...,k}. Then

(Te(w)—e; @ TI*TD)(Tegy—e, @ TV*TY) = Tew)—e,—e; T4, 1 e,Te, +e,

= (Tew)—e, ® T(l)*f(l))(le(w)fej ® TW*TW),

Theorem 3.10. If the representation (o, {T(i)}) is doubly commuting then it has
a regqular isometric dilation and the reqular isometric dilation that is minimal is
doubly commuting.

PROOF. To show that it has a regular isometric dilation, we should verify condition
(3.10) of Theorem 3.5. In fact, we claim that, for every v C {1,...,k}, we have

> (D" (Te(w)—e(w) @Td ) Tew) = [ [Tew @1n—(ew)—e, @TD*TM)). (3.13)

uCwv i€V

Since, by Lemma 3.9 (iv), the operators in the product commute, this will show
that the condition of Theorem 3.5 holds.

We shall prove the claim by induction on the number of elements in v. If |v| = 2,
we can write v = {7, 1} and then the claim follows easily from Lemma 3.9 (iv). Now
assume we know it for v and w = v U {I} where | ¢ v. Tensoring (3.13) (for v) by
le,, we get

> (D" (Tew)-ew) @ TawTew) = [ [Tew) @ In — Tew)—e, ® TO*TW)).

uCwv i€v
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Thus
H(Ie(w) ® Iy — (lew)-e, @ TO*TM)) =

1Ew

(Z(il)lul(IE(w)—e(u) & Té(u)Te(u)))(Ie(w) 02 IH - (Ie(w)—ez ® T(l)*T(l)))

uCwv

Using Lemma 3.9 (iii), this is equal to

D (=D)"((Tew)—eqw+e, @ Téu Tew) — Tew)-ew @ Tow) e, Tew +e,) =

uCv

> (DM et -e(w ® Téw Teqw)-

uCw

This completes the proof of the claim and shows that the representation has an
isometric regular dilation. In this case, it has an isometric regular dilation (p, {V(9})
(on K) that is minimal in the sense that

V{ima(X(m)@ H): nezZt} =K. (3.14)

To prove that the representation (p, {V(?}) is doubly commuting, we fix i # j and
we should prove the equality

VOO = (Lo, © VO)(Ie, ® V%),

On both sides of this equality we have operators from E; ® K to E; ® K. It follows
from the minimality condition that

\V{lle, ®Vn)(X(n+e)@H): neZt} =E ® K. (3.15)

Thus, it suffices to show that, for every n,m € Z’j, EeXn+e),neX(m+ej)
and h,g € H,

(VOO (Te, ® Vn) (€ @ ), (Te, ® Vim)(n ® g)) = (3.16)

((Ie, ® VD) (Ie, ® V") (Ie, ® Vn)(€ @ h), (Ie, ® V) (n ® g)).

The left-hand-side of this equality is equal to ((Ie, ® Vi)V *V @ (Ie, ® Vn) (€ ®
h),n®g) = (Vinte, Vnte, (E@h),n@g) = (V(n+e; —m—e;)({@h),n©@g) where
the last equality follows from Lemma 3.6. Thus, what we need to prove is

(e, @ V) (Ie, © VI*)(le, @ Vn) (€ @ ), (Ie, ® Vm)(n® g)) = (3.17)

(Vin+e; —m—e)(Qh),n®g).

Ife; <mn ( or e; < m) then this is easy to verify. Thus we are left with the case
when n; =0 =m;.
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For that, we claim that, for n € Z’i and j € {1,...,k} withnAe; =0, we have
VO Va|X(n) ® H = (le, ® Va)(In ® V¢, )| X (n) ® H.

Note that the ranges of the operators in this equation lie in E; ® K. Using (3.15),
(which is a consequence of the minimality) it suffices to show, for every p € Zﬁ,
£€€eXn),ne X(p+e;)and h,g € H,

(VO Vn(E@h), (Ie, ® Vp)(n® g)) = (3.18)

((Ie, ® Vn)(In @ V) (€ @ ), (Ie; @ Vp) (1 © g)).

This is now straightforward to prove using Lemma 3.6 and Lemma 3.9(i).
Now we turn to prove Equation (3.17). The left hand side of that equation is

((Te, ® VU (Ie, @ Vn) (€ @ 1), (Ie, © V) (Ie, © Vim)(n® g)) =

((Ie; ® (VO Vn)) (€ @ h), (Ie; @ (V" Vm))(n @ 9)).
Applying the claim, this is equal to

((Ie,+e, ® Vn)(Inte, ® VE,)(E @ D), (Ie,+e; @ Vim)(Imte, ® VE,)(n® g) =

((Ie;+e;4nrm @ V(n —m))(Inte, ® T )€ @ h), (Imte;, ©T,)(n® g)).
By regularity, this is equal to
((Im+e, ©Te,)(Ie, re,+nrm ® T(n —m))(Inte, ® T ) (€@ h), (N ® g))

and, applying Lemma 3.9(i), we get

((Imye, ®Te,)(le,+e,+m @ Tn-m),)(le,+e,n@Tn_m)_ )Inte, T )(E®D),

m®9)) = (Im+e; ® Tn-m), +e;)(In+e, ® T(*n_m),+ej)(f ®h),n®g) =

((Im+e; ® Tmre,—m—e,),)(Inte; ® Tinie, m_e,) NE®M),n®g).

Using Lemma 3.9(i) and the regularity of the dilation, we find that the last expres-
sion is equal to

(Vintei—m-—e)(§@h),nxg)
proving (3.17).
|

Lemma 3.11. An isometric representation (p,{V"}) is doubly commuting if and
only if, for every m,m € Z’i,

VnVﬁVmV;n = anmf/ﬁvm- (3.19)
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PROOF. Assume that the representation is doubly commuting and compute, using
Lemma 3.6, for n,m € Z{L

VnVﬁVmVﬁl = Vn([n,(m,n)7 &® V(m — l’l))th
Since the representation is doubly commuting, this is equal to

Vn(fn 02y ‘7(m7n)+)(1m ® ‘N/(’fn—n),)vr’h = Vn+(mfn)+vrh+(m—n), =

anmf/ﬁvm
proving one direction. For the other direction, assume that (3.19) holds and fix
i#jin {1,...,k}. Then
Ve, (e, ® Vo, V&, Ve, = Veu 10, Ve ve, = Vo, Ve, Vo, Vi,

Multiplying on the left by f/g and on the right by f/e]. and using the fact that the
representation is isometric, we get Vé* f/ej (Ie; ® f/ei f/e*) = f/e* Vej. Since Vej (Ie; ®
Vei) = Vei_t,_ej = Vei (Iel (39 Vvej)7 we have

‘7(;1 ‘N/ej = Vgi(‘?e] (Iej ® Vei))(‘[ej ® Vé:) = Vé:(‘?el (I91 ® Vej))(‘[ej ® Vékl) =

(qu‘, ® Vej)(Iej ® Vékl)
proving that the representation is doubly commuting. M
Remark 3.12. An isometric representation satisfying (3.19) is referred to in the
literature as a Nica-covariant representation (see [4] or [15]). Thus, the lemma

shows that being Nica-covariant is equivalent to being an isometric doubly commut-
ing representation.

An important representation of X is the Fock representation. It is defined as in
[4]. We write

F(X)= > @X(n).

nezk
As mentioned in [4], this is a C*-correspondence over A with left action given by
Poo(@)(®rn) = (G¢n(a)rn).
We can define a representation L of X on F(X) by setting
L(z)(@zn) = ®(x @ 2n), Prn € F(X). (3.20)

Note that, strictly speaking, this is not what we defined as a representation
above (since F(X) is not a Hilbert space) but we can “fix” it by representing
L(F(X)) on a Hilbert space.
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Let 7.(X) be the C*-algebra generated by the operators {L(x) : x € X}.

If 7 is a faithful representation of A on a Hilbert space H, then F(X)®, H is a
Hilbert space and the map T — T ® Iy is a faithful representation of L(F(X)) on
F(X) ®r H called the induced representation. Its restriction to 7.(X) is a faithful
representation of 7.(X) denoted Ind(rw).

In [4, Theorem 6.3], Fowler proved the following.

Theorem 3.13. ([4]) There is a C*-algebra, denoted T.o,(X), and an isometric
representation ix : X — Teon(X) such that Teo,(X) is generated by ix(X) and
(Teow(X),ix) is universal for Nica-covariant isometric representations of X, in the
sense that:
(a) There is a faithful representation 6 of T.on(X) on a Hilbert space such that
0 oix is a Nica-covariant isometric representation of X ; and
(b) for every Nica-covariant isometric representation (o,T) of X, there is a
C*-representation T X 0 of Teoy(X) such that T = (T X o) oix.
Up to canonical isomorphism, (Teon(X),ix) is the unique pair with this property.

The following definition can be found in [4, definition 5.7]. Recall that, for a
Hilbert C*-module F, K(E) is the closed ideal in L£L(E) generated by the (ad-
jointable) operators £ ® n*, for &, € E, defined by (£ @ n*)¢ =&(n, (), ( € E.

Definition 3.14. We say that X is compactly aligned if, whenever T € K(X(n))
and S € K(X(m)), we have

(S & I’n\/m,m)(T ® In\/m,n) S IC(X(n \Y m))

Clearly, if, for every n € Z% , K(X(n)) = £(X (n)) then X is compactly aligned.
The proof of the following result can be dug out of [4].

Theorem 3.15. Suppose X is compactly aligned and each X (n) (n € ZX ) is es-
sential (that is, px (n)(A) X (n) is dense in X (n)) then the pair (1.(X), L) is canon-
ically isomorphic to (Teon(X),ix). Thus, (7.(X), L) is universal for Nica-covariant
(equivalently, for doubly commuting) isometric representations of X.

PrROOF. Here we just indicate how to read the proof from the results of [4]. There,
the author constructs a C*-algebra denoted Bp X, x P that contains 7., (X) (The-
orem 6.3 there). Let 7 be a faithful nondegenerate representation of A on a Hilbert
space H and write W for Ind(m) o L. This is an isometric, Nica-covariant, represen-
tation of X on F(X) @, H (see [4, lemma 5.3]). It gives rise to a representation,
denoted LY x W, of Bp x, x P on F(X) ®, H whose restriction to Te,,(X) is the
Nica-covariant representation that Ind(m) o L induces on 7.0, (X) (by its universal
property). In [4, corollary 7.7] it is shown that LY x ¥ is a faithful representa-
tion. It follows that Ind(w) o L gives rise to a faithful representation of 7.,,(X) on
F(X)®, H. Its image is equal to the image of Ind(w) and, thus, composing it with
Ind(m)~1, we get a *-isomorphism from 7., (X) onto 7.(X) that carries ix to L.
|
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Definition 3.16. The Banach algebra generated by {L(z) : x € X(n),n € Z*}
will be called the concrete tensor algebra of X and will be written T} (X).

In [21] we defined the tensor algebra 7 (X), associated with X, as an algebra
satisfying a certain universal property (for c.c. representations of X). When k = 1,
it coincides with the concrete tensor algebra 7 .(X). In general, the concrete tensor
algebra does not have that universal property. Nevertheless, it satisfies the following.

Corollary 3.17. Let X be a compactly aligned product system of essential corre-
spondences. For every c.c. doubly commuting representation (o, {TD}) of X on a
Hilbert space H, there is a completely contractive representation T X o of Ty .(X)
on H such that, for every 1 <i <k and every £ € X(e;),

(T x 0)(L()) = T (&).

PRrROOF. Let (p, {V®}) be the minimal regular isometric dilation of (o, {T?}) (on,
say, K). By Theorem 3.10 this isometric representation is doubly commuting. We
see in Lemma 3.11 that it is Nica covariant. It then follows from Theorem 3.15 that
there is a C*-representation 7 of 7.(X) on K such that V = 7o L. Thus, for every
1 <i<kandevery £ € X(e;), m(L(£)) = V(). Writing T x o for Pyr(-)|H, we
see that T' X o is a completely contractive map of 7.(X) into B(H). Since K © H
is invariant under V@ for all 1 <i < k (and, thus, invariant for Vp foralln € le_)
the map T' X ¢ is multiplicative on 7, .(X) and defines a completely contractive
representation. M

4. Examples

4.1. The case k=1

In this case, we have a single C*-correspondence E over the C*-algebra A and
X(n) = E®" n € Z,. The algebra 7, .(X) was denoted by 7, (E) in [11] and its
representations were studied there. Of course, in this case, every representation is
doubly commuting. It was shown in [11, theorem 3.3] that every c.c. representation
has a (unique) minimal isometric dilation. In [11, theorem 3.10] it was shown that
every c.c. representation of E gives rise to a (unique) completely contractive repre-
sentation of 7, (E). Thus, Theorem 3.10 and Corollary 3.17 generalise these results
of [11].

4.2. The case A= FE; =C
Now set A = C and, for each 1 <14 < k, E; = C (with the obvious correspondence
structure). In order to define the product system X (over Zﬁ) we need to specify,
for every 1 < 4,7 <k, an isomorphism of correspondences ¢; ; : F; ® F; — E; ® E;
(with ¢;; = t;; and t; ; = i¢d). This amounts to fixing complex numbers A; ; with
[Aijl =1, iy =1and \j; = )\;]-1 and setting ¢; j(a ® b) = A; ;b ® a. (Note that
(3.2) is satisfied.)

So, suppose we fix these numbers and this defines X. Using (3.3), a c.c. repre-
sentation of X is now a k-tuple (T™M, 7 ... T®)) of contractions in B(H) (for
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some Hilbert space H) that satisfy
TOPE) — )\ijT(j)T(i) (4.1)

for all 4, 5. It is easy to check that this representation is doubly commuting if and
only if

TO* () — ET(J')T(Z')* (4.2)

for all i # j.

The case where A; ; = 1 for all 4,7 was studied extensively and Theorem 3.10
and Corollary 3.17 are well known in this case (see, for example, [6; 14, chapter
I, section 9; 22]). The algebra 7, .(X) in this case is isomorphic to A(D*) and
Corollary 3.17 amounts to the validity of the von Neumann inequality (for doubly
commuting k-tuples).

If some of the \; ;’s are different from 1, 74 .(X) is a non commutative subal-
gebra of B(l5(Z)). It is the Banach algebra generated by the isometries {S; : 1 <
i < k} where (writing dn for the function in l5(Z%) that is 1 on n and 0 elsewhere)

Si(Sn = )\(1’1, i)6n+ei (43)
where A(n, i) = [[,_; /\;”Z (Note that the isomorphism of F; ® X(n) = F; @ E' ®
E® ---@F" and X(n+e;) = B @ B @@ EM™' @ -~ @ E* sends
11®---®1to A(n,))(1®---®1)).

For A := {\; ;} as above, we write 7} .(\) for the algebra 7, .(X) associated
with the product system X defined by A (generated by the operators S; defined in
(4.3)).

The following Corollary is immediate from Theorem 3.10 and Corollary 3.17.
Part (ii) can be viewed as a generalized von Neumann inequality.

Corollary 4.1. Fiz A= {X\;; : |Xij| =1, \js = A}, i = 1} and let TW, T3 TK)
be contractions in B(H) that satisfy (4.1) and (4.2) above. Then
(i) there are isometries Uy, Us,..., Uy (in B(K), for some Hilbert space K)
that satisfy (4.1) and (4.2) and form a regular dilation of T, T2 ..
T® - and
(ii) there is a completely contractive representation w of the algebra Ty () such
that w(S;) = T for all 1 <i < k. (Where S; are the operators defined in
(4.8)). Thus, for every non commutative polynomial p of k variables,

lp(T,..., T < [lp(Ss-., Sl

If dimH =1, (4.1) implies (4.2) and we get the following.

Corollary 4.2. The characters of Ty .(\) (that is, the one dimensional representa-
tions of the algebra) are in one-to-one correspondence with the set {t = (t1,ta,...,tx) €
CF: |t;| <1foralll<i<k, tit; = 0 whenever \; ; # 1}.
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Now take k = 2 and write P; = I — 5;57. Then we have the following.

Corollary 4.3. Let k = 2 and assume that X := Ay 2 is not a root of unity. Let
J be the ideal of the C*-algebra T.(X) generated by Py and Py. Then T.(X)/J is
isomorphic to the irrational rotation C*-algebra Ay (with e®™ = X).

Proor. Write ¢ for the quotient map. Since 575 = AS5S571, the same relation holds
for q(S1) and ¢(S2). But these are unitary operators and, thus, generate Ag. W

4.3. The case E; =,, A

Now fix a set of k commuting *-automorphisms «;, 1 < i < k, of A. We write
o; A for the C*-correspondence over A defined as follows. As a space, it is A. The
left and right actions are defined by ¢(a)cb = «;(a)ch (for a,b € A and ¢ &,
A) and the inner product is {(c1,ca) = cfca. Now let E; be 4, A. Note that, for
automorphisms «, 3 of A, ;A ®g A =g, A (via a ® b — ((a)b). Since we assumed
that the automorphisms «; and a; commute, we can combine these isomorphisms
to get an isomorphism #; j 10, A ®a; A —a; A ®q, A. In fact, t; ; can be written
explicitely: ¢; j(a®b) = a; ozj( ) ®b. It is easy to check that condition (3.2) holds
and, therefore, this deﬁnes a product system X.

Suppose (a, {T™}) is a c.c. representation of X on H with a nondegenerate
representation o of A. fix i and a (positive, contractive) approximate unit {uy} in
A and consider, for b € A, T (uy)o(b) = T (upb). Since the operators on the
right converge (in norm, to 79 (b)), the net {7 (uy)} has a strong operator limit
T;. Then T; is a contraction and, for b € A, T (b) = T;o(b). For every a,b € A,
Tio(a;(b))o(a) = T (a;(b)a) = T (p(b)a) = o(b)TW (a) = o(b)T;o(a). Thus, for
every b € A,

Tio(as(b) = o(B)T:. (4.4)

Now, consider the commutation relation (3.3). Apply the left hand side to a ® b ®
h€a; ARa, A® H to get TW(a @ TW(b)h) = T (a)TU) (b)h = T;o(a)Tjo(b)h =
TT; U(aj( ) )h. Applylng the right hand side to the same element, we get

70)(a ay(a) @ TOBR) = TO(a ay(@)TOB = Tyo(a}  ay(a)Tio(b)h =
T;Tio(aj(a)b)h. Thus the commutation relation is equivalent to T;T; = T;T; for
every 1, j. It follows that every representation of X is given by a (non degenerate)
representation o of A on H and by a k-tuple of commuting contractions in B(H)
satisfying (4.4).

Now it is easy to check that such a representation is doubly commuting if and
only if the k-tuple is doubly commuting; that is, T;7; = T}T; for every i # j.

In order to apply Corollary 3.17, note that, although £(X(n)) # K(X(n))
whenever A is non unital, the product system X is easily seen to be compactly
aligned.

Now, it follows from Corollary 3.17 that, given a representation o of A on H
and a doubly commuting k-tuple of contractions (77,...,T)) satistying (4.4), there
is a completely contractive representation of 71 .(X) on H sending L(a) to o(a), if
a € A= X(0), and to Tio(a) if a €4, A = X(e;).
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In order to relate the algebra 7, .(X) to the analytic crossed product studied
in [10], we write 7; = o; *, 1 < i < k, and note that 71, ...,y define an action 7 of
ZF on A. The analytic crossed product algebra A x Zi is a subalgebra of the C*
crossed product A X, Z*. The C* crossed product is defined as the completion of
the algebra ¢'(Z*, A) (with product defined by convolution and the involution and
C*-norm are the natural ones). The analytic crossed product is then the Banach
subalgebra generated by the functions dn, (for n € Z’i and a € A) defined by
0n,e(m) = a if n = m and 0 otherwise.

For every a € A, define o(a) = 60, and, for b €,, A, set TO(b) = Jehafl(b)
to get an isometric, doubly commuting, representation of X. It follows from Theo-
rem 3.15 that it yields a C*-representation 7 of 7.(X) into (in fact, onto) A x., ZF.
Restricting m to 7, ., we get a completely contractive homomorphism

7m0 Tho(X) — A x, ZE.

Now let 7 be a faithful (nondegenerate) representation of A on a Hilbert space H
and write V' = Ind(7) o L. By [4, Lemma 5.3], this is an isometric, Nica-covariant
(hence, doubly commuting) representation of X on F(X)®, H. Using the results of
[10], it induces a completely contractive representation of A x., Z¥ on F(X) ®, H.
Combining it with Ind(7)~!, we get a completely contractive homomorphism

prAx, ZF — Ty (X).
Since p and my are the inverse of each other, we conclude

Corollary 4.4. For the product system X defined by oy, . ..,ax as above, the con-
crete tensor algebra is completely isometrically isomorphic to the analytic crossed
product A x., Z% where v is the action induced by {v; = a; '

Remark 4.5. The reason we need to consider A x., Z% instead of A x Z% can be

seen by comparing our covariance condition (4.4) with the covariance relation (1.2)
in [10].

Finally, note that, in the construction of X associated with ai,aq,...,ax as
above, we could also add a “twist” to the multiplication, either by complex numbers
(as in Subsection 4.2) or by a family of unitaries in the center of A (satisfying a
certain “cocycle” identity that derives from (3.2)).

4.4. The case A =C
Now assume that A = C and, thus, each E; (and each X (m)) is a Hilbert space. The
isomorphisms t; ; : E;® E; — E;® E; are given by unitary operators (satisfying the
associativity condition (3.2)). For simplicity, we assume here that each E; is finite
dimensional and write d; for its dimension and d for (di,...,d;). (Note that the
product system is compactly aligned even in the infinite dimensional case). Also,
we fix an orthonormal basis {el(l) :1<1<d;} for E; .

Note that the algebra Ag ,, studied in [7, section 4], is the algebra 7 o(X) de-
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fined in Definition 3.16 if each ¢; ; is induced from a permutation 6; ; on {1, ..., d;} x
{1,...,d;} in the sense that

tij(ef” @ ed)) = el @ ) (4.5)
whenever 6; ;(I,m) = (s,7). (And we write  for the family {6, ;} of these permu-
tations, noting that it is assumed to satisfy an “associativity” condition that can
be derived from (3.2)). In [7, theorem 4.1], the authors studied the one-dimensional
representations of the algebra Aqg , (that is, its characters). It is shown there that
every one dimensional representation of X gives rise to such a character (and vice
versa).

For general representations (not necessarily one dimensional) we restrict our-
selves to the doubly commuting ones. In order to present the consequences of The-
orem 3.10 and Corollary 3.17 to the product system X with A = C, we need the
following definitions.

It will be convenient to write [m] (1 < m € Z) for the set {1,...,m}.

Definition 4.6. (i) A row contraction of length n on H is an n-tuple T =
(Th,...,Ty) of operators in B(H) satisfying > ., T;T7 < I. Such a row
contraction is a row isometry provided each T; is an isometry.

(i) Let u = (u(jy1,p))i.5),(p)en] x[m] be a unitary matriz (of size nm x nm),
andT and S be row contractions of lengths n and m, respectively, on H. We
say that the (ordered) pair (T,S) u-doubly commutes if, for all1 < i <n
and 1 < j <m,

() TiS; =3 () e xm) Ui SiTp, and
(b) S5T5 = 3= nyen)x m] Wb (o) TpST -

Note that, once an orthonormal basis {el(i) 11 <1< d;} is fixed for every F;, a
unitary matrix u of size d;d; x d;d; as in Definition 4.6(ii), defines an isomorphism
t from F; ® E; onto E; ® E; by

t(el) @el)) = Z U(q,m><p,z)€§j)®6$)~ (4.6)
(p,1)eld;i]x[d;]

Theorem 4.7. Let {u®9) : 4,5 € [k]} be a family of unitary matrices that define
(via (4.6)) a family {t; ;} of isomorphisms satisfying (3.2) and let (T™W, ...,
T®)) be a k-tuple of row contractions on H such that, for everyi # j, (T™,T())
u»9) -doubly commutes. Then it has a simultaneous (reqular) dilation to a k-tuple
(VO V)Y of row isometries such that, for every i # j, (V) V@) ).
doubly commutes.

PrOOF. The theorem follows immediately from Theorem 3.10 once it is observed
that each T defines a c.c. representation of F;, condition (a) of Definition 4.6(ii)
amounts to condition (3.3) (that is, to the fact that the k-tuple defines a represen-
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tation of X) and condition (b) of Definition 4.6(ii) amounts to the assumption that
the representation is doubly commuting. M

Remark 4.8. It is easy to check that, if each matriz w7 above is diagonal, con-
dition (3.2) is always satisfied.

Applying Corollary 3.17 we get.

Corollary 4.9. Fvery k-tuple as in Theorem 4.7 defines a completely contractive
representation of Ty (X).

Specialising to the situation studied in [7, Section 4], we get the following.

Corollary 4.10. Suppose 0 = {6, ;} is a family of permutations as in [7] (defining
a product system X wvia (4.5)) and (T™M, ..., T®)) is a k-tuple of row contractions
on H such that, for every i # j in [k] and every (I,m) € [d;] x [d;],

(a) Tl(i)Ty(,{) = TOTY where (r,s) =0;;(,m), and

(b) T 1) = 2 (rm) =055 (1,s) TITI*,
Then there is a completely contractive representation ™ of Ag, (=T (X)) on H
mapping each Lel(“ (in the notation of [7], which is L(el(i)) in the sense of (3.20))

to Tl(i).
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