A CONTRACTING HOMOTOPY FOR BARDZELL’S RESOLUTION

By EMIL SKOLDBERG
Department of Mathematics
National University of Ireland, Galway

[Accepted 26 October 2007. Published 14 November 2008.]

ABSTRACT

A contracting homotopy for the minimal projective resolution of a path algebra
with monomial relations over its enveloping algebra is constructed.

1. Introduction

We consider Bardzell’s construction [2] of the minimal projective resolution P of
a monomial algebra A as a left module over its enveloping algebra A® = A ® A°P,
and define a right A-linear map c¢ such that dc + c¢d = id —oe, where € : P — A
is the augmentation of the resolution and o is a right A-linear section of . This
contracting homotopy has a simple combinatorial definition.

2. Notation

Throughout the paper k will be a field. Let A be a finite quiver, with vertex set
Ay and arrow set A;. For an arrow a, let o(a) denote its original vertex, and ¢(a)
its terminal vertex. A path of length m > 1 in A is a sequence ajas - - - a,, of (not
necessarily distinct) arrows in Ay, such that t(a;) = o(a;+1) for all 1 <i<m — 1.
The vertices v € Ag will be regarded as paths of length 0, with o(v) = t(v) = v.
The set of all paths is denoted by A,. The notation |u| is used for the length of
a path u. The maps o and ¢ are now extended to paths by o(ajas - an) = o(a1),
and t(ajag - am) = t(ay). The path algebra kA is the vector space spanned by
the paths in A, where the product of two paths w - v is the concatenated path
wv if t(u) = o(v), and 0 otherwise. By a monomial we mean the image of a path
in the path algebra kA. Let u,v be paths in A. We say that u is a factor of v
if there are paths s,t such that v = sut; we say that w is a proper factor of v
if w is a factor of v and w # v; we say that u is a left factor of v if there is a
path t such that v = ut; lastly we say that w is a right factor of v if there is a
path s such that v = su. Given a quiver A we define the opposite quiver A°P by
AP = Ap and AP = {a°? | a € Ay} with 0(a®P) = t(a) and t(a®?) = o(a). For
a path w = ay -+ - a, we define w°P = a% ---aj’, and for a set of paths V, we let
VoP = {v°P |v eV}
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3. Bardzell’s resolution

Let A be a k-algebra with a presentation A = kA/(V), where (V) is a two-sided
ideal generated by a finite set of paths V' in A. Without loss of generality we will
assume that |v| > 2 for all v € V' and that for no two elements of V' is one a proper
factor of the other. In contrast to Bardzell, however, we will not assume that A is
finite-dimensional. The monomials u that are not members of the ideal (V') form a
k-basis for A and we will denote it by B(A).

The generators of the modules in Bardzell’s resolution can be described using
the concept of chains (see Anick [1]). We will define them using a graph from
Utnarovski [3]. Thus, let T' = (V, €) be the directed graph with vertices as follows:

V =AgUA;U{u|uis a proper right factor of some v € V'},
and edges £ = & U &, where

Si={e—ale€Apg,ac A,e=0(a)},

E={u—v|tlu) =o),uw e (V),w & (V) for all proper left factors w of uv}.

The set of right i-chains now consists of all paths w € A, for which there is a
directed path v_1 —vg — -+ — v; in I’ with v_; € Ag and w = v_1vg - - - v;. From
the graph it is easy to see that there is no other sequence u_1, ..., u; of paths in A
such that u_; ---u; = w and u_; ---u; is a j-chain for all 7 < 4, since that would
imply the existence of two edges v; — uj41 and v; — vj41 in I' with one of w44
and v;41 a proper left factor of the other.

We can also define a left version, this could be done by dualising the above
construction in the obvious way or, equivalently, by letting the set of left i-chains
of the quiver A with relations V' be WP where W is the set of right i-chains of
the quiver A°P with relations V°P.

Interestingly, we get exactly the same paths in this way, (see [2, lemma 3.1]);
Bardzell gives it without proof: we will prove it for completeness.

Lemma 1. A path is a left n-chain if, and only if, it is a right n-chain.

PROOF. The statement is obviously true for n = —1, so we assume that n > 0
in the following. Assume that paths ug,...,u, are given such that u,_;---u, is
a left i-chain for all © = 0,...,n. We then claim that we can factorise each u; as
u; = uiul, where |u}| > 1 in such a way that u{uf - --u;_ju_ju} is a right é-chain
for all . We will show this by induction on 4; the claim is clearly true for ¢ = 0,
and since uju}u;+1 = w;u;41 has an element of V' as a left factor, we can write
u/_/ 1,1

Youiufui1 = vrw, where r € V oand |w| maximal. If we now can show that
uj_jujug is a proper factor of vr, the claim follows that by choosing u;, ; such that
uj_yusuiy = vr, but if this was not the case, we would have a proper right factor of
u;_1u; containing an element of V as a factor, contradicting that u; 1 - - - u,, is a left

(n — i+ 1)-chain. Since |u,| =1, |ur| = 0 and thus ug - - - uy, is a right n-chain. The
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converse statement that every right n-chain is a left n-chain follows by symmetry.
|

Thus we will simply talk about chains instead of left or right chains, and note that
for an n-chain w there is a unique sequence v,,...,v_1 of paths in A such that
w =1V, v_1 and v; ---v_7 is an 7-chain for all 7.

We will use the notation V(%) for the set of i-chains, in particular V(=1 = A,
VO = Ay, and VD = V. We write £V for the vector space spanned by the
i-chains, which also has a natural kAg-bimodule structure.

If w is an é-chain with ¢ > 0, we define the left (right) head, head;, (headgr),
and tail, taily,, (tailg), of u by u = heady,(u) - taily, (u) = tailg (u) - headg (u), where
taily, (u) and tailg (u) are (i — 1)-chains.

Bardzell [2, theorem 4.1] has shown that the minimal A®-projective resolution
of A as a left A°~-module is the following:

Let P be the complex

d;

dit1 d d
"'—+>P¢—> 2P P —0,

where P, = A ®pa, A ®ra, A and the differential d is defined for an (i — 1)-
chain v by

heady,(v) ® taily,(v) ® 1 — 1 ® tailg (v) ® headr (v), ¢ odd,
di(1@vel) =1 3 ea, VI®U2Q@us, i even.

V1UV2V3=vV
vzev(i—Z)

The augmentation map € : P — A is defined on elements in degree zero by e(u®e®
v) = uev and it has a right A-linear section o : A — Py defined by o(u) = 1®1®u
such that eo = id, the augmentation is zero in degrees > 1. The elements u®@ v Q@ w,
where u, w € B(A), t(u) = o(v), t(v) = o(w) and v € V=1 form a k-basis for P;.

4. The contracting homotopy

We define the kAy— A-bilinear map ¢ on the basis element u ® v ® e, where v is an
(¢ — 1)-chain and |e| = 0 by

c(u®uv®e) = Z w1 @ we @ ws.

wi €A
W1 W2W3=Uv
wq €V ()

Theorem 1. The map c satisfies the identity
dc+ cd = id —oe¢,
and is thus a contracting homotopy of P.

PRroOOF. This follows from Lemmas 7, 9 and 10. H



114 Mathematical Proceedings of the Royal Irish Academy

The above theorem also gives an alternate proof of the exactness of P.
We begin by proving a fundamental fact about chains.

Lemma 2. If u and v are n-chains, then u is not a proper factor of v.

PROOF. Suppose that v = u_1 ---u,_1u, is a proper factor of v = v_1---v,_10,
and that n is the smallest such integer; n must then be > 2. Let ¢; and ts be paths
such that tju_q ---upta = v_1 - - - v,. The minimality of n implies that v_; ---v; is
a left factor of tyu_q---u; forall j =0,...,n—1, so u,—_1uy, is a factor of v,_q1v,.
From the above it follows that |t2] = 0, since |t2| > 0 would preclude the existence
of the edge v,_1 — v, in the graph I'. A symmetric argument, using Lemma 1,
shows that |[t;| =0 as well. ®

We will in the following use two technical lemmas [2, lemmas 3.2 and 3.3], which
Bardzell uses to show that P is a complex, so we state them here.

Lemma 3. If ujus and uguz are (2i + 1)-chains, with |us| > 1, then there is a
(2i 4 2)-chain v that is a factor of uyusus.

Lemma 4. Let u be a 2i-chain, then the set of factorisations u = ujusuz with usg
a (2i — 1)-chain has exactly two elements, one with |ui| =0 and one with |us| = 0.

Now we are able to prove the needed properties of the map c.

Lemma 5. Let u®v ® e be a basis element of Pa;11 with |e] =0 and i > 0. Then

U ® U ® e, if there is a factorisation u = uius
c(uRv®e) = such that ugv € V1),
0, otherwise.

PROOF. Assume that c¢(u ® v ® e) # 0, which means that there is a basis element
U1 ® ugv] @ v in Pojyo, where u = ujus, v = v10s.

Consider w = taili(ugvl) = taily, (taily, (ugv1)); since u and therefore ug does not
contain a relation, we get that w is a factor of v; and thus of v. It can not occur
as a left factor of v, since us does not contain a relation; thus by Lemma 4 we can
conclude that it occurs as a right factor of v. From this it follows that v; = v and
v9 = e, so the statement is proven. H

Lemma 6. Let u and v be paths in A with v a 2i-chain. If there are factorisations
u = ujug and v = v1vy such that usvy is a 2i-chain and |ve| > 1, then headgr (v) is
a factor of vs.

PROOF. Assume that headgr(v) is a not factor of vq, then vy is a proper factor of
headg (v), which implies that tailg (v) is a proper factor of v; and thus of usv;. From
Lemma 4 it must be either a right factor, which would imply that vy = headg(v),
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or it is a left factor, which implies that v; = v and v, = e. Both cases contradict
our assumption, so we can conclude that headg(v) is a factor of vy. W

Let us now prove the theorem for the case of elements of degree 0.

Lemma 7. Let u® e ® e be a basis element of Py with |e] =0. Then
(de+cd)(u®e®e)=(id —oe)(u®e®e).

PROOF. Let u = ay ---ay with a; € Ay and let f = o(u), then (dc+cd)(u@e®e) =
de(u®@e®e) =d(d ;a1 i1 ®a; Qap1-ap) =uUReRe— R fQu=
uReRe—oce(uRe®e). N

Next we will prove the theorem for elements of odd degree. We start with a
preliminary lemma.

Lemma 8. Let u,v be paths in A with w € B(A) and v € V(2i_‘“). If wy, wo, ws
are paths with uv = wiwyws, where wy, w3 € B(A) and wy € V(Ql), then wows is a
factor of v.

PROOF. Our first claim is that taily,(ws)ws must be a right factor of v. To see
this we write v = tail}; (v)v’, then tail} (v) is a (2i — 1)-chain as is taily,(wg). From
Lemma 6 we thus find that if taily, (ws)ws is not a right factor of v, then v’ is a factor
of w3 and hence w3 € (V'), which contradicts the assumption that ws € B(A), thus
taily, (we)ws is indeed a right factor of v.

Next, assume that headg(v) is a right factor of ws; then taily,(we) is a factor
of tailg (v). It cannot occur as a left factor since then we would have wz = v and
again ws ¢ B(A).

Thus we may conclude that either headgr(v) is not a right factor of ws, or
taily, (we) occurs as a right factor of tailg (v). In both these cases we can see that
wows is a right factor of v. M

Lemma 9. Let u® v ® e be a basis element of Po;11 with |e| =0 and i > 0. Then
(det+ed)(u@v®e)=uRvRe.

PROOF. We begin by considering the case where there is a factorisation v = u'u”
such that u”v € V(1) 1In this case, using Lemmas 5 and 8, we see that

de(u®@v®e) = Zm @ U201 @ Va2, (4.1)

where the sum runs over all factorisations u = ujus, v = v1v2 such that usv, €
V() Tt is easy to see that all the terms in the sum above actually are nonzero.
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On the other hand, when we consider the application of d we see that v heady,(v)®
tail,(v) @ e = 0, so

cd(u®v®e)=—c(u® tailg(v) ® headg (v)) = — Z U1 ® Uty ® va, (4.2)

where the sum runs over all factorisations © = ujus, v = v1v such that usv; € V(29
and headg(v) is a right factor of vy. By Lemma 6 we then see that the terms from
(4.1) and from (4.2) all cancel, except © ® v ® e, which proves the case.

We then turn to the case where there is no factorisation u = ujus such that
ugv € VD I this case we directly get via Lemma 5 that de(u®v®e) =0, so
what we have to prove is that cd(u @ v®e) =u® v ®e.

Now,

cd(u®v®e) = cluheady, (v) ® taily,(v) ® e) — ¢(u @ tailg (v) ® headgr (v))
= Zul & ugv1 ® V2, (43)

where the sum runs over all factorisations © = ujus, v = v1v such that usv; € V(29
and vy is a proper right factor of headg (v). The last condition and Lemma 6 imply
that v9 = e so the lemma is proven in this case as well. B

Let us now turn to the case of elements in even degrees > 2.

Lemma 10. Let u®v®e be a basis element of Pa;ta, with |e| =0 and i > 0. Then

(de+ed)(u@v®e)=uRv®e.

PROOF. We begin the proof by observing that, if uv = wywsows, where wy €
VEHD and ws € (V), then by Lemma 2 v = tailj(v)v’ must be a right fac-
tor of tail? (wo)ws. This means that there is an element of V that is a factor of u,
which contradicts the assumption that u € B(A). This means that w, @ws®@ws # 0
whenever wy € V(2i+1)

First we assume that we can write uv = wiwsws, where wy € V(21 and
|ws| > 1. We will begin by proving the lemma in this case, and return to the case
where there is no such factorisation later.

Now consider the following set of factorisations of uwv:

F = {(wy, w2, w3) | w; € Ay, wywews = uv,ws € V(Qi“)}.

Write F' = {(’le, w1,2, ng), Ceey (’LUkJ, Wk, 2, wk73)} where |w173| < |’LU273‘ < e <
|wg,3|. By Lemma 3 there is for each ¢ = 1,...,k — 1 a factorisation w; 1 = w} ;w}’;
such that wgflwi,g is a (2i+2)-chain with taily, (w;’lwlg) = w; 2 and tailR(wg’,lwi,g) =
Wiy1,2. Now we get

k—1
c(uue) = Z w; @ Wi wip ® w3, (4.4)
1=1
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since, by Lemma 3, there can be no factorisations uv = w}whw} with wj) € V(Z+1
other than the ones present in the sum. Thus

de(u@v®e)=uRVe— w1 @ Wi @ Wg3. (4.5)

We now turn to cd(u ® v ® e). If w; 1 @ w; 2 ® w; 3 should appear as a term
in cd(u ® v ® e), it would have to be as c(w; 1 headr,(w; 2) ® taily, (w; 2) ® w; 3) by
Lemma 5. For i = 1,...,k — 1 we have by Lemma 3 that w; o is the right factor
of a (2i + 2)-chain, which in turn is a right factor of w;jw; 2. This implies that
w; 1 headr,(w; 2) contains an element of V' as a factor and thus is zero in A. Thus
the only term that can occur in cd(u®v®e) is wi,1 Qwi,2 @ Wy, 3, and it will indeed
occur by our initial observation.

So far we have proven the lemma in the first case, and we turn to the second
case; when there is no factorisation uv = wjwows with we € V(Zi+1) and |wsg] > 1.

In this case it is easy to see that c(u®v®e) = 0, and that cd(u@v®e) = URQVRe
which then proves the second case of the lemma. 1
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