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Abstract

A Banach space operator T ∈ B(X ) is polaroid (left polaroid) if isolated points of
the spectrum (resp. isolated points λ of the approximate point spectrum) of T are
poles of the resolvent of T (resp. are such that (T − λI) has finite ascent ≤ d and
(T−λI)d+1X is closed). Necessary and sufficient conditions for operators T ∈ B(X )
to satisfy generalized and a-generalized Browder and Weyl theorems are given. In
the case of polaroid (resp. left polaroid) operators T , it is proved that T satisfies
generalized Weyl’s theorem (resp. generalized a–Weyl’s theorem) if and only if T
satisfies Weyl’s theorem (resp. a–Weyl’s theorem).

1. Introduction

A Banach space operator T ∈ B(X ) is polaroid if the isolated points of the spectrum
of T , points λ ∈ iso σ(T ), are poles of the resolvent of T . Let Π(T ) denote the set
of poles of the resolvent of T . A necessary and sufficient condition for λ ∈ Π(T ) is
that asc(T − λ) = dsc(T − λ) < ∞, where T − λ = T − λI, and the ascent of T ,
asc(T ) (resp. descent of T , dsc(T )), is the least non-negative integer n such that
T−n(0) = T−(n+1)(0) (resp. TnX = Tn+1X ). T has the single-valued extension
property (SVEP) at a point λ0 ∈ C if for every open disc Dλ0 centered at λ0 the
only analytic function f : Dλ0 −→ X satisfying (T − λ)f(λ) = 0 is the function
f ≡ 0. The single valued extension property plays an important role in local spectral
theory and Fredholm theory (see [1; 29]). Evidently, every T has SVEP at points in
the resolvent ρ(T ) = C \ σ(T ) or the boundary ∂σ(T ) of the spectrum σ(T ). It is
easily verified that SVEP is inherited by restrictions, and that if T has SVEP and
TX = XY for some injection X, then Y has SVEP.

An operator T ∈ B(X ) is Weyl (resp. Browder) if it is Fredholm of index 0 (resp.
Fredholm of finite ascent and descent). The Weyl spectrum σW (T ) (resp. Browder
spectrum σB(T )) of T is the set of λ ∈ C such that T − λ is not Weyl (resp. λ ∈ C
such that T − λ is not Browder). Let iso σ(T ) and Π0(T ) denote, respectively, the
set of isolated points of σ(T ) and the set of poles of finite rank of the resolvent of
T . We say that T satisfies Weyl’s theorem (Wt for short) if σ(T )\σW (T ) = E0(T );
T satisfies a–Weyl’s theorem (a −Wt for short) if σa(T ) \ σWa(T ) = Πa

0(T ); and
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T satisfies Browder’s theorem (Bt for short) if σB(T ) = σW (T ). Here E0(T ) =
{λ ∈ iso σ(T ) : 0 < α(T − λ) = dim(T − λ)−1(0) < ∞}, σa(T ) is the approximate
point spectrum of T , σWa(T ) is the Weyl approximate point spectrum of T [1, p.
151] and Πa

0(T ) is the set of left poles (see definition below) of T of finite rank.
More generally, T satisfies generalized Weyl’s theorem, or gWt (resp. generalized
Browder’s theorem, or gBt), if σ(T ) \ σBW (T ) = E(T ) (resp. σ(T ) \ σBW (T ) =
Π(T )), where E(T ) = {λ ∈ C : λ ∈ iso σ(T ), 0 < α(T − λ)} and σBW (T ) is the set
of complex numbers λ for which T−λ fails to be ‘B–Weyl’. Berkani [7] has called an
operator T ∈ B(X ) ‘B–Fredholm’, T ∈ ΦBF (X ), if there exists a natural number
n, n ∈ N, for which the induced operator Tn : Tn(X ) −→ Tn(X ) is Fredholm in
the usual sense, and ‘B-Weyl’, T ∈ ΦBW (X ), if in addition Tn has index 0. The
implication gWt =⇒ Wt holds, but the reverse implication fails [10].

An operator T is semi B–Fredholm, T ∈ ΦSBF (X ), if Tn(X ) is closed for some
n ∈ N and the induced operator Tn is either upper semi–Fredholm or lower semi–
Fredholm (in the usual sense) [10]. For a T ∈ ΦSBF (X ), the index of T is defined
by ind(T ) = ind(Td), where d ∈ N is the degree of stable iteration of T (see [10,
definition 2.2]). Let

ΦSBF−+
(T ) = {T ∈ ΦSBF (X ) : T is upper B-Fredholm with ind(T ) ≤ 0},

and let

σSBF−+
(T ) = {λ ∈ C : T − λ /∈ ΦSBF−+

(X )}.
We say that a point λ ∈ σa(T ) is a left pole (resp. left pole of finite rank) of T ,
denoted λ ∈ Πa(T ) (resp. λ ∈ Πa

0(T )), if T − λ ∈ LD(X ) (resp. T − λ ∈ LD(X )
and α(T − λ) < ∞), where LD(X ) is the regularity

LD(X ) = {T ∈ B(X ) : d = asc(T ) < ∞ and T d+1(X ) is closed}.

The (left Drazin) spectrum induced by the regularity LD will be denoted by σLD(.).
Evidently, Πa(T ) = {λ ∈ σa(T ) : asc(T − λ) = d < ∞, (T − λ)d+1X is closed}.
Let Ea(T ) = {λ ∈ iso σa(T ) : 0 < α(T − λ)}. Following Berkani and Koliha
[10] we say that T satisfies the generalized a–Weyl’s theorem, or a − gWt (resp.
generalized a–Browder’s theorem, or a− gBt), if σSBF−+

(T ) = σa(T ) \Ea(T ) (resp.
σSBF−+

(T ) = σa(T )\Πa(T )). The following implications hold ([6; 10]): a−gWt =⇒
a− gBt =⇒ gBt ⇐⇒ Bt and a− gWt =⇒ gWt =⇒ Wt.

This paper considers necessary and sufficient conditions for operators T ∈ B(X )
to satisfy generalized Browder and Weyl theorems, with attention on polaroid and
left polaroid operators (i.e., operators T for which points λ ∈ σa(T ) are left poles). It
is proved that a necessary and sufficient condition for T ∈ B(X ) to satisfy: (i) gWt
is that T has SVEP at points λ /∈ σBW (T ) and T is polaroid at points λ ∈ E(T );
(ii) a − gWt is that T has SVEP at points λ /∈ σSBF−+

(T ) and T is left polaroid
at points λ ∈ Ea(T ). Furthermore, if T is polaroid and T has SVEP at points
λ /∈ σBW (T ) (resp. T is left polaroid and T has SVEP at points λ /∈ σSBF−+

(T )),
then f(T ) satisfies gWt (resp. f(T ) satisfies a−gWt) for every f ∈ H(σ(T )) (resp.
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every f ∈ Hc(σ(T ))). (Here H(σ(T )) is the set of functions f that are analytic on
an open neighbourhood of σ(T ), and Hc(σ(T )) = {f ∈ H(σ(T )) : f is non-constant
on each of the components of the set on which it is defined}.) We also prove that
a polaroid operator T satisfies gWT (resp. a − gWt) if and only if T satisfies Wt
(resp. a −Wt). The class of polaroid operators is large. It contains, among other
classes, the class of operators for which H0(T−λ) = (T−λ)−mλ(0) for some positive
integer mλ at every λ ∈ C, considered by Oudghiri [32] and Aiena [2], and the class
CHN considered by the author in [18; 19]. We shall say more about these classes in
a later section, noting at this point in time simply that a large number of the more
commonly considered classes of operators satisfy gWt and a− gWt. In particular,
our results generalize corresponding results from [2; 8; 9; 12–16; 18; 19; 21; 25; 26;
28; 31].

2. Further notation

In addition to the notation (and terminology) already introduced, we shall use σp(T )
to denote the point spectrum of T . Recall that T is said to be isoloid if the isolated
points of σ(T ) are eigenvalues of T . We shall denote the set of semi–Fredholm
points of an operator T by ΦSF (T ), the semi-group of semi–Fredholm operators by
ΦSF (X ) and the set of upper semi–Fredholm (resp. lower semi–Fredhom) operators
by ΦSF+(X ) (resp. ΦSF−(X )). Let ΦSF−+

(X ) = {T ∈ ΦSF+(X ) : ind(T ) ≤ 0} (resp.
ΦSF+

−
(X ) = {T ∈ ΦSF−(X ) : ind(T ) ≥ 0}. We say that T has uniform descent for

n ≥ d ∈ N, if R(T ) + T−n(0) = R(T ) + T−d(0) for all n ≥ d. If, in addition,
R(T ) + T−d(0) is closed, then T is said to have topological uniform descent for
n ≥ d. Evidently, if either of the deficiency indices α(T ) and β(T ) (= dim(X/TX ))
or the chain lengths asc(T ) and dsc(T ) is finite, then T has uniform descent. An
operator T is Drazin invertible if both asc(T ) and dsc(T ) are finite [11]. If λ ∈ Π(T ),
then T − λ is Drazin invertible, and hence B–Fredholm.

We say that T has SVEP if it has SVEP at every λ ∈ C. The quasinilpotent
part H0(T − λ) and the analytic core K(T − λ) of (T − λ) are defined by

H0(T − λ) = {x ∈ X : lim
n−→∞

||(T − λ)nx|| 1n = 0}

and

K(T − λ) = {x ∈ X : there exists a sequence {xn} ⊂ X and δ > 0
for which x = x0, (T − λ)xn+1 = xn and ‖xn‖ ≤ δn‖x‖ for all n = 1, 2, ...}.
We note that H0(T − λ) and K(T − λ) are (generally) non-closed hyperinvariant
subspaces of (T − λ) such that (T − λ)−p(0) ⊆ H0(T − λ) for all p = 0, 1, 2, ... and
(T − λ)K(T − λ) = K(T − λ) [1].

Let σs(T ) denote the surjectivity spectrum of T , RD(X ) the regularity {T ∈
B(X ) : dsc(T ) = d < ∞, T dX is closed}, Πs(T ) = {λ ∈ σs(T ) : T − λ ∈ RD(X )}
the set of right poles of T , ΦSBF+

−
(X ) the set of T ∈ ΦSBF (X ) that is lower semi

B–Fredholm with ind(T ) ≥ 0, and let σSBF+
−
(T ) = {λ : T − λ /∈ ΦSBF+

−
(X )}.
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Then, it follows from a straightforward argument that Π(T ) = Πa(T ) ∩Πs(T ) and
σBW (T ) = σSBF−+

(T ) ∪ σSBF+
−
(T ) = σSBF+

−
(T ∗) ∪ σSBF−+

(T ∗) = σBW (T ∗).

3. Results

Before going on to our main result we state a number of complementary results,
some of them well known. Recall from [1, corollary 2.45] that if T ∈ B(X ) (resp.
T ∗ ∈ B(X ∗)) has SVEP, then σ(T ∗) = σa(T ∗) = σs(T ) (resp. σ(T ) = σa(T ) =
σs(T ∗)). If dsc(T − λ) < ∞, then T has SVEP at λ ⇐⇒ asc(T − λ) < ∞⇐⇒ λ ∈
Π(T ) =⇒ λ ∈ iso σ(T ) [1, theorem 3.81]. The following lemma is known, and we
include a short proof for the reader’s convenience.

Lemma 3.1. If λ ∈ Πa(T ), then T − λ is of topological uniform descent, λ ∈
iso σa(T ) and λ /∈ σSBF−+

(T ).

Proof. We may assume, without loss of generality, that λ = 0. If asc(T ) = d < ∞
and T d+1X is closed, then for all n ≥ d, TX +(T )−d(0) = TX +(T )−n(0) is closed
[30, proposition 4.10.4]; hence T is of topological uniform descent. Assume now that
0 /∈ iso σa(T ). Then there exists a sequence {λn} ⊂ σp(T ) such that λn 6= 0 for all
n and limn−→∞ λn = 0. Since T has topological uniform descent for n ≥ d, there
exists an ε > 0 such that (T − µ)X is closed for all 0 < |µ| < ε; hence µ ∈ σa(T ) if
and only if µ ∈ σp(T ). Furthermore, since (T − µ)−1(0) ⊆ T∞X (= ∩∞n=1T

nX ) for
all µ 6= 0, it follows that λn ∈ σa(T1), where T1 = T |T∞X . Since σ(T1) is closed,
0 ∈ σ(T1).

The hypothesis asc(T ) < ∞ =⇒ T has SVEP at λ =⇒ T1 has SVEP at λ.
Already T1 is onto [24, theorem 3.4]; hence the fact that T1 has SVEP at 0 implies
that T1 is

injective [1, corollary 2.24]; hence 0 /∈ σ(T1), a contradiction. Thus 0 ∈ iso σa(T ).
To complete the proof, we observe that asc(T ) = d < ∞ =⇒ ind(T ) ≤ 0 [1, theorem
3.4] and (T )nX ∩ (T )−1(0) = {0} [30, lemma 4.10.1]. Hence α(T |T dX ) < ∞ and
ind(T ) ≤ 0. Since TnX is closed for all n ≥ d, 0 /∈ σSBF−+

(T ).

Using Banach space duality, Lemma 3.1 implies the following.

Corollary 3.2. If λ ∈ Πs(T ), then λ ∈ iso σs(T ) and λ /∈ σSBF+
−
(T ).

Lemma 3.3. If T has SVEP at points λ ∈ ΦBF (T ), then σBW (f(T )) = f(σBW (T ))
for all f ∈ H(σ(T )).

Proof. Use [7, theorem 3.4].

It is known that the spectra induced by the regularities LD(X ) and RD(X )
satisfy the spectral mapping theorem for all analytic functions that are locally non-
constant [31]: we prove in the following that a similar statement holds for σSBF−+

(T ),
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provided that T has SVEP at points λ /∈ σSBF−+
(T ). The following lemma is proved

in [9, theorem 2.5].

Lemma 3.4. If T is an operator of topological uniform descent, then T has SVEP
at 0 ⇐⇒ asc(T ) < ∞.

In addition, Lemma 3.4 implies that if T is an operator of topological uniform
descent, then T ∗ has SVEP at 0 ⇐⇒ dsc(T ) < ∞. The following lemmas gives a
sufficient condition for σSBF−+

(T ) = σBW (T ).

Lemma 3.5. If T has SVEP at points λ /∈ σSBF+
−
(T ) (resp. T ∗ has SVEP at

points λ /∈ σSBF−+
(T )), then σSBF+

−
(T ) = σBW (T ) (resp. σSBF−+

(T ) = σBW (T )).

Proof. If λ /∈ σSBF+
−
(T ) (or λ /∈ σSBF−+

(T )), then T − λ has topological uniform
descent. Thus, if T has SVEP at λ (resp. T ∗ has SVEP at λ), then asc(T −λ) < ∞
(resp. dsc(T − λ) < ∞). Hence, ind(T − λ) ≤ 0 (resp. ind(T − λ) ≥ 0). Since
already ind(T − λ) ≥ 0 (resp. ind(T − λ) ≤ 0), ind(T − λ) = 0 and λ /∈ σBW (T );
hence σBW (T ) ⊆ σSBF+

−
(T ) and, respectively, σBW (T ) ⊆ σSBF−+

(T ). The reverse
inclusions being always true, the lemma is proved.

Lemma 3.6. If T has SVEP at points λ ∈ ΦSBF−(T ) (resp. T ∗ has SVEP at
points λ ∈ ΦSBF+(T )), then f(σSBF+

−
(T )) = σSBF+

−
(f(T )) (resp. f(σSBF−+

(T )) =
σSBF−+

(f(T )) for every f ∈ Hc(σ(T ))).

Proof. It is consequent from Lemmas 3.3 and 3.5 that f(σSBF+
−
(T )) = f(σBW (T )) =

σBW (f(T )) (resp. f(σSBF−+
(T )) = f(σBW (T )) = σBW (f(T ))) for every f ∈ H(σ(T )).

Recall from [1, theorem 2.39] that f(T ) has SVEP at a point λ /∈ σSBF+
−
(f(T ))

(resp. λ /∈ σSBF−+
(f(T ))) if and only if T has SVEP at every µ /∈ σSBF+

−
(T ) (resp.

µ /∈ σSBF−+
(T )) such that f(µ) = λ. Hence, the hypothesis of the lemma implies

that f(T ) has SVEP at points λ /∈ σSBF+
−
(f(T )) (resp. f(T ∗) = f(T )∗ has SVEP at

points λ /∈ σSBF−+
(f(T ))). Arguing as in the proof of Lemma 3.5, this implies that

σSBF+
−
(f(T )) = σBW (f(T )) (resp. σSBF−+

(f(T )) = σBW (f(T ))). This completes
the proof.

Our next lemma is taken from [7, theorem 2.7]

Lemma 3.7. If T is B-Fredholm, then there exist (closed) subspaces M and N of
X such that X = M ⊕ N and T = T1 ⊕ T2, where T1 = T |M is Fredholm with
ind(T1) = ind(T ) and T2 = T |N is nilpotent.
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It is an easy exercise to deduce from the above lemma that if λ ∈ iso σ(T ) and
T −λ ∈ ΦBW (T ), then λ ∈ Π(T ). The following lemma says T inherits the polaroid
property from algebraically polaroid operators p(T ).

Lemma 3.8. If T is algebraically polaroid, i.e., p(T ) is polaroid for some (non-
constant) polynomial p(.), then T is polaroid.

Proof. If λ ∈ iso σ(T ), then X = H0(T − λ) ⊕ K(T − λ) and T − λ = (T −
λ)|H0(T−λ) ⊕ (T − λ)|K(T−λ) = T1 ⊕ T2, where σ(T1) = {0}. Trivially, σ(p(T1)) =
{p(0)}. If we let p(T1) − p(0) = cTm

1 g(T1) for some constant c, positive integer
m and polynomial g(.), then g(T1) is invertible. Consequently, T1 is nilpotent =⇒
H0(T −λ) = (T −λ)−m(0) for some positive integer m. Hence X = (T −λ)−m(0)⊕
K(T − λ) =⇒ (T − λ)mX = 0 ⊕ (T − λ)mK(T − λ) = K(T − λ) =⇒ X =
(T − λ)−m(0)⊕ (T − λ)mX =⇒ λ ∈ Π(T ). This completes the proof.

The following propositions give some necessary and sufficient conditions for
an operator T ∈ B(X ) to satisfy gBt and a − gBt. Let 4(T ) = {λ : T − λ ∈
ΦBW (X ), 0 < α(T − λ)} and 4a(T ) = {λ : T − λ ∈ ΦSBF−+

(X ), 0 < α(T − λ)}.

Proposition 3.9. (a) The following statements are equivalent:
(i) T satisfies gBt;
(ii) σ(T ) \ σBW (T ) = Π(T );
(iii) T has SVEP at points λ /∈ σBW (T );
(iv) 4(T ) = Π(T ); and
(v) H0(T −λ) = (T −λ)−d(0), for some positive integer d, at points λ ∈ 4(T ).

(b) T satisfies gBt if and only if T satisfies Bt.

Proof. (a). (i) ⇐⇒ (ii) is evident.

(ii) ⇐⇒ (iii). If (ii) is satisfied, then λ /∈ σBW (T ) =⇒ λ ∈ ρ(T ) (= the resolvent
set of T ) or λ ∈ iso σ(T ). In either case, T has SVEP at λ. Conversely, T has SVEP
at λ /∈ σBW (T ) =⇒ T − λ has SVEP at 0, T − λ ∈ ΦBF (X ) and ind(T − λ) = 0.
By Lemma 3.4, there exist closed subspaces M and N of X such that X = M ⊕N
and T − λ = T1 ⊕ T2, where T1 = (T − λ)|M is Fredholm, T1 has SVEP at 0,
ind(T1) = 0 and T2 = (T − λ)|N is nilpotent. Hence there exists a positive integer
m such that M = T−m

1 (0)⊕ Tm
1 M : this follows from an application of [1, theorem

3.16], which implies that asc(T1) = m < ∞, followed by an application of [1,
theorem 3.4(iv)], which implies that asc(T1) = dsc(T1) = m < ∞, followed by an
application of [1, theorem 3.81]. Thus X = {(T −λ)−m(0)⊕N}⊕ (T −λ)mX . If we
let d = max{m,m1}, where m1 is as in N = T−m1

2 (0), then X = (T−λ)−d(0)⊕(T−
λ)dX =⇒ λ ∈ Π(T ) =⇒ σ(T ) \σBW (T ) ⊆ Π(T ). Since λ ∈ Π(T ) =⇒ (λ ∈ iso σ(T )
and) T − λ ∈ ΦBW (X ), Π(T ) ⊆ σ(T ) \ σBW (T ).
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(iii) =⇒ (iv). Trivially, Π(T ) ⊆ 4(T ). Let λ ∈ 4(T ). If (iii) is satisfied, then
(T − λ ∈ ΦBW (T ) and) T has SVEP at λ, and this by the argument above (see
(iii) =⇒ (ii)) implies that λ ∈ Π(T ).

(iv) =⇒ (v). Evident (from the fact that λ ∈ 4(T ) ⇐⇒ λ ∈ Π(T )).
(v) =⇒ (iii). If λ /∈ σBW (T ), then T − λ has finite ascent, hence SVEP.

(b). The implication that T satisfies gBt =⇒ T satisfies Bt is proved in [10]. In
view of the equivalence of conditions (i) and (iii) of part (a), to prove the reverse
implication it would suffice to prove that SVEP at points λ /∈ σW (T ) implies SVEP
at points λ /∈ σBW (T ). Choose a large enough integer n ∈ N. Let λ /∈ σBW (T ).
Then it follows from [24, theorem 4.7] that Vn = T−λ− 1

n ∈ Φ(X ) with ind(Vn) = 0
(equivalently, λ − 1

n /∈ σW (T )). Evidently, if T has SVEP at points µ /∈ σW (T ),
then Vn has SVEP (at 0). Since Vn commutes with T − λ, and since Vn converges
to T − λ in the uniform topology, T − λ has SVEP at 0 [1, theorem 2.11]. (This
also follows from an application of [30, proposition 3.4.11].) Hence T has SVEP at
λ.

Proposition 3.9(b) answers a question of [10, problem 1], and was first proved in
[6, theorem 2.1] using a slightly different argument. Since σ(T ) = σ(T ∗), σBW (T ) =
σBW (T ∗) and Π(T ) = Π(T ∗), T ∗ satisfies gBt if and only if T ∗ satisfies Bt if and
only if T satisfies Bt.

Recall from [1, p. 156] that T satisfies a − Bt if the Weyl approximate point
spectrum σWa(T ) of T equals the upper semi-Browder spectrum of T . Equivalently,
T satisfies a−Bt if σa(T ) \ σWa(T ) = Πa

0(T ): a necessary and sufficient condition
for T to satisfy a−Bt is that T has SVEP at points λ /∈ σWa(T ) [20, lemma 2.18].

Proposition 3.10. (a) The following statements are equivalent.
(i) T satisfies a− gBt;
(ii) σ(T ) \ σSBF−+

(T ) = Πa(T );
(iii) T has SVEP at points λ /∈ σSBF−+

(T );
(iv) σSBF−+

(T ) = σLD(T );
(v) 4a(T ) = Πa(T ); and
(vi) H0(T −λ) = (T −λ)−d(0), for some positive integer d, at points λ ∈ 4a(T ).

(b) T satisfies a− gBt if and only if T satisfies a−Bt.

Proof. (a). (i) ⇐⇒ (ii) is evident.
(ii) =⇒ (iii). If (ii) is satisfied, then λ /∈ σSBF−+

(T ) ⇐⇒ λ ∈ ρ(T ) or λ ∈ Πa(T ).
In either case, T has SVEP at λ.

(iii) =⇒ (iv). Since σSBF−+
(T ) ⊆ σLD(T ), we prove the reverse inclusion. If

(iii) holds, then SVEP at points λ /∈ σSBF−+
(T ) =⇒ T − λ ∈ ΦSBF−+

(X ) and
T has SVEP at λ ⇐⇒ T − λ ∈ ΦSBF−+

(X ) and asc(T − λ) < ∞ (Lemma 3.4)
=⇒ λ ∈ Πa(T ) =⇒ σLD(T ) ⊆ σSBF−+

(T ).
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(iv) =⇒ (v). If (iv) is satisfied, then λ ∈ Πa(T ) ⇐⇒ λ /∈ σLD(T ) = σSBF−+
(T ) =⇒

asc(T − λ) = d < ∞ for some positive integer d and λ /∈ σSBF−+
(T ). Since

α(T − λ) = 0 =⇒ asc(T − λ) = 0, λ ∈ 4a(T ). Hence Πa(T ) ⊆ 4a(T ). For
the reverse inclusion, λ ∈ 4a(T ) ⇐⇒ λ /∈ σSBF−+

(T ) and 0 < α(T − λ). But then
λ /∈ σLD(T ) =⇒ λ ∈ Πa(T ).

(v) =⇒ (vi). Assume without loss of generality that λ = 0 ∈ 4a(T ) = Πa(T ).
Then T ∈ ΦSBF−+

(X ) and asc(T ) = d < ∞. Let T̂ ∈ B(X/T d−1(0)) denote the

mapping induced by T on the quotient space X̂ = X/T d−1(0), and let x+T d−1(0) =
x̂. Then T̂ is injective and upper semi-B-Fredholm. Hence T̂ ∈ ΦSBF−+

(X̂ ) with

asc(T̂ ) = 0, which implies that H0(T̂ ) = {0̂}, and hence that H0(T ) ⊆ T d−1(0).
Since Tn−1(0) ⊆ H0(T ) for every positive integer n, H0(T ) = T d−1(0).

(vi) =⇒ (ii). If (vi) is satisfied, then asc(T − λ) = d < ∞ at points λ /∈
σSBF−+

(T ) =⇒ λ ∈ Πa(T ). Hence σ(T ) \ σSBF−+
(T ) ⊆ Πa(T ). Conversely, λ ∈

Πa(T ) =⇒ λ /∈ σLD(T ). Since σSBF−+
(T ) ⊆ σLD(T ), λ /∈ σSBF−+

(T ).
(b). The proof here is similar to that of Proposition 3.9 (b). The implication that T

satisfies a−gBt =⇒ T satisfies a−Bt is proved in [10]. In view of the equivalence of
conditions (i) and (iii) of part (a), to prove the reverse implication it would suffice
to prove that SVEP at points λ ∈ ΦSBF−+

(T ) implies SVEP at points λ ∈ ΦSF−+
(T ).

Choose a large enough integer n ∈ N. Let λ ∈ ΦSBF−+
(T ). Then it follows from [24,

theorem 4.7] that Vn = T − λ− 1
n ∈ ΦSF−+

(X ). Evidently, if T has SVEP at points
µ ∈ ΦSF−+

(T ), then Vn has SVEP (at 0). Since Vn commutes with T − λ, and since
Vn converges to T − λ in the uniform topology, T − λ has SVEP at 0 [1, theorem
2.11]. Hence T has SVEP at λ ∈ ΦSBF−+

(T ).

Remark 3.11. Proposition 3.10(b) answers [10, problem 2], and was first proved in
[6, theorem 2.2] using a slightly different argument. Parts of Proposition 3.9(a) are
to be found in [4], and parts of Proposition 3.10(a) are to be found in [5].

Applying Banach space duality to statement (ii) of Proposition 3.10, we say that
T ∈ B(X ) satisfies s − gBt if σs(T ) \ σSBF+

−
(T ) = Πs(T ). Evidently, T satisfies

s − gBt if and only if T ∗ satisfies a − gBt. (Thus, in the following, instead of
discussing s− gBt ( or s− gWt) we shall concentrate on a− gBt (resp, a− gWt)
for T ∗.) Either of the conditions a − gBt and s − gBt implies Bt: this is obvious
for a − gBt (σSBF−+

(T ) ⊆ σBW (T ) ⊆ σW (T )), and it follows for s − gBt from
the implications T satisfies s − gBt =⇒ T ∗ satisfies a − gBt =⇒ T ∗ satisfies
gBt =⇒ T ∗ satisfies Bt ⇐⇒ T satisfies Bt. The following corollary, which gives a
sufficient condition for T to satisfy (both) a− gBt and s− gBt, has the interesting
consequence that T ∗ has SVEP implies T has SVEP at points λ ∈ ΦSBF−+

(T ).

Corollary 3.12. If T ∗ has SVEP, then both T and T ∗ satisfy a− gBt.
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The proof of the corollary is an immediate consequence of the well known fact that
T ∗ has SVEP implies both T and T ∗ satisfy a–Bt, hence also a–gBt.

Recall from Lemma 3.5 that if T ∗ has SVEP (at points λ /∈ σSBF−+
(T )), then

σSBF−+
(T ) = σBW (T ). In particular, if λ /∈ σSBF−+

(T ), then T − λ is B-Fredholm,
ind(T −λ) = 0 and asc(T −λ) = dsc(T −λ) < ∞ (see Lemma 3.4). Combining this
with (iv) of Proposition 3.10, we have the following corollary (see [5, theorem 2.9]
for a similar result).

Corollary 3.13. If T ∗ has SVEP at points λ /∈ σSBF−+
(T ), then σSBF−+

(T ) =
σLD(T ) = σBW (T ) = σD(T ), where σD(T ) = {λ ∈ σ(T ) : λ /∈ Π(T )} is the Drazin
spectrum of T .

In the following we say that T is polaroid (resp. left polaroid) on a subset S of
iso σ(T ) (resp. iso σa(T )) if the points of S are poles (resp. left poles) of T . We are
now ready for our main result.

Theorem 3.14.

(i) T satisfies gWt if and only if T has SVEP at points λ /∈ σBw(T ) and T is
polaroid at points λ ∈ E(T ).

(ii) T satisfies a− gWt if and only if T has SVEP at points λ /∈ σSBF−+
(T ) and

T is left polaroid at points λ ∈ Ea(T ).
(iii) If T has SVEP at points λ ∈ ΦBF (T ) and is polaroid, then f(T ) satisfies

gWt for all f ∈ H(σ(T )).
(iv) If T has SVEP at points λ ∈ ΦSBF+(T ) and is left polaroid, then f(T )

satisfies a− gWt for all f ∈ Hc(σ(T )).
(v) Let p (.) be some non-constant polynomial. If p (T ) has SVEP at points

λ /∈ σBW (p (T )) (resp. p(T ) has SVEP) and p (T ) is polaroid, then f(T )
satisfies gWt for all f ∈ H(σ(T )) (resp. f(T ∗) satisfies a − gWt for all
f ∈ Hc(σ(T ))).

Proof.
(i) If T satisfies gWt, then λ ∈ E(T ) =⇒ λ ∈ iso σ(T ), T − λ ∈ ΦBW (X ) =⇒

λ ∈ Π(T ). Since Π(T ) ⊆ E(T ) for every T , gWt =⇒ Π(T ) = E(T ) =
σ(T ) \ σBW (T ) =⇒ T satisfies gBt and E(T ) = Π(T ). Hence T has SVEP
at points λ /∈ σBW (T ) (by Proposition 3.9) and T is polaroid at points
λ ∈ E(T ). Conversely, T has SVEP at points λ /∈ σBW (T ) implies T satisfies
gBt (by Proposition 3.9), and T is polaroid at points λ ∈ E(T ) implies
E(T ) = Π(T ). Hence T satisfies gWt.

(ii) If T has SVEP at points λ /∈ σSBF−+
(T ), then σa(T ) \ σSBF−+

(T ) = Πa(T )
(Proposition 3.10) ⊆ Ea(T ). Thus, if Ea(T ) ⊆ Πa(T ), then T satisfies a −
gWt. Conversely, if T satisfies a − gWt, then T satisfies a − gBt =⇒ T
has SVEP at points λ /∈ σSBF−+

(T ) (Proposition 3.10). Furthermore, since
σa(T ) \ σSBF−+

(T ) = Πa(T ) = Ea(T ), λ ∈ Ea(T ) ⇐⇒ λ ∈ Πa(T ).
(iii) The polaroid property implies that T is isoloid, i.e., λ ∈ iso σ(T ) =⇒ λ ∈
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E(T ). A familiar argument, see for example the proof of [1, lemma 3.89],
then shows that f(σ(T )\E(T )) = σ(f(T ))\E(f(T )). (We remark here that
the hypothesis in [1, Lemma 3.89] that the isolated eigenvalues E(T ) have
finite multiplicity is immaterial to our case.) Recall from Lemma 3.3 that
f(σBW (T )) = σBW (f(T )). Since T satisfies gWt by part (i), it follows that
σ(f(T ))\E(f(T )) = f(σ(T )\E(T )) = f(σBW (T )) = σBW (f(T )), i.e., f(T )
satisfies gWt.

(iv) The proof in this case is similar to that for part (iii). We note that T is
left polaroid implies T is a–isoloid (i.e., λ ∈ iso σa(T ) =⇒ λ ∈ Ea(T )).
Evidently, σa(T ) is compact, f(σa(T )) = σa(f(T )), and f(σSBF−+

(T )) =
σSBF−+

(f(T )) for every f ∈ Hc(σ(T )).
(v) The hypothesis p(T ) is polaroid implies that T is polaroid (Lemma 3.8),

and the hypothesis p(T ) has SVEP at points µ /∈ σBW (p(T )) implies T has
SVEP at points λ /∈ σBW (T ) (see [30, theorem 3.3.9] or [1, theorem 2.40]).
Hence T satisfies gWt and T is polaroid. This, as in (iii) above, implies that
f(T ) satisfies gWt for every f ∈ H(σ(T )).

To prove the remaining half of (v), we start by observing that the hypothesis p(T )
has SVEP implies that T has SVEP [30, theorem 3.3.9]. Hence σ(T ) = σ(T ∗) =
σa(T ∗) [30, proposition 1.3.2], Π(T ) = Π(T ∗) = Πa(T ∗) and E(T ∗) = Ea(T ∗). The
hypothesis p(T ) is polaroid implies that T (and so also T ∗) is polaroid (Lemma 3.8).
Evidently, λ ∈ iso σ(T ) ⇐⇒ λ ∈ iso σ(T ∗) = iso σa(T ∗); hence T ∗ is left polaroid
(i.e., λ ∈ iso σa(T ) =⇒ λ is a pole). We prove next that T ∗ has SVEP at points
λ /∈ σSBF−+

(T ∗); this would then imply, by (iv), that f(T ∗) satisfies a − gWt for
every f ∈ Hc(σ(T )). Recall from Lemma 3.5 that if T has SVEP, then σBW (T ) =
σSBF+

−
(T ) = σSBF−+

(T ∗). Evidently, T satisfies gBt, i.e., σ(T ) \ σBW (T ) = Π(T ).
Hence σa(T ∗) \ σSBF−+

(T ∗) = Πa(T ∗), i.e., T ∗ satisfies a− gBc ⇐⇒ T ∗ has SVEP
at points λ /∈ σSBF−+

(T ∗) (by Proposition 3.10).

Corollary 3.15. If T ∗ has SVEP, then f(T ) satisfies a − gWt for every f ∈
H(σ(T )) if and only if E(T ) = Π(T ).

Proof. T ∗ has SVEP implies σ(T ) = σa(T ) [30, proposition 1.3.2]; hence Ea(T ) =
E(T ) and Πa(T ) = Π(T ). Observe that if λ /∈ σSBF−+

(T ), then there exists a positive
integer n such that the induced operator Tn = (T − λ)|(T−λ)nX is upper semi-
Fredholm and ind(Tn) = ind(T−λ) ≤ 0. Since T ∗ has SVEP implies dsc(T−λ) < ∞
[9, corollary 3.5], ind(T−λ) ≥ 0; we conclude that ind(T−λ) = 0 and λ /∈ σBW (T ).
This, since σSBF−+

(T ) ⊆ σBW (T ) for every T , implies that σSBF−+
(T ) = σBW (T ).

Hence T satisfies gWt implies T satisfies a− gWt. The proof then follows from an
application of Theorem 3.14 (i) and (iii).

Recall from [24, corollary 4.9] that points λ in the boundary of the spectrum
of an operator T such that T − λ has topological uniform descent are poles of the



Duggal—Generalized Browder–Weyl theorems 159

resolvent of T . Evidently, E(T ) = Π(T ) if and only if T −λ has uniform topological
descent at every λ ∈ E(T ). Hence:

Corollary 3.16. T ∈ B(X ) satisfying gBt satisfies gWt if and only if T − λ has
uniform topological descent at points λ ∈ E(T ).

The one-way implications gWt =⇒ Wt and a− gWt =⇒ a−Wt hold [10]. The
reverse implications, however, are likely to fail, as the following example shows. Let
Q ∈ B(`2) be the quasi-nilpotent Q(x0, x1, x2, ...) = ( 1

2x1,
1
3x2, ...) and N ∈ B(`2)

be a nilpotent. Let T = Q ⊕ N . Then σW (T ) = σBW (T ) = σSBF−+
(T ) = {0} =

σ(T ) = σa(T ) = E(T ) = Ea(T ) and E0(T ) = Ea
0 (T ) = ∅, which implies that T

satisfies a−Wt (so also Wt) but fails to satisfy gWt (so also a−gWt). The situation
for polaroid operators is different.

Theorem 3.17. If T is polaroid (resp. left polaroid), then T satisfies gWT (resp.
a− gWt) if and only if T satisfies Wt (resp. a−Wt).

Proof. We have to prove the implications Wt =⇒ gWt and a−Wt =⇒ a− gWt.
Evidently, if T satisfies Wt (resp. a − Wt), then T satisfies Bt (resp. a − Bt).
Applying Proposition 3.9 (b) (resp. Proposition 3.10 (b)), it follows that T satisfies
gBt (resp. a−gBt). Thus σ(T )\σBW (T ) = Π(T ) ⊆ E(T ) (resp. σa(T )\σSBF−+

(T ) =
Πa(T ) ⊆ Ea(T )). Since the polaroid (resp. left polaroid) assumption implies that
E(T ) ⊆ Π(T ) (resp. Ea(T ) ⊆ Πa(T )), σ(T ) \ σBW (T ) = E(T ) (resp. σa(T ) \
σSBF−+

(T ) = Ea(T )).

Observe that for polaroid operators T satisfying gWt, E(T ) = Π(T ) = Π(T ∗) =
E(T ∗). Hence, for a polaroid operator T , T ∗ satisfies gWt if and only if T satisfies
gWt if and only if T satisfies Wt.

4. Examples and applications

The hypotheses of Theorem 3.14 are satisfied by a large number of the commonly
considered classes of operators. In this section we list some, by no means all, of
these classes of operators. (Note that H shall denote a Hilbert space.)

The class H(p) of operators T ∈ B(X ) for which there exists a positive integer
pλ for every λ ∈ C such that H0(T −λ) = (T −λ)−pλ(0) is (obviously) polaroid and
operators T ∈ H(p) have SVEP. H(p) contains, among other classes, the classes
consisting of p-hyponormal operators (T ∈ B(H) : |T ∗|2p ≤ |T |2p for some 0 <
p ≤ 1), M -hyponormal operators (T ∈ B(H) : |(T − λ)∗x|2 ≤ M |(T − λ)x|2 for
some M ≥ 1, all λ ∈ C and x ∈ H), totally ∗-paranormal operators (T ∈ B(H) :
||(T − λ)∗x||2 ≤ ||(T − λ)2x|| for every unit vector x ∈ H and all λ ∈ C), totally
paranormal operators (T ∈ B(X ) : ||(T − λ)x||2 ≤ ||(T − λ)2x|| for every unit
vector x ∈ H and all λ ∈ C), transaloid operators (T ∈ B(X ) : ||T − λ|| equals the
spectral radius r(T − λ) for all λ ∈ C), generalized scalar and subscalar operators,
and multipliers of commutative semi-simple Banach algebras (see [1, pp 170–1 and
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175–6] and [20; 25; 31]). The restriction of an H(p) operator to an invariant subspace
is again H(p); see [1, theorem 3.99] and [32].

Theorem 4.1. If T ∈ H(p), then f(T ) satisfies gWt for all f ∈ H(σ(T )) and
f(T ∗) satisfies a− gWt for all f ∈ Hc(σ(T )).

Proof. f(T ) ∈ H(p) for all f ∈ H(σ(T )) [1, theorem 3.102]. Hence f(T ) is polaroid
and has SVEP. Now apply Theorem 3.14.

Theorem 4.1 generalizes and in many cases extends to gWt and a − gWt, [8,
theorem 2.4 and corollary 2.11; 2, theorem 4.4; 13, theorems 2.5 and 3.5; 14, the-
orems 2.4 and 3.2; 16, theorem 3.1; 24, theorem 2; 25, theorems 2.4 and 2.10; 26,
theorem 2.7; 31, proposition 3.3 and corollary 3.6].

Another class of operators, independent of H(p) (but with a non-empty intersec-
tion with H(p)), is the class of completely hereditarily normaloid or CHN operators
[20]. Recall that an operator T ∈ B(X ) is hereditarily normaloid, T ∈ HN, if every
part of T (i.e., the restriction of T to each of its invariant subspaces) is normaloid
(i.e., ||T || equals the spectral radius r(T )); T ∈ HN is totally hereditarily normaloid
if also the inverse of every invertible part of T is normaloid, and T is a CHN op-
erator if either T is totally hereditarily normaloid or T − λ ∈ HN for every λ ∈ C.
Operators T ∈ CHN are polaroid [20, proposition 2.1]; furthermore, both T and
T ∗ have SVEP at points λ ∈ ΦSF (T ) [20, theorem 2.9].

Theorem 4.2. If T ∈ CHN , then T and T ∗ satisfy gWt. If also λ ∈ iso σs(T ) =⇒
λ ∈ iso σ(T ), then T ∗ satisfes a− gWt.

Proof. That T and T ∗ satisfy gWt is a direct consequence of [19, corollary 2.16,
proposition 2.1] and Theorem 3.17. Assume now that λ ∈ iso σs(T ) = iso σa(T ∗) =⇒
λ ∈ iso σ(T ) = iso σ(T ∗).

Then T polaroid =⇒ T ∗ polaroid =⇒ T ∗ left polaroid. In particular, Ea(T ∗) ⊆
Πa(T ∗). Thus to prove that T ∗ satisfies a − gWt, it would suffice to prove that
T ∗ satisfies a − gBt. To this end, we prove that T ∗ has SVEP at points λ /∈
σSBF−+

(T ∗) = σSBF+
−
(T ). If λ ∈ ΦSBF+

−
(T ), then there exists an ε > 0 such that

T−µ ∈ ΦSF+
−
(X ) and ind(T−λ) = ind(T−µ) for all 0 < |µ−λ| < ε [7, corollary 3.2].

Since T has SVEP at points µ ∈ ΦSF (T ) [20, theorem 2.9], asc(T−µ) < ∞ (Lemma
3.4) =⇒ ind(T −µ) ≤ 0, which (since ind(T −µ) ≥ 0) implies that ind(T −µ) = 0.
By the continuity of the index, this then implies that ind(T − λ) = 0, and hence
that λ /∈ σBW (T ). Thus σBW (T ) ⊆ σSBF+

−
(T ). Since the reverse inclusion holds

for every T ∗, we conclude that σSBF−+
(T ∗) = σBW (T ). It is apparent from the first

part of the proof that if λ /∈ σBW (T ), then λ ∈ Π(T ) or λ is in the resolvent set of
T . Since, in either case, both T and T ∗ have SVEP at λ, we conclude that T ∗ has
SVEP at points λ /∈ σSBF−+

(T ∗).

An important class of operators in CHN that has been studied by a number of
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authors over the years, is that of paranormal operators: T ∈ B(X ) : ||Tx||2 ≤ ||T 2x||
for each unit vector x ∈ X (see, for example, [3; 12; 14] and [30, pp 269–70]).
Paranormal operators are not H(p) operators [3]. If X is a Hilbert space or a
separable Banach space, then paranormal operators are known to have SVEP; see
[3] and [13, corollary 2.10]. Observe that if a polaroid operator T has SVEP, then
σ(T ) = σa(T ∗) = σs(T ) and E(T ∗) = Ea(T ∗) = Π(T ∗) = Πa(T ∗). Our Theorems
3.14 and 4.2 generalize [12, theorem 2.12; 17, theorem 3.1; 18, theorems 3.9 and
3.11; 19, theorems 2.17 and 2.19].

A Hilbert space operator T ∈ B(H) is (p, k)-quasihyponormal, T ∈ (p, k)−Q, if
T ∗k(|T |2p − |T ∗|2p)T k ≥ 0 for some positive integer k and 0 < p ≤ 1 [28; 33]. (The
class (p, k)−Q does not fit into either of the classes H(p) and CHN .) Evidently, a
(1, 1)−Q operator is quasihyponormal, a (1, k)−Q operator is k-quasihyponormal,
and (if we momentarily allow k = 0, then) a (p, 0) − Q operator is p-hyponormal.
(p, k) − Q operators are polaroid [34, theorem 6], and have finite ascent (hence,
SVEP)[21]. Hence (p, k) − Q operators are polaroid. Applying Theorem 3.14, we
have:

Theorem 4.3. If T ∈ (p, k) − Q or q(T ) ∈ (p, k) − Q for some non-constant
polynomial q(.), then f(T ) satisfies gWt for every f ∈ H(σ(T )) and f(T ∗) satisfies
a− gWt for every f ∈ Hc(σ(T )).

Theorem 4.3 generalizes [20, corollary 3.6; 28, theorem 10, corollary 11 and
corollary 13].

Yet another class of polaroid operators, which does not seem to have attracted
much attention in the recent past, is that of operators which satisfy a local growth
condition. An operator T ∈ B(X ) is said to satisfy a growth condition of order m,
or to be a (Gm)-operator, if there exists a constant K > 0 such that

||(T − λ)−1|| ≤ K

[dist(λ, σ(T ))]m

for all λ /∈ σ(T ). For an arbitrary closed subset F of the set C of complex numbers
and T ∈ B(X ), let XT (F ) = {x ∈ X : (T − λ)fx(λ) ≡ x for some analytic function
fx : C \ F −→ X}. The glocal spectral subspace XT (F ) is a hyper-invariant linear
manifold of T [30, p. 220]. Let m be a positive integer. We say that T ∈ loc(Gm)
(or, T ∈ B(X ) satisfies a local growth condition of order m) if for every closed set
F ⊂ C and every x ∈ XT (F ) there exists an analytic function f : C \ F −→ X
such that (T − λ)f(λ) ≡ x and ||f(λ)|| ≤ K[dist(λ, F )]−m||x|| for some K > 0
(independent of F and x). Hyponormal operators are loc(G1) [33, 28] and spectral
operators of type m − 1 are loc(Gm) [23, proof of theorem XV.6.7]. Evidently,
T ∈ loc(Gm) =⇒ T ∈ (Gm); since (Gm) operators are polaroid, see for example
[16, Llemma 3], loc(Gm) operators are polaroid. It is known, [28, proposition 2], that
if the Banach space X is reflexive (in particular, a Hilbert space), then operators
T ∈ loc(Gm) satisfy Dunford’s condition (C), hence have SVEP [30, proposition
1.2.19]. Appealing to Theorem 3.14, we have the following.
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Theorem 4.4. Assume that the Banach space X is reflexive. If T ∈ loc(Gm) or
q(T ) ∈ loc(Gm) for some non-constant polynomial q(.), then f(T ) satisfies gWt for
every f ∈ H(σ(T )) and f(T ∗) satisfies a− gWt for every f ∈ Hc(σ(T )).
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