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Abstract

In this note we describe the group of automorphisms of a finite semidirect product
G = HK that fix the normal subgroup H of G as a set. In particular if H is a
characteristic subgroup of G, this group will give the full automorphism group of
G.

1. Results

Suppose the finite group G is a direct product G = H ×K, where groups H and K
have no common direct factor. Then [3, theorem 3.2] shows that the automorphism
group of G, Aut G, is isomorphic to a group of 2× 2 matrices of homomorphisms

{(
α β
γ δ

)
: α ∈ Aut H, β ∈ Hom(K, Z(H))

γ ∈ Hom(H, Z(K)), δ ∈ Aut K

}
,

where Hom(A,Z(B)) denotes as usual the group of homomorphisms from group A
to the centre Z(B) of group B. Using this isomorphism, the size and structure of
Aut G can easily be determined.

In this note, we assume instead that G = H o K is a semidirect product, so
G = HK, H E G, K ≤ G, H ∩K = 1. We show that the subgroup Aut(G : H) =
{θ ∈ Aut G : θ(H) = H} of Aut G can be described straightforwardly in terms of a
group of 2× 2 matrices of mappings, much the same as in the direct product case.
As a consequence we show in Theorem 3 that when H is abelian, Aut(G : H) is
itself a semidirect product. This result can be found in Dietz [5, theorem 4.6], but
the approach there is homological and the proof depends on a quite technical result
due to Wells [10]. Of course, when H is a characteristic subgroup of G, Aut(G : H)
= Aut G. We finish by showing that the structure of some (previously known) ad
hoc examples of automorphism groups can be unified using Theorem 3.

For h ∈ H, k ∈ K, we write hk = khk−1 and let

M =





(
α β
0 δ

)
:

α ∈ Aut H,β : K → H, δ ∈ Aut K, where α, β, δ satisfy
(i) ∀k, k′ ∈ K, β(kk′) = β(k)β(k′)δ(k)

(ii) ∀h ∈ H, ∀k ∈ K, α(hk) = α(h)β(k)δ(k).




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Matrices are multiplied in M as usual, so

(
α β
0 δ

)(
α′ β′

0 δ′

)
=

(
αα′ αβ′ + βδ′

0 δδ′

)
,

where αα′, δδ′ are compositions and (αβ′ + βδ′)(k) = αβ′(k)βδ′(k). Now associate

with any θ ∈ Aut(G : H) a matrix T (θ) =
(

α β
0 δ

)
, where α : H → H, β : K →

H, δ : K → K are defined by θ(h) = α(h), ∀h ∈ H, θ(k) = β(k)δ(k),∀k ∈ K.

Theorem 1. If G = H oK, then Aut(G : H) 'M under the map T .

Proof. Suppose θ ∈ Aut(G : H), and α, β, δ are defined as above. Then α = θ|H ,
so α ∈ Aut H. Further β(kk′)δ(kk′) = θ(kk′) = θ(k)θ(k′) = β(k)δ(k)β(k′)δ(k′) =
β(k)β(k′)δ(k)δ(k)δ(k′), so equating components (i) follows and δ ∈ Hom(K,K).
But θ is onto, so δ ∈ Aut K. Also β(k)δ(k)α(h) = θ(k)θ(h) = θ(kh) = θ(hkk) =
θ(hk)θ(k) = α(hk)β(k)δ(k), so (ii) follows, and thus T (θ) ∈ M. Conversely, if

M =
(

α β
0 δ

)
∈ M, define θ : G → G by θ(hk) = α(h)β(k)δ(k). By (i) and (ii)

θ is an endomorphism on G. Further Ker θ = 1, so θ ∈ Aut(G : H) and T (θ) = M .
Finally it is easy to check T is a monomorphism.

From now on identify Aut(G : H) with M. Notice
(

1 β
0 1

)
∈ Aut(G : H) ⇔

β : K → H satisfies (i) ∀k, k′ ∈ K, β(kk′) = β(k)β(k′)k and (ii) ∀h ∈ H, ∀k ∈
K, hk = (hk)β(k), that is, ∀k ∈ K, β(k) ∈ Z(H). Such a map β : K → Z(H)
satisfying (i) is often called a crossed homomorphism. We denote these maps by
CHom(K, Z(H)) and the corresponding isomorphic subgroup of Aut(G : H) by

B =
{(

1 β
0 1

)
: β ∈ CHom(K, Z(H))

}
. Since in fact ρ : Aut(G : H) → Aut H×

Aut K defined by ρ

(
α β
0 δ

)
= (α, δ) is clearly a homomorphism with Ker ρ = B,

we have that B E Aut(G : H). As usual, let CK(H) =
{
k ∈ K : hk = h, ∀h ∈ H

}
and let

T = {α ∈ Aut H : α(hk) = α(h)k, ∀h ∈ H, ∀k ∈ K} ≤ Aut H,
S = {δ ∈ Aut K : k−1δ(k) ∈ CK(H), ∀k ∈ K} ≤ Aut K,
R = {(α, δ) ∈ Aut H× Aut K : α(hk) = α(h)δ(k)} ≤ Aut H× Aut K.

Notice
(

α 0
0 1

)
∈ Aut(G : H) ⇔ α ∈ T,

(
1 0
0 δ

)
∈ Aut(G : H) ⇔ δ ∈

S and
(

α 0
0 δ

)
∈ Aut(G : H) ⇔ (α, δ) ∈ R. Now define the corresponding

isomorphic subgroups of Aut(G : H) as follows:

A =
{(

α 0
0 1

)
: α ∈ T

}
, D =

{(
1 0
0 δ

)
: δ ∈ S

}
, E =

{(
α 0
0 δ

)
: (α, δ) ∈ R

}
.
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If α ∈ T and δ ∈ S, then (α, δ) ∈ R, so T × S ≤ R. Conversely the following holds.

Theorem 2. If T = Aut H or S = Aut K then R = T×S, or in terms of matrices
E = A×D.

Proof. Let (α, δ) ∈ R, so α(hk) = α(h)δ(k), ∀h ∈ H, ∀k ∈ K. However if T =
Aut H, then α(hk) = α(h)k, so α(h)k = α(h)δ(k) and thus k−1δ(k) ∈ CK(H). That
is δ ∈ S, so R ≤ T × S. Thus R = T × S. The proof when S = Aut K is similar.

Theorem 2 holds, for example, if Aut H is abelian so T = Aut H, or if K = 〈k〉
is cyclic of order 2n and CK(H) = 〈k2〉 so S = Aut K.

Now if H is abelian, condition (ii) of M simplifies to (ii)′ ∀h ∈ H, ∀k ∈
K, α(hk) = α(h)δ(k), and this means Aut (G : H) is also a semidirect product.

Theorem 3. Let G = H oK, where H is abelian. Then Aut(G : H) = B o E '
CHom(K, H) o R. Further if T = Aut H or S = Aut K then Aut(G : H) =
B o (A×D) ' CHom(K, H)o (T × S).

Proof. If
(

α β
0 δ

)
∈ Aut (G : H) then by (ii)′

(
α 0
0 δ

)
∈ Aut (G : H),

so
(

α 0
0 δ

)±1

∈ E and
(

α β
0 δ

)(
α−1 0
0 δ−1

)
=

(
1 βδ−1

0 1

)
∈ B. Thus

(
α β
0 δ

)
=

(
1 βδ−1

0 1

) (
α 0
0 δ

)
∈ BE. However B ∩ E = 1 and therefore

Aut(G : H) = B o E. The last part follows from Theorem 2.

2. Examples

In the examples that follow, we sometimes interpret H o K in the well-known
equivalent formulation of a homomorphism θ : K → Aut H, where hk = θ(k)(h).
When θ is an isomorphism we denote G = H o Aut H as usual by Hol(H), the
holomorph of H. When θ is just a monomorphism, so θ(K) ≤ Aut H, G is called
a relative holomorph of H. In either case CK(H) = 1, so S = 1. We also denote a
cyclic group of order n by Cn.

Example 1. Let G = H oK = 〈x, y : xn = yk = 1, xy = xm〉, where H = 〈x〉 '
Cn, K = 〈y〉 ' Ck and Z(G) = 1. Walls [9, theorem B] has shown that Aut G
= Hol(H) by a calculation involving |Aut G|. However Theorem 3 can be used to
provide the stucture of Aut G directly as follows:

(i) Z(G) = CH(K)×CK(H), since H and K are abelian. So if Z(G) = 1 then
CK(H) = 1 and thus G is a relative holomorph of H. That is, the order of
y acting as an automorphism on H by conjugation is the same as the or-
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der of y. Thus mk ≡ 1 (mod n), and k is the smallest such positive integer.

(ii) CH(K) = 1 ⇔ (n,m− 1) = 1. For xi ∈ CH(K) ⇔ (xi)y = xi ⇔ x(m−1)i =
1 ⇔ n|(m − 1)i. Thus if (n,m − 1) = 1 then n|i and xi = 1. Conversely,
if (n,m − 1) 6= 1 and i = n

(n,m−1) then 1 < i < n and xi ∈ CH(K). Thus
[y, x] = xyx−1 = xm−1 so G′ ≥ H, but G/H is abelian so G′ ≤ H. Thus
G′ = H is characteristic, so Aut(G : H) = Aut G. This fact also follows
from [6, lemma 10.1.1], since CH(K) = 1 means y acts as a fixed-point-free
automorphism on H.

(iii) Aut H is abelian, so T = Aut H, and S = 1. Therefore by Theorem 3,
Aut G ' CHom(K, H)oAut H. Now if β ∈ CHom(K,H), β is completely
specified by its value at y, and if β(y) = xi, for 0 ≤ i < n, the only re-
quirement on i is that β(yk) = 1. However, β(yk) = x(1+m+...+mk−1)i and
(1 + m + . . . + mk−1)(m − 1) = mk − 1 ≡ 0 (mod n). Since (n, m − 1) =
1, 1 + m + . . . + mk−1 ≡ 0 (mod n) and β(yk) = 1, for any i. Therefore if
β1(y) = x then CHom(K, H) = 〈β1〉 ' H. Thus Aut G = H o Aut H =
Hol(H).

A special case of this result occurs when G = HoK = 〈x, y : xpn

= yk = 1, xy =
xm〉, where p is an odd prime. It is well-know [6, lemma 5.4.1] that Aut Cpn '
Cpn−1(p−1). If G is any relative holomorph of H, such that y does not act as an
automorphism of p-power order, that is k|(pn−1(p − 1)) but k - pn−1, then by
Beyl [1, proposition 2] if m is the corresponding primitive kth root of unity, m 6≡ 1
(mod p). Therefore (pn,m−1) = 1 so CH(K) = 1 and Z(G) = 1 as above. Thus for a
given pn each such group G of order pnk has the same automorphism group Aut G =
Hol(H). For example, each of the groups G1 = 〈x, y : x7 = y6 = 1, xy = x3〉,
G2 = 〈x, y : x7 = y3 = 1, xy = x2〉, G3 = 〈x, y : x7 = y2 = 1, xy = x−1〉, has
Hol(C7) as its automorphism group.

Furthermore, in the general case, if k = pn−1(p − 1) and m is a primitive k th
root of unity (mod pn) then G = Hol(H) and Aut G ' Hol(H); that is Z(G) = 1
and Aut G ' G, so G is a complete group. In other words for each prime p, we have
an infinite family of those rather rare objects, finite complete groups. For example,
when p = 3, G(n) = 〈x, y : x3n

= y2.3n−1
= 1, xy = x2〉, n ≥ 1, is such a family of

complete groups, the first group of which is the well-known case: Aut S3 ' S3, the
symmetric group of order 3.

If K no longer acts “faithfully” on H, say G = 〈x, y : xn = yk = 1, xy = xm〉,
where (n,m − 1) = 1 but mk/s ≡ 1 (mod n), where s is a proper divisor of
k, then everything remains the same except CK(H) = 〈yk/s〉 and S may be a
nontrivial subgroup of Aut K. Thus Aut G ' H o (Aut H × S). For example, if
G4 = 〈x, y : x7 = y6 = 1, xy = x2〉, then CK(H) = 〈y3〉, so S = 1. Thus Aut G4

is again Hol(C7), so G4 and its automorphism group have the same order but are
not isomorphic. If G5 = 〈x, y : x7 = y6 = 1, xy = x−1〉, then CK(H) = 〈y2〉, so
S = Aut K ' C2 and Aut G5 ' C7 o (C6 × C2).
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Example 2. Let H be any abelian but not elementary abelian group, K = 〈k〉 '
C2 and G the dihedral group HoK = 〈H, k : k2 = 1, hk = h−1,∀h ∈ H〉. Then the
well-known result that Aut G = Hol(H), see Rose [8, problem 488], follows from
Theorem 3. First note that the elements in the complement of H in G are precisely
the noncentral elements of order 2 in G, so H is characteristic. Therefore Aut G =
Aut(G : H). Now if α ∈ Aut H, then α(hk) = α(h−1) = α(h)−1 = α(h)k, ∀h ∈ H,
so T = Aut H, and CK(H) = 1 so S = 1. Therefore by Theorem 3, Aut G '
CHom(K, H)oAut H. Further if β ∈ CHom(K,H) and β(k) = h, for some h ∈ H,
the only requirement on h is that β(k2) = 1. But β(k2) = β(k)β(k)k = hhk =
hh−1 = 1. Thus we may have β(k) = h, for any h ∈ H. Hence if H = 〈h1〉⊕. . .⊕〈hn〉,
define βi(k) = hi, 1 ≤ i ≤ n, then CHom(K, H) ' 〈β1〉 ⊕ . . . ⊕ 〈βn〉 ' H. That is
Aut G ' H oAut H = Hol(H).

Example 3. For p an odd prime and positive integers m and n, let H = 〈x〉 ' Cpm

and K = 〈y〉 ' Cpn . Then (see [2] for details) any nonabelian split metacyclic p-
group has form G = H oK = 〈x, y : xpm

= 1 = ypn

, xy = x1+pm−r 〉,m ≥ 2, n ≥
1, 1 ≤ r ≤ min{m − 1, n}. By Theorem 3, Aut(G : H) ' CHom(K,H) o (T × S),
since T = Aut H ' Cpm−1(p−1) is abelian. Also since CK(H) = 〈ypr 〉, if δ(y) =
y1+pr

, then S = 〈δ〉 ' Cpn−r . Finally, it is easily seen that CHom(K, H) = 〈β〉 '
Cpmin{m,n} , where β(y) = x when n ≥ m, and β(y) = xpm−n

when n < m. The
structure of Aut G is given in [2] and from that it follows that Aut(G : H) is a
proper subgroup of index pmin{n,m−r}. When p = 2, there are three families of
metacyclic 2-groups, but the structure of Aut(G : H) is much the same with minor
variations between the families. See [4] for details.

Example 4. For p an odd prime let H = 〈a, b〉 ' Cp × Cp,K = 〈c〉 ' Cp and
G = H oK = 〈a, b, c : ap = bp = cp = 1, ac = ab, bc = b, ab = a〉, the nonabelian
group of order p3 and exponent p. By Theorem 3, Aut(G : H) ' CHom(K,H)oR.
Now if β ∈ CHom(K, H) and β(c) = h, some h ∈ H, as in the previous examples
we only require that β(cp) = 1. However if h = aibj , 0 ≤ i, j ≤ p− 1, then β(cp) =
h1+c+...+cp−1

= (a1+c+...+cp−1
)i(b1+c+...+cp−1

)j = (apbp
(p−1)

2 )i(bp)j = 1. Thus we
may have β(c) = h, for any h ∈ H. In particular if β1(c) = a, β2(c) = b then
CHom(K, H) = 〈β1〉 × 〈β2〉 ' H. Further clearly (α, δ) ∈ R ⇔ α ∈ Aut H =
GL(2, p), δ ∈ Aut K = Cp−1 and (i) α(ac) = α(a)δ(c) (ii) α(bc) = α(b)δ(c). Now

let α =
(

i j
k l

)
∈ GL(2, p), δs ∈ Aut K, where δs(c) = cs, 1 ≤ s ≤ p − 1, and

let a, b correspond respectively to the basis elements (1, 0), (0, 1) of H. Then from
(ii) akbl = α(b) = α(bc) = α(b)δ(c) = (akbl)cs

= akbsk+l. Thus sk = 0 so k = 0.
From (i) aibj+l = α(ab) = α(ac) = α(a)δ(c) = (aibj)cs

= aibsi+j , so l = si. Thus

α =
(

i j
0 si

)
, where 1 ≤ i, s ≤ p − 1, 0 ≤ j ≤ p − 1. Therefore |R| = (p − 1)2p

and |Aut(G : H)| = |H||R| = (p − 1)2p3. In fact, if t is a primitive root of 1 mod
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p and r1 =
([

t 1
0 t

]
, δ1

)
, r2 =

([
1 0
0 t

]
, δt

)
and

[
t 1
0 t

]k

=
[

t t
0 t

]
,

then R = 〈r1, r2 : r
p(p−1)
1 = 1 = rp−1

2 , rr2
1 = rk

1 〉. Thus Aut(G : H) ' H o R '
(Cp × Cp) o (Cp(p−1) o Cp−1). In fact, see [7], |Aut G| = p3(p − 1)2(p + 1) so
Aut(G : H) is of index p + 1 in Aut G.
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