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ABSTRACT

In this paper, we obtain the asymptotic formulas for eigenvalues of a Hill’s equation
with piecewise constant coefficient.

1. Introduction

Let us consider the differential equation
—y" +q(z)y = Ar(z)y, (—o00 <z < o0), (1.1)

where X is a complex parameter, ¢(z) is real valued function with period w > 0,
and for positive constants «, § and fixed point a € (0,w) r(z) is defined by

r(z) = a?, if0<zx<a,
R W2 ifa<z<w.

Following [1; 2; 5; 6] we first present some necessary facts about Hill’s equation.
We consider the periodic

{ —y" +q(@)y = Ar(z)y V=r=w (1.2)

{ —y" + q(z)y = Mgw))y_ Iszsw (1.3)

boundary value problems associated with the equation (1.1).
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Let 6(z,\) and ¢(z, A) be solutions of the equation (1.1) satisfying the initial
conditions

0(0,A\) =1, 6(0,A\)=0; and ¢(0,\)=0, ¢ (0,\)=1 (1.4)
respectively. We define the Hill discriminant of the equation (1.1) by the function
F) =0(w,\) + ¢ (w, \). (1.5)

Thus the eigenvalues of the periodic boundary value problem (1.2) coincide with
the roots of F'(A) = 2 and also the eigenvalues of the anti-periodic boundary value
problem (1.3) coincide with the roots of F(\) = —2.

Each of the problems (1.2) and (1.3) has a countably infinite number of real
eigenvalues with the points accumulate at +oc0. The eigenvalues uéck and ,uQik 4 (k=
0,£1,42,...) of the problem (1.2) and (1.3) respectively occur in the order

< pTy Spty <py Spty <pg Spg <py <pl <py <pd <

In the case of an even piecewise constant function p(x) the equation (1.1) when
g(z) = 0 was studied earlier in [4]. Guseinov and Karaca [3] have investigated the
asymptotic formulas for eigenvalues of the Hill’s equation (1.1) with coefficients
q(x) and r(z) where ¢(x) = 0 and r(z) is piecewise constant.

In this paper we are concerned with the cases when ¢(z) is first arbitrary
constant and later any real valued.

2. Preliminaries

We consider (z, A) and ¢(z, A) solutions of the equation (1.1) satisfying the initial
conditions

6(0,\) =1, 6(0,\)=0; ©(0,X\)=0, ¢'(0,\)=1;
Oo(x, ) and @o(z, A) solutions of the equation
-y =Ar(z)y (0<z<w) (2.1)
satisfying the initial conditions
00(0,A) =1, 65(0,A) =0; 0(0,A) =0, ¢;(0,A)=1.

Using the method of parameter variable, the solutions of equation (1.1) can be
investigated as linear combination of the solutions of equation (1.2).

These solutions verify the following integral equations;

B, ) = o, ) + / Lo, Mo (1, A) — o, Aol Na(0)0(t, A,
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QO(LC, )‘) = 900(1'7 )‘) + /Ox[@O(xv )‘)90(t7 )‘) - 00(%, A)@O(tv )\)}Q(t)SO(ta )‘)dt

If we take A\ = s2, then we get

0(xz, ) = cos sax +/ sinsa(z — 1)

0 S«

q(®)0(t,\)dt =z € (0,q], (2.2)

6(x,\) = cos saacos sf(x — a) — %sin saasin sf(x — a)

. /G[COS sf(x — a)sin sa(a — t) n sin s@(x — a) cos sa(a — t)]q(t)a(t, A)dt
0

so sp
T ¢
+ / %q(t)o(t, Ndt z € (a,w)], (2.3)
and
ERVE Sh;ff“” + /0 ' Wg(t)w(t,/\)dt ve(0a,  (24)
oz, \) = sin saa cos sf(x — a) + cos saaw

sf

n /“[cos sf(x — a)sin sa(a —t) n sin sB(x — a) cos sa(a — t)
0 sa sB

Ja(t)(t, A)dt

+/: Wg(t)gp(t,/\)dt z € (a,u]. (2.5)

Using integral equations (2.2), (2.3), (2.4), (2.5) we have for « € (0, al,

|7z
0(z, \) = cos sax + O(e 5] ) (2.6)
s
and
N | 7|z
sin sax e
= 2-
ol ) = 22 . (2.7
and for = € (a,w],
« e‘Tl(aa“!‘B(w_a))
O(z, \) = cos saacos sf(x—a)— 3 sin saa sin sf(z —a) —1—0(#)7 (2.8)
s
. : _ |T|(ca+B(w—a))
p(z,\) = SISO o sp(x —a) + cos saa s 58 —a) c ), (2.9)

55 P
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and
elTl(ea+B(w—a))
|s|
(2.10)

Therefore, according to (2.8) and (2.10) we find the explicit formula for the Hill
discriminant:

o (x, ) = —g sin saa sin sB8(z — a) + cos saa cos sf(x — a) + O(

eIl (aa+B(w—a))

F(X\) = Acosséd + Beossy+ O ), (2.11)

|s]
whereA:l—i—%(%—l—g), le—%(%—&—g), § = aa + B(w — a), and
v =aa— B(w—a).

From (2.11), we have the formula

5 |7|(ca+B(w—a))
+(\) = F()) — 2 = —2Asin? % — 2Bsin? ? ot

|s]
Take
2
s = %z. (2.12)
Then we get
+ 42, +
TN\ =90 (6—22' ) =®7 (2), (2.13)
where
4 9 9 e27r\]mz|
P (2) = —2A4sin° 7z — 2Bsin” —7wz + O( ). (2.14)

9 E

Further, for any natural number n define the square contour
1 1
I, = {z € C: |Rez| :n+§, [Imz| :nJri}.
We will use the following well-known theorem;

Theorem. [Rouché] If f(z) and g(z) are analytic functions inside and on a closed
contour T, and |g(2)| < |f(2)] on T, then f(2) and f(2)+g(z) have the same number
of zeros inside T.

We apply the Rouché theorem by putting
) 5 7Y e27r|[mz|
=r,, f(z)=-2Asin"7nz— 2Bsin 574 g(z) = O(T
z

We need the following Lemmas proved in [3].
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Lemma 1. There is a positive number C' such that
|sinwz| > Cell™I™ vzeT,,
where C' does not depend on z and n.

Lemma 2. There is a natural number ny such that

| sin 7z

- | <1, VzeTl,, Vn>mn;.
sinz

Using |£| < 1 and Lemma 2, we obtain

B sin2%77z B

—|—=2 < |=|=1= 1). 2.1

i sin27rz|*|A| ro (0<ro<1) (2.15)
e21r\17nz\

Since g(z) = O( ), there exists a positive number C such that

2|

e27r|]mz\
lg(2)| < C1 B (2.16)
By (2.16), Lemma 1 and inequality (2.15),

9(z) Cy
=5 <=
f2)" |zl

occurs, where Cy = wﬁﬁ' Since for all z € T,,,
ol 2t 5
zZl>n+ =
- 2’

and there exists a natural number nsy such that for all n > no,

1
C’2<n+§,

we have |?8| < 1for all z € Ty, n > ng, where ng = maz{ny,n2}. By Rouché’s
Theorem f(z) and ®7(z) have same number of zeros on the square contour T',,. In
[3], it has been shown that f(z) has 4n+2 zeros on the square contour T',,. So 1 (2)
has 4n + 2 zeros on the same contour. Since by (2.12), ®(2) is an even function,

we can denote the zeros of ® (z) lying inside T',, by
t2 T, ety Ty, Eety g, o, day e H2y 2

We note that the zeros of ®] (z) are real in virtue of (2.12) and (2.13), since the
eigenvalues of the periodic boundary value problem (1.2) are non-negative.

Similarly for n > ng + 1 the function ®{(z) has 4n — 2 zeros on the square
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contour I',,_;. There are four zeros between I',,_; and I',,. Two of them lie in the
region

Dn:{ZGC:nf%<Rez<n+%, |Imz|<n+%}.
Therefore, the zeros z;, and 23, of ®(z) lie in the interval (n — §,n + 3) for
n>ng+ 1.

Now let’s consider circles C, = {z € C: |z — %3,| = p} where p is any number
such that 0 < p < 1 and 25, 2, are zeros of f(z). Functions f(z) and g(z) are
analytic on the circles and the region bounded by these circles. In order to show
the inequality |f(z)| > |g(#)| on these circles we need to prove that there exists a
positive number M such that for all z € C,

F(2)] > MpPeamiima, (2.17)
It can be easily seen that for all z € C,

. B sin? 27z
\f(z)|22|A||SIH7TZ|2|1—|ZH+H~ (2.18)

sin® 7wz

So it remains to show that there exists a positive number N such that for all z € C,

|sinz|2 > Np2e2mlim| (2.19)
and
B, sin? 17z
e i [ewend == (2.20)

where ¢ is an arbitrary positive number.

First let’s show inequality (2.19). It is clear that the equality
: 2 1 21y —2my
|sinmz|® = Z[e +e — 2cos 2mx].

holds. Let F(y) = 1[e*™ + e~ 2™ — 2cos 27(%5, F /p? — y2)]. Since F is even, it
is enough to counsider F'(y) for all y € [0, p]. We must show that there is a positive
number K such that F(y) > Kp?.

Case 1: Let z = 2, — \/p? — y?. Then we have

1
F(y) = Z[ez’ry + e 2™ — 2cos 212, cos 2my/ p? — y2 — 2sin 27z, sin 27/ p? — y2).

Case 1.1: Let cos2n%5, > 0 and sin2rz5, > 0. Then F'(y) > 0. Therefore F is
increasing for y € [0, p] and then we can find a positive number K7 such that

F(y) = F(0) = sin® n(z], — p) = K1p”.
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Case 1.2: Let cos2nz5, < 0 and sin 2723, > 0. Then we get

1
F(y) > 1[62” + e 2™ — 25in 2123 sin 2my/p2 — y2].
Let
1
G(y) = Z[e%y + e 2™ — 25in 2725 sin 2w/ p? — y2].

Since G'(y) > 0, the inequality G(0) < G(y) holds. On the other hand there exists
a positive number K5 such that

G(0) > =[1 —sin2mp| > Kop*4,

DN =

and hence we have F(y) > Kyp?.

Case 1.3: Let cos 2725, < 0 and sin 2723, < 0. Then we can find a positive number
K3 such that

1
F(y) > §COShy >~ > K3p*.

N | =

Case 1.4: Let cos27mz5, > 0 and sin 2725, < 0. Then the inequality

1
F(y) > Z[e%y + e 2™ — 2cos 212, cos 2/ p? — y?]
holds. Let
1
H(y) = Z[e%y + e 2™ — 2cos 2125, cos 2my/ p? — y2].

It is easy to see that H'(y) > 0. Thus H(0) < H(y). From this observation a
positive number K4 can be found such that

F(y) > H(0) > sin®7p > Kqp”.
Take K = min{Ky, K2, K3, K;}. Then |sinmz|? > Kp?.

Case 2: Let x = 23, + \/p? — y>.
Similarly one can easily show that the inequality

|sinmz|? > Kp?.
So we get |sin7z|? > Kp? for all cases. Since
627r|1mz| e‘n’/Z

|sinmz|2 = Kp?’

we get the inequality

|sin7‘rz|2 > Np2e27r\lmz|’
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where N = 5

em/2"
Let k = . Then we have
‘sin kmz 2 _e2klmy =2kl 9 cos 2|k|m (23, F /p® — y?)
sinmz m:’é;ﬁﬂ:\/pfziyz» B e2mY 4+ =27y — 2 cos 27T(Z;:n F 3 /p2 — y2) ’
Substitute

e2lklmy 1 e=2Iklmy 2 cos 2|k|m (2, F /p® — y?)

e2™y 4 =27 — 2cos 27 (z5, F \/p? — y?)

for

e2™VE 4 e72mYE — 2 cos 2me (LS, T/ p? — y?)

e2™y + e=2mY — 2cos 27 (25, F \/p? — ¥?)

(0<y<oo, 0<e<1).

Let f(e) = €*™¥¢ + e72™¢ — 2 cos 2me(24,, F /p? — y2). It is clear that the function
f(e) is non-decreasing. Hence for € € [0,1), f(¢) < f(1). Thus for z € C,, we have
the inequality

sin? %ﬂz
pravanl S
sin® 7z

Since the inequality
B, sin® Imz B
Sl <= =1 1
e by e (0<eg<1)
holds we get the inequality (2.20). Therefore by the equations (2.18), (2.19), (2.20),
the inequality
|£(2)] = 2/ AlegNp?e*rI™

holds for z € C),. So we obtain
|f(2)| > Mp2627r|1mz\’

where M = 2|A|egN.
Choose

There exists a positive number mg such that for all n > myg, p < i. Hence |;8 | <1,

for all z on these circles, n > mg. From the Rouché theorem, f(z) and ®*(z) have
same number of zeros inside these circles. Thus the function ®*(z) has one zero
inside the circle

‘Z_’é;n| =p
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and also has one zero inside the circle
2 = 23, = p-

-
Denote these zeros by zy,,, z3,, respectively. Let 23, — 5, = TQT:L Then inequality

201n

:F

Tonl < 4| 3~

holds. Therefore Sup|rs, | is bounded above i.e. the sequence rJ, is bounded. Thus
F

we have z3, = 25, + O(ﬁ) Since 23, = Sg;”f, the equality

1

n \/ﬁ
holds. So we get an asymptotic formula for eigenvalues of periodic problem.
Similarly, for antiperiodic boundary value problem, we have
1

Nl

+ — &F
82n+1 - 82n+1 + O(

Combining these two results, we get

1
N

st =357+ 0(

).

Our aim is to find better asymptotic formula.

3. Special case

Let g(x) = c. In this case, we investigate asymptotic formula for eigenvalues of
equation (1.1).

Theorem 1. If we have q(x) = ¢, then

& A:F — . .
poy = (87:';)2+SWT/L7TCAsiné,f(S+1B% sinsfw[A(%+w5a)Sm5;F5+B(
(%)
n

a4 wg“) sin $F~]+

PrROOF. When its solutions 6(z, A) and ¢(z, A) with initial value conditions
0(0,A\) =1, 6(0,A)=0; ¢(0,\)=0, ¢ (0,\)=1.

are researched, we have

coss'z, if 0 <z <a,

0(z,\) = {

’
coss'acoss” (v —a) — Iy sins’asins”(x — a), ifa<z<w,
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sin s'x
oz, A) = s
Mcoss "(x —a) +coss'a

if0<zx<a,

sin s’ (z a)
s

ifa<z<w,
where Aa? —c =52, A3 —c=s"2
Moreover we get
11\2
")

F(A) = 0(w,\)+¢'(w,\) = 2cos(s'a+s"(w—a)) — (S/S_,:,,
Define

sin s’a sin 8" (w —a).

N A Y
5 ) — (s - i ) sin s’asin s” (w — a).
s's

sa+s"(w—a)

dT(N\) = F(\) — 2 = —4sin’(

Since eigenvalues of periodic problem coincide with F(A) = 2, the equation

nEo IT "E
—4sin (SQ”CL + 52 G a)) - (SQ"HJF:;IQ; i sinsyhasinsyF(w—a)=0 (3.1)
2n “2n

holds. Since s3, = $3,, + $65, and 43, = O(ﬁ), we have

/ c 1
5/2:5 = (Sg:n)za2 —Cc= ngna - 25sF o + O(E)
2n
I+ 2 2 O(i)
sor =1/(53,)%20% — = ﬁ + —3)-

San

and

Then the following equalities hold;

"F T oF
sin ( n + S (@ a)) = sin2 2208 4 %20 gy 53,0 + O( ), (3.2)
2 2 2
(son —5.)% _ (a=P)° 1
- T O(=), 3.3
R T B 32
and
s " 1 3, y 1
sin s5hasin sy (w—a) = —3 [cos §3,,0 —cos 53,,7] + 7 " [sin §3, 0 — 5 sin $3,,7] +O(ﬁ).
(3.4)
When we put the equalities (3.2), (3.3), (3.4) in the equation (3.1), we get
1
65, [Asin g, 0 + Bg sin §5,,7] = O(ﬁ)

Since Asin $3,0 + B sin §3,v # 0, we have

1
o3, = 0(2).
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Thus the equalities

o (w — 53,0 05, 9
sin (52" + % 5 (@ CL)) = sin? 322" + [% - 827(% wT)} 51n52n5—|—0( 5)s
5)
IT T _ 3\2 1
(3271/$ ‘/9/22;1 ) _ (a ) + 0(72)’ (3 6)
SonSan Oéﬂ n
and
sin shhasinsy! (w — a) = —1[cos 53,0 — cos $3,7] + 5; [sin 53,0 — T sin 53,7
D YT - (2 - Y sl +O().  (37)
8nrta 8 n « 8 2n) n2’’ ’

exist. Similarly when the equalities (3.5), (3.6), (3.7) are written in equation (3.1),
the equalities

03 = 1 s [A(E +25%) sin 8,0+ B(2 — 254) sin 33,71+ 0( ;)

T 4AnT Asin S;LéJrB% sin S;Fn'y « B8

and

S3n = 3, 1= ToniT 6+1B"’ - é;ﬂ[A(%—l— 7*)sin 53,0+ B(&— “3%) sin 53,7+
0(7z)
hold. Moreover we have

W, = (s5.)? = (65,)2 + e AT T A T 95 sin g,

+B(2 - “’Ea)siné;ﬁﬂ] +0(-).

Similarly for u3, ,,, we can get

F — (F 82n+lc 1 A
Hont1 (82n+1) +(2n+1)‘n’Abln52ﬂ+1§+Bébln82n+1,y[ (

+B(% — “’E“)sms%ﬂ'y] +0(-%).

Combining results of ud, , 413, ., we find the formula

ST
F o (5F)24 5ac 1 Ala
Hn (S”) + nm Asins',f(SJrB% sinéﬁ'y[ (04

“3%)sin$To+B(g —“5%)sin§Ty]+

4. General case

In this section, we investigate a asymptotic formula for eigenvalues of equation

(1.1).

Theorem 2. If ¢(x) is a real valued function with period w > 0, then
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F = oF 4 M[Asméi;ig%smﬂ {ALL [J q(t)dt + % [ q(t)dt] sin 5T 0
+B[L fy a(t)dt — 5 [ q(t)dt] sin 5Ty
+%(% - aﬂ) sin §7 B(w — a) [y cos $Fala — 2t)q(t)dt
+3(2 - #=)sinslaa f: cos $FB(w — 2t + a)q(t)dt} + O().

PROOF. By the equations (2.3), (2.6), (2.8), we have the formula

0(%‘7)\) _ %foa[cossﬁ(zfa) sin sa(a—t) cos sat + sin sB(z—a) cosﬂsa(aft) cossat]q(t)dt

[e3

_’_é f; [sin spB(x—t) cos;aa cossf(t—a)  asinsf(z—t) si;zsaa sin sB(t—a) ]q(t)dt

+ cos saa cos sfB(z —a) — % sin saasin sf(z —a) + O(#) (4.1)

where a < < w. Using the (2.5), (2.7), (2.9), the formula
(pl(.%'7)\) 1 foa[—ﬁ sin sB(x—a) 31121 sa(a—t) sin sat + cos sB(x—a) cos sa(a—t) sin sat]q(t)dt

T s «a «a

+é f:[cossﬁ(:c—t)sinsaacossﬂ(t—a) + 60555(1—15)COSﬁsaﬂSinsﬂ(t_a)]q(t)dt

[e3%

fg sin saa sin sf(z — a) + cos saa cos sf(x — a) + O(#) (4.2)

holds for € (a,w]. From the equations (4.1), (4.2), it is easily seen that

FA) =0(w,\) +¢'(w, \)

— AcossotBeossyt sin saa cos sB(w — a) / o(t)dt+ cos saasin sB(w — a) / o(t)dt
sa 0 spB a
: _ a 2
—ﬁ—w / [cos sa(a — t) cos sat — i sin sa(a — t) sin sat]q(t)dt
sp 0 o?
. w 2
su;zéaa / [cos sB(w — t) cos sB(t — a) — % sin sf(w — t) sin sB(t — a)]q(t)dt

+0(#).

In [3], it has been shown that Fy(A) = Acossd + B cos sy when g(z) = 0.
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Since the eigenvalue of periodic problem (1.2) is in the form

F((s3,)") =2, and Fo(53,)%) =2

Thus the following formula holds,

F(u3,) —2=Fy(i3,) —2+ sin T, B(w—a)

p Jy lcos s3,a(a — t) cos 53, ot —

sin s3,,aa

31

w
sin s3, a(a — t) sin s3,, at]q(t)dt + —="— / [cos 53, 3(w —t) cos s3,, B(t — a)
a

Son Q&

F

o sin s3,, B(w — t) sin s, B(t — a)|q(t)dt + sin 3,0 03 53, f(w — @) / q(t)dt
0

2 S3,
b0 oI =0) % yit+ 0 =0,
82n6 a |

where p3, = (s3,)%, f3, = (53,)% It is clear that

57,
Fo(f3,) —2 = —2Asin §3, d sin =2 5 2Bssin $3,,7sin 66 + O( )
and
1 1
— —0().
AT

When we put the equations (4.4) and (4.5) in the equation (4.3), we get

1
63, [Asinsg, 0 + B% sin §5,,7] = O(ﬁ)

Since Asin $3,0 + B sin §3,v # 0, we have

Using the equation (4.6) we get the following equalities:

:F
sin s3,,aa cos s3, B(w — a) 0 T
= sin 3. «cva cos § w—a)+ 0
S;ﬂ 2n7r 2n Qnﬂ( ) + ( )
cos sI aasin s w—a )
2n = 25 ) _ 3 €08 $3,aasin 3, f(w —a) + O( 5)5
nmw

Son

(4.3)

(4.6)

(4.7)

(4.8)
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— + —
sinsg,fw —a)cossfala—2t) 0 sin $3, B(w — a) cos $3, a(a — 2t) + O(i),

$3, 2nm n?2
(4.9)
3 — 2t )
sin 89, COS S?ﬁ(w + a) — T sin sinaa cos 52nﬁ(w — 2t + a) + O( )
52n nm

(4.10)

53 1
Fo(id,,) — 2 = —2Asin §3, § sin % — 2Bsin &3, sin %&jn + O(E). (4.11)

When the equations (4.7), (4.8), (4.9), (4.10), (4.11) are written in formula (4.3), the
equality

5:!:
F(u3,) — 2= —2Asin $3,§sin =2 5 2Bssin $3,,7 sin 25(5;Fn

11 3 a
+ﬁ[fsms§naacoss%ﬁ(w a)+ 2(ﬂ+a2)coss§naas1n52nﬁ( )]/O q(t)dt

o 1 .. “ )
M(B - %) sin §5,, B(w — a)/o cos §3,,a(a — 2t)q(t)dt
1 w
+ﬁ[5 cos §5,,aasin 83, B(w—a) + ( 52 ) sin §3,, ava cos §3,, Blw — a)]/ q(t)dt
51 N 1
m(a 62)811152"0((1 ’ cos $3,,8(w — 2t + a)q(t )dt+0(ﬁ) =0

exists. Since

Oy _ Oy 1
sin =5t = 5 T 00s)
, and
sm2—65§n: 255;—&-0( )

, we have the equality

q:
52n

1) 1
—sin$§ aacos st B(w—a
2nw[Asin 53,0 + B sin 53, 7] {[a an 20 )

+%(% s )coss;ﬁ,ozablns%ﬁ( )]/O q(t)dt



KARACA—Asymptotic eigenvalues formulas of a Hill’s equation 33

(l ﬁz) sin 33, B(w — a) /a cos $3,,a(a — 2t)q(t)dt
0

L\DM—*
Q
Q

) sin §5,,cva cos $3, B(w — a)) /w q(t)dt

1 1
+[= cos §3,aasin$3, Blw —a) + = (

g T

+

)sinéinaa/w cos $3,, (w — 2t + a)q ()dt}—i—O(%).

e

1
o

(

DN | =

Thus we get the formula

E = 55+ 1o
=33, + ! {[l sin §3, a cos §3,, B(w — a)
" 2nw[Asin 3,6 + B sin §3,7] " n

11 5 a

+=(5 + —) cos §, aasin 53, B(w )]/ q(t)dt
28 a? 2 2 0

11 p ‘o

+5(5 — =) sinsg, Bw —a) cos $3,,a(a — 2t)q(t)dt
268 «? 0

) sin §5,,ava cos $3, B(w — a)] /w q(t)dt

1 1 1
—l—[E cos $5,aasin §5, B(w —a) + = (

52
1.1 @ @ 1
+§(a ﬁz)smsinaa/a cos $3,,8(w — 2t + a)q(t)dt} +O(—2)
So we get the equality
S 53 {A[l/a (t)dt
Han = Han 2nw[Asin $3,6 + B sinsj,n] - o Jo 1

w

1 [ a 1
—|—B/a q(t)dt] sin $3,6 + B[— /o q(t)dt — 5/ q(t)dt] sin 53,y

—I—%(% aﬁ) sin §3, 3(w — a) /0 cos §3,,a(a — 2t)q(t)dt
1.1 @ 1
+§(a - %)sin é;naa/a cos §3,, B(w — 2t + a)q(t)dt} + O(ﬁ) (4.12)
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Similarly we can obtain

‘é;:n-&-l l ¢
(Al / g(t)dt

H3ns1 = M3pg1 +
e " 2(n+ 1)7[Asinsd, 6 + Blsingd, 0]«

w

1 [ 1 [ 1
JrB / q(t)dt]sin 53, 6 + B[a /0 q(t)dt — 3 q(t)dt]sin 83, 1

_|_

(= — ﬁ) sin$3, 1 3(w — a) /a cos §3,, ,o(a — 2t)q(t)dt
0

a2

N —
=@ =

1.1 o, . “ . 1
+§(a — @)smsfnﬂaa/a coss;FnHﬁ(w—Qt—&-a)q(t)dt}—|—O(ﬁ). (4.13)
From the equations (4.12) and (4.13), we can get

i
nm[Asin §76 + B sin §;7 7]

wh =t +
1 ¢ 1 @ . .
{4[= / q(t)dt + = / q(t)dt] sin 576

a Jo I6) a

+B[E /O ’ q(t)dt—% / " ()] sin 5T

o

+ ﬁ) sin 57 B(w — a) /a cos §Fala — 2t)q(t)dt
0

1
(B_Oéz

N | =

1.1 a “ 1
Llar o T _ S
+2( 2)Slnsn aa/a cos §F B(w — 2t + a)q(t)dt} —|—O(n2).
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