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Abstract

We introduce characteristic functions for p-hyponormal operators and calculate
their determinants.

1. Introduction

Professor D. Xia, in [12], calculated the determinants of characteristic functions of
semi-hyponormal operators. In this paper we calculate the determinants of charac-
teristic functions of p-hyponormal operators for 0 < p < 1

2 .
Let H be a complex separable Hilbert space and B(H) be the algebra of all

bounded linear operators on H. An operator T ∈ B(H) is said to be p-hyponormal
if (T ∗T )p − (TT ∗)p ≥ 0. If p = 1, T is called hyponormal and if p = 1

2 , T is called
semi-hyponormal. The set of all semi-hyponormal operators in B(H) is denoted by
SH. The set of all p-hyponormal operators in B(H) is denoted by p-H. Let SHU
and p-HU denote the sets of all operators in SH and in p-H with equal defect and
nullity (cf. [11, p. 4]), respectively. Hence we may assume that the operator U in
the polar decomposition T = U |T | is unitary if T ∈SHU ∪ p-HU. Throughout this
paper, we assume that p is in the interval 0 < p < 1

2 .
Let A be a contraction and T ∈ B(H). Denote

A[n] =





An, n ≥ 0

(A∗)−n, n < 0.

If

S±A (T ) = s - lim
n→±∞

A[−n]TA[n]
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exist, then operators S±A (T ) are called polar symbols of T related to A. If an operator
T = U |T | is semi-hyponormal, then S±U (T ) exist and, for 0 ≤ k ≤ 1,

T(k) = (1− k)S−U (T ) + kS+
U (T )

are called the general polar symbols of T . Then the following property holds: If
T = U |T | with unitary U is p-hyponormal, then S−U (|T |2p) ≤ |T |2p ≤ S+

U (|T |2p),
because U |T |2p is a semi-hyponormal operator. See Xia ([12, p. 37]) for details.

Let T = {eiθ|0 ≤ θ < 2π}, Σ be the set of all Borel sets in T and let m be a
measure on the measurable space (T, Σ) such that dm(eiθ) = 1

2π dθ and D be a
separable Hilbert space.

The Hilbert space of all vector-valued, strongly measurable and square-integrable
functions with values in D and with inner product

(f, g) =
∫

T
(f(eiθ), g(eiθ))Ddm

is denoted by L2(D); Hardy space is denoted by H2(D), and the projection from
L2(D) to H2(D) , by P. If f ∈ L2(D), then

(P(f))(eiθ) = lim
r→1−0

1
2πi

∫

|z|=1

f(z)(z − reiθ)−1dz.

Let ν be a singular measure on (T, Σ), F ∈ Σ be a set such that ν(T \ F ) =
0 and m(F ) = 0. Put µ = m + ν. Let R(·) be a standard operator-valued strongly
measurable function defined on Ω = (T, Σ, µ) with values being the projection in
D, L2(Ω,D) be a Hilbert space of all D-valued, strongly measurable and square-
integrable functions on Ω with inner product (f, g) =

∫
T(f(eiθ), g(eiθ))Ddµ, and

Ĥ = {f | f ∈ L2(Ω,D), R(eiθ)f(eiθ) = f(eiθ), eiθ ∈ T}.
Then Ĥ is a subspace of L2(Ω,D). The space L2(D) is identified with a subspace
of L2(Ω,D). Hence P extends to L2(Ω,D) such that

Pf = 0 for f ∈ L2(Ω,D)ª L2(D).

We define an operator P0 from L2(Ω,D) to D as follows:

P0(f) =
∫

f(eiθ)dm.

Then P0 is the projection from L2(Ω,D) to D (cf. [12, p. 50]). Let α(·) and β(·) be
operator-valued, uniformly bounded and strongly measurable functions on Ω such
that α(eiθ) and β(eiθ) are linear operators in D, satisfying

R(eiθ)α(eiθ) = α(eiθ)R(eiθ) = α(eiθ), R(eiθ)β(eiθ) = β(eiθ)R(eiθ) = β(eiθ)
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and β(eiθ) ≥ 0.

Furthermore, suppose that α(eiθ) = 0 if eiθ ∈ F . And we denote (αf)(eiθ) =
α(eiθ)f(eiθ).

An operator Û in Ĥ is defined by

(Ûf)(eiθ) = eiθf(eiθ).

Let T = U |T | ∈ p-HU. The general polar symbols T[k] of T are defined by

T[k] = U{(1− k)S−U (|T |2p) + kS+
U (|T |2p)} 1

2p

(see [4] and [5] for details).

Since β(eiθ) ≥ 0 and P is a projection on L2(D), we have (α(eiθ)∗(P(αf))(eiθ) +
β(eiθ)f(eiθ), f(eiθ))D ≥ 0. Therefore, we can define the operator {α∗Pα + β} 1

2p .
And we showed the following results.

Theorem A ([4, theorem 1]). With the above notations, let T̃ be an operator in
Ĥ defined by

(T̃ f)(eiθ) = eiθ(Af)(eiθ),

where (A2pf)(eiθ) = α(eiθ)∗(P(αf))(eiθ) + β(eiθ)f(eiθ). Then T̃ is p-hyponormal
and the corresponding polar symbols of T̃ are

(S+
bU (T̃ )f)(eiθ) = eiθ{α(eiθ)∗α(eiθ) + β(eiθ)} 1

2p f(eiθ)

and

(S−bU (T̃ )f)(eiθ) = eiθ{β(eiθ)} 1
2p f(eiθ).

The corresponding polar difference operator Q̃p = |T̃ |2p − Û |T̃ |2pÛ∗ is

(Q̃pf)(eiθ) = α(eiθ)∗
(P0(αf)

)
(eiθ).

Moreover, the corresponding general polar symbols T̃[k] are

(T̃[k]f)(eiθ) = eiθ{β(eiθ) + kα(eiθ)∗α(eiθ)} 1
2p

Theorem B ([4, theorem 3]). Let T = U |T | be a p-hyponormal operator in H
such that U is unitary. Then there exists a function space Ĥ, and operators T̃ and
Û in Ĥ which have the forms in Theorem A such that
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WTW−1 = T̃ and WUW−1 = Û ,

where W is a unitary operator from H to Ĥ. Moreover α(·) ≥ 0.

2. Determinants of characteristic functions

By Theorems A and B, we may only consider the singular integral model
T̃ = Û |T̃ | of a p-hyponormal operator T = U |T |. Hence for the instance we use T

and U instead of T̃ and Û , respectively. In particular, from Theorem B, we may
assume that α is positive. For an operator S, ρ(S), σ(S), σa(S) and σp(S) denote
the resolvent set, the spectrum, the approximate point spectrum and the point
spectrum of S, respectively.

Here we write |T |2p
± = S±U (|T |2p) for the instance. Then S±U (U |T |2p) = U |T |2p

± . Then
it is known that U |T |± are normal operators and the following result holds.

Theorem C ([12, theorem II.1.5]). With the above notations, it holds that

σ(U |T |2p
± ) ⊂ σ(U |T |2p) and σa(U |T |2p

± ) ⊂ σa(U |T |2p).

If T = U |T | ∈ p-HU, then it is easy to see that

σ(U |T |±) ⊂ σ(U |T |) and σa(U |T |±) ⊂ σa(U |T |).

Also by [4] we have

(|T |2p
+ f)(eiθ) =

(
α(eiθ)2 + β(eiθ)

)
f(eiθ) and (|T |2p

− f)(eiθ) = β(eiθ)f(eiθ).

Therefore, we have

α2 = |T |2p
+ − |T |2p

− . (2.1)

Definition 1. For ` ∈ ρ(U |T |2p
− ), we define W`(eiθ) as follows:

W`(eiθ) = I + α(eiθ)(β(eiθ)− `e−iθ)−1α(eiθ).

The operator W`(eiθ) is called the characteristic function of T . We remark that if
` ∈ ρ(U |T |2p

− ), then `e−iθ ∈ ρ(β(eiθ)).

We define an operator W̃` on H2(D) as follows:
(
W̃`f

)
(·) = P (W`(·)f(·)) .

We call W̃` the Toeplitz operator corresponding to W`. Since U |T |2p ∈SHU, by
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Theorems V.5.1 and 5.2 of [12] we have the following two results. Hence we omit
the proof.

Theorem 1. Let T = U |T | ∈ p-HU and ` ∈ ρ(U |T |2p
− ). Then

` ∈ σp(U |T |2p) (or ` ∈ σp((U |T |2p)∗))

if and only if

0 ∈ σp(W̃`) (correspondingly 0 ∈ σp((W̃`)∗).

The restriction of the mapping

L` : h −→ (`e−iθ − β)−1 α h, (h ∈ H2(D))

to ker(W̃`) is a one-to-one bounded linear operator from ker(W̃`) to ker(U |T |2p−`),
whose inverse is f −→ P(αf) (correspondingly

M` : h −→ (`eiθ − β)−1 α h, (h ∈ ker((W̃`)∗)

is a bounded linear operator from ker((W̃`)∗) to ker((U |T |2p)∗ − `) ).

Let ` ∈ σp(U |T |2p) (respectively ` ∈ σp((U |T |2p)∗)). Then the multiplicity of `

(respectively `) is equal to the multiplicity of the eigenvalue 0 of the operator W̃`

(respectively (W̃`)∗).

Using the Berberian method, we construct R ⊃ H and R2(D) ⊃ H2(D). The
mappings B(H) −→ B(R) and B(H2(D)) −→ B(R2(D)) are both denoted by
π. Then we have

σa(T ) = σp(π(T )).

The dimension of ker(π(T − `)) is called the approximate multiplicity of T
corresponding to the approximate eigenvalue `.

Theorem 2. Let T = U |T | ∈ p-HU and ` ∈ ρ(U |T |2p
− ). Then

` ∈ σa(U |T |2p) (or ` ∈ σa((U |T |2p)∗))

if and only if

0 ∈ σa(W̃`) (correspondingly 0 ∈ σa((W̃`)∗).

The mapping π(L`) (or π(M`)) is a one-to-one bounded linear operator from ker(π(W̃`))
to ker(π(U |T |2p− `)) (respectively from ker(π((W̃`)∗)) to ker(π((U |T |2p)∗− `)) and
its inverse operator is bounded.

Let ` ∈ σa(U |T |2p) (respectively ` ∈ σp((U |T |2p)∗)). Then the approximate mul-
tiplicity of ` (respectively `) is equal to the approximate multiplicity of the eigenvalue
0 of the operator W̃` (respectively (W̃`)∗).
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For the next theorem, we need the following result.

Theorem D ([2, theorem 4]). Let T = U |T | be p-hyponormal. If (T−reiθ)fn −→
0, then (|T | − r)fn −→ 0 and (U − eiθ)fn −→ 0.

Theorem 3. (1) Let T = U |T | ∈ p-HU and ` = |`|eiω ∈ ρ(U |T |2p
− ). If {hn} is a

sequence of unit vectors in H2(D) such that W̃`hn −→ 0, then |`| 1
2p eiω ∈ σa(T )

and
‖(T − |`| 1

2p eiω)fn‖ −→ 0, where fn =
L`hn

‖L`hn‖ for sufficiently large n.

(2) If ` ∈ σa(T ), `p ∈ ρ(U |T |2p
− ) and {fn} is a sequence of unit vectors in H such

that ‖(T − `)fn‖ −→ 0, then there must be a sequence {hn} of unit vectors in

H2(D) such that W̃`phn −→ 0 and ‖fn −
L`phn

‖L`phn‖‖ −→ 0, where `p = |`|2peiω.

Proof.
(1) Since (U |T |2p − l)L`hn = −eiθW̃`lhn, we have (U |T |2p − l)L`hn −→ 0.

Since αL`hn = (I − W̃`)hn, it holds that ‖(U |T |2p − `)fn‖ −→ 0, where fn =
L`hn

‖L`hn‖ for sufficiently large n. Since U |T |2p is semi-hyponormal, by Theorem D

we have ‖(U − eiω)fn‖ −→ 0 and ‖(|T |2p − |`|)fn‖ −→ 0. Hence it is clear that
‖(|T | − |`| 1

2p )fn‖ −→ 0. Hence we have |`| 1
2p eiω ∈ σa(T ).

(2) Let ‖(T − `)fn‖ −→ 0. Then by Theorem D we have ‖(|T | − |`|)fn‖ −→ 0
and ‖(U−eiω)fn‖ −→ 0. It is easy to see that ‖(U |T |2p−|`|2peiω)fn‖ −→ 0. Since
W̃`pPα = Pα(U |T |2p

− − |`|2peiω)−1(U |T |2p − |`|2peiω), we have W̃`pPαfn −→ 0.

Since L`pPα = I−(U |T |2p
− −|`|2peiω)−1(U |T |2p−|`|2peiω), hence limn ||L`pPαfn|| =

1.

This completes the proof.

Theorem 4. Let T = U |T | ∈ p-HU and ` = |`|eiω. Let `p ∈ ρ(U |T |2p
− ). Then

` ∈ σ(T ) (or ` ∈ σ(T ∗)) if and only if 0 ∈ σ(W̃`p) (respectively 0 ∈ σ((W̃`p)∗),
where `p = |`|2peiω.

Proof. From the spectral mapping theorem, ` ∈ σ(T ) if and only if`p ∈ σ(U |T |2p).
It holds that `p ∈ σ(U |T |2p) ( or `p ∈ σ((U |T |2p)∗) if and only if 0 ∈ σ(W̃`p)
(respectively 0 ∈ σ((W̃`p)∗). So the proof is complete.

For T = U |T | ∈SHU, there exists the mosaic BT (eiθ, r) of T (cf. [12, theorem
V.2.5]). We define the Pincus principal function of T .
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Definition 2. For T = U |T | ∈ p-HU, let Tp = U |T |2p. Since Tp ∈ SHU, the Pincus
principal function gT (·, ·) is defined by

gT (eiθ, r) = Tr
(
BTp

(eiθ, r2p)
)
,

where Tr (·) is the trace on D.

We denote the trace class of operators by C1.

Definition 3. For T = U |T | with unitary U , T is called p-nearly normal if
[U, |T |2p] = U |T |2p − |T |2pU ∈ C1.

1-nearly normal is said to be nearly normal, simply.

Definition 4. Let K ∈ C1. The determinant of (I −K) is defined by

det(I −K) =
ν(K)∏

j=1

(1− λj(K)),

where we describe {λj(K)}ν(K)
j=1 as the sequence of non-zero-eigenvalues of K,

counted according to their algebraic multiplicities [8, p. 157]. If I − K is
invertible, the determinant (I −K) is equal to that of Xia [12, p. 175].

We denote ABA−1B−1 by {A,B}, which is called the multiplicative
commutator. The following theorem is a key tool in this paper (see also [9, chapter
X, lemma 2.6]).

Theorem E ([12, lemma VII.4.1]). If A,B ∈ B(D) and [A,B] ∈ C1(D), then

det
({eA, eB}) = exp (Tr[A,B]) .

Let T = U |T | ∈ p-HU. Since Tp = U |T |2p ∈SHU, we use the polar symbols
of Theorem A. By [12, theorem V.2.5], for ` with Im` > 0 there exists uniquely
0 ≤ BTp(eiθ, ρ) ≤ I such that

I + α(eiθ)
(
β(eiθ)− `

)−1
α(eiθ) = exp

(∫

σ(|T |2p)

BTp(eiθ, ρ)
ρ− `

dρ

)
(2.2)

for almost all eiθ ∈ T.

Theorem 5. With the above notations, if T is p-nearly normal,

det
(
I + α(eiθ)(β(eiθ)− `)−1α(eiθ)

)
= exp

(
2p

∫

σ(|T |)

r2p−1 · gT (eiθ, r)
r2p − `

dr

)
,

for almost all eiθ ∈ T.
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Proof. Let Tp = U |T |2p. Let log : C − (−∞, 0]i → C denote the branch of the
logarithm normalised so that log i = π/2i. Then using Dunford integral, by (2.2)
we have

log
(
I + α(eiθ)(β(eiθ)− `)−1α(eiθ)

)
=

∫

σ(|T |2p)

BTp(eiθ, ρ)
ρ− `

dρ

(see [9, p. 208]). Since T is p-nearly normal, by (2.1) the operator α(eiθ) is
compact. Hence α(eiθ)

(
β(eiθ)− `

)−1
α(eiθ) is compact. From this fact, if {ezn}

is the complete set of eigenvalues of I +α(eiθ)(β(eiθ)− `)−1α(eiθ), then {zn} is the

complete set of eigenvalues of
∫

σ(|T |2p)

BTp
(eiθ, ρ)

ρ− `
dρ. Since Tp is nearly normal, by

[12, theorem VII.4.2], we have

det
(
I + α(eiθ)

(
β(eiθ)− `

)−1
α(eiθ)

)
=

∏
n

ezn = exp

(∑
n

zn

)

= exp

(
Tr

(∫

σ(|T |2p)

BTp(eiθ, ρ)
ρ− `

dρ

))
.

Since Tr
(

BTp(eiθ, ρ)
)

= gT

(
eiθ, ρ

1
2p

)
, we have

det
(
I + α(eiθ)

(
β(eiθ)− `

)−1
α(eiθ)

)
= exp

(∫

σ(|T |2p)

gT (eiθ, ρ
1
2p )

ρ− `
dρ

)
,

for almost all eiθ ∈ T. Since ρ ∈ σ(|T |2p) if and only if ρ
1
2p ∈ σ(|T |), by the

transformation ρ = r2p we have

det
(
I + α(eiθ)(β(eiθ)− `)−1α(eiθ)

)
= exp

(
2p

∫

σ(|T |)

r2p−1 · gT (eiθ, r)
r2p − `

dr

)
,

for almost all eiθ ∈ T. So the proof is complete.

A2 denotes the set of all Laurent polynopmials of two variables r and z and has

the form of p(r, z) =
N∑

j=0

N∑

k=−N

ajk · rjzk, where N is a positive integer and ajk are

constant coefficients. Let X be an operator and Y be an invertible operator. For

p(r, z) =
N∑

j=0

N∑

k=−N

ajk · rjzk ∈ A2, we define

p(X, Y ) =
N∑

j=0

N∑

k=−N

ajk ·XjY k.
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We denote the Jacobian for p, q ∈ A2 by J(p, q), that is

J(p, q)(r, eiθ) =
∂p

∂r
(r, eiθ) · ∂q

∂z
(r, eiθ)− ∂p

∂z
(r, eiθ) · ∂q

∂r
(r, eiθ).

Then we have the following result.

Theorem F ([3, theorem 10]). Let n be a positive integer and T = U |T | ∈ 1
2n -

HU. If T is 1
2n -nearly normal, then, for p, q ∈ A2,

Tr
(

[p(|T |, U), q(|T |, U)]
)

=
∫ ∫

σ(T )

J(p, q)(r, eiθ)eiθgT (eiθ, r)drdm(θ).

Theorem 6. Let n be a positive integer and T = U |T | ∈ 1
2n -HU. If T is 1

2n -nearly
normal, then, for p, q ∈ A2,

det
(
{exp (p(|T |, U)) , exp (q(|T |, U))}

)
= exp

(
Tr ([p(|T |, U), q(|T |, q)])

)

= exp

(∫ ∫

σ(T )

J(p, q)(r, eiθ)eiθgT (eiθ, r)drdm(θ)

)
.

Proof. By Theorem F, we have, for p, q ∈ A2,

Tr
(

[p(|T |, U), q(|T |, U)]
)

=
∫ ∫

σ(T )

J(p, q)(r, eiθ)eiθgT (eiθ, r)drdm(θ).

Letting the exponential of both side, by Theorem E we have

det
(
{exp (p(|T |, U)) , exp (q(|T |, U))}

)
= exp

(
Tr ([p(|T |, U), q(|T |, q)])

)

= exp

(∫ ∫

σ(T )

J(p, q)(r, eiθ)eiθgT (eiθ, r)drdm(θ)

)
.

So the proof is complete.

Corollary 7. Let n be a positive integer and T = U |T | ∈ 1
2n -HU. If T is 1

2n -nearly
normal, then, for p, q ∈ A2,

det
(
{exp (p(|T |, U)) , exp (q(|T |, U))}

)
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= exp

(
1
2π

∫ ∫

σ(T )

J(p, q)(r, eiθ)eiθgT (eiθ, r) drdθ

)
.

Proof. Since dm(θ) = 1
2π dθ, by Theorem 6 we have

det
(
{exp (p(|T |, U)) , exp (q(|T |, U))}

)

= exp

(
1
2π

∫ ∫

σ(T )

J(p, q)(r, eiθ)eiθgT (eiθ, r)drdθ

)
.
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[4] M. Chō, T. Huruya and M. Itoh, Singular integral models for p-hyponormal operators and
the Riemann-Hilbert problem, Studia Mathematica 130 (1998), 213–21.
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