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ABSTRACT

We introduce characteristic functions for p-hyponormal operators and calculate
their determinants.

1. Introduction

Professor D. Xia, in [12], calculated the determinants of characteristic functions of
semi-hyponormal operators. In this paper we calculate the determinants of charac-
teristic functions of p-hyponormal operators for 0 < p < %

Let H be a complex separable Hilbert space and B(H) be the algebra of all
bounded linear operators on H. An operator T € B(H) is said to be p-hyponormal
if (T*T)? — (TT*)? >0.If p=1, T is called hyponormal and if p = %, T is called
semi-hyponormal. The set of all semi-hyponormal operators in B(H) is denoted by
SH. The set of all p-hyponormal operators in B(H) is denoted by p-H. Let SHU
and p-HU denote the sets of all operators in SH and in p-H with equal defect and
nullity (cf. [11, p. 4]), respectively. Hence we may assume that the operator U in
the polar decomposition T'= U|T| is unitary if T €SHU U p-HU. Throughout this
paper, we assume that p is in the interval 0 < p < %

Let A be a contraction and T € B(H). Denote

A", n>0
ARl —
(A*)™™, n<0.
If
SE(T) =s- lim Al-"TAM

n—=+oo
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exist, then operators Sj‘t (T') are called polar symbols of T related to A. If an operator
T = U|T| is semi-hyponormal, then S (7)) exist and, for 0 < k < 1,

T = (1= k)S; (T) + kS (T)

are called the general polar symbols of T. Then the following property holds: If
T = U|T| with unitary U is p-hyponormal, then S, (|T|?") < |T|?P < St (|T|?"),
because U|T|?P is a semi-hyponormal operator. See Xia ([12, p. 37]) for details.

Let T = {e|0 < 0 < 27}, ¥ be the set of all Borel sets in T and let m be a
measure on the measurable space (T, X) such that dm(e’) = ;-df and D be a
separable Hilbert space.

The Hilbert space of all vector-valued, strongly measurable and square-integrable
functions with values in D and with inner product

(f.9) = /T (), g(e))pdm

is denoted by L?(D); Hardy space is denoted by H?(D), and the projection from
L3(D) to H*(D) , by P. If f € L*(D), then

PENE) = tm —— [ ) —re®) e,

r—1-0 271 |z]=1

Let v be a singular measure on (T, ¥), F' € ¥ be a set such that v(T\ F) =
0 and m(F) = 0. Put p = m+wv. Let R(:) be a standard operator-valued strongly
measurable function defined on 2 = (T, %, ) with values being the projection in
D, L*(Q,D) be a Hilbert space of all D-valued, strongly measurable and square-
integrable functions on  with inner product (f,g) = [p(f(e”?), g(e”))pdp, and

H={f|f€L*@D),R()f(e") = f("), ¢ € T}.
Then H is a subspace of L2(€2, D). The space L2(D) is identified with a subspace
of L?(Q, D). Hence P extends to L?(2, D) such that

Pf=0 for fecL*Q,D)o L*D).
We define an operator Py from L%(£2, D) to D as follows:

Polf) = / f(e®)dm.

Then Py is the projection from L?(2, D) to D (cf. [12, p. 50]). Let «(-) and S(-) be
operator-valued, uniformly bounded and strongly measurable functions on £ such
that a(e??) and B(e?) are linear operators in D, satisfying

R(e")a(e”) = a(e”)R(e”) = a(e”), R(e™)B(e") = f(e")R(e") = B(e")
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and 3(e') > 0.

Furthermore, suppose that a(e?’) = 0 if ¢ € F. And we denote (af)(e?) =
ale)f(e).

An operator U in H is defined by
(UF)(e?) = e f(e?),
Let T'= U|T| € p-HU. The general polar symbols Tj; of T" are defined by
— — 2p + 2p\\ 55
Ty = U{(1 = k)Sy (IT[™) + kSg (IT7) 20
(see [4] and [5] for details).

Since ((e?) > 0 and P is a projection on L?(D), we have (a(e?)*(P(af))(e?) +
B(ei®) (), f(e®))p > 0. Therefore, we can define the operator {a*Pa + B}75.
And we showed the following results.

Theorem A ([4, theorem 1]). With the above notations, let T be an operator in
H defined by

(T1)(e?) = e (Af)(e),
where (A% f)(e®) = a(e®)*(P(af)) () + B(e?®) f(e®). Then T is p-hyponormal
and the corresponding polar symbols of T are
(S5 (D)) = {a(e) ale”) + 5(e)} 2 £ ()
and

(S (T)f)(e?) = e{B(e™”)} 7 f(e).

The corresponding polar difference operator @p = |f|2p - ﬁ|f|2pﬁ* is

(Quf)(€?) = a(e™)* (Po(auf)) ().

Moreover, the corresponding general polar symbols T[k] are

(Tig £)(€) = e®{B(e”) + ka(e?)*a(e?)}

Theorem B ([4, theorem 3]). Let T = U|T| be a p-hyponormal operator in H

such that U is unitary. Then there exists a function space H, and operators T and
U in H which have the forms in Theorem A such that
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WIW L =T and WUW ™! =T,

where W is a unitary operator from H to H. Moreover a(-) > 0.

2. Determinants of characteristic functions

By Theorems A and B, we may only consider the singular integral model
T = U\T| of a p—hyponormal operator T' = U|T|. Hence for the instance we use T
and U instead of T and U respectively. In particular, from Theorem B, we may
assume that « is positive. For an operator S, p(S), o(5), 0,(S) and G‘p(S) denote
the resolvent set, the spectrum, the approximate point spectrum and the point
spectrum of S, respectively.

Here we write |T|3” = Si(|T|?) for the instance. Then S (U|T|?) = U|T|?". Then
it is known that U|T |1+ are normal operators and the following result holds.

Theorem C ([12, theorem II.1.5]). With the above notations, it holds that

o(UITE) C o(UIT*?) and o4 (U|T[Y) C 0u(UITI).

If T =U|T| € p-HU, then it is easy to see that
o(UIT[+) C o(U|T]) and 04(U|T|x) C 04 (U[T]).
Also by [4] we have
(T F)(E) = (ale®)® + B(e)) F(e) and (ITZf)(e”) = B(e”) f(e”).
Therefore, we have
o =T —|T|*. (2.1)

Definition 1. For ¢ € p(U|T|*"), we define Wy(e??) as follows:

W((em) _ I+a(ei9)(ﬁ(ei9) _Ee—ie)—la(eiﬂ).

The operator Wy(e?) is called the characteristic function of 7. We remark that if
¢ € p(U|T)?"), then e~ € p(B(e?)).
We define an operator W, on H 2(D) as follows:

(sz) () =P (We()f ().

We call WN/g the Toeplitz operator corresponding to W,. Since U|T|*? €SHU, by



CHO AND HURUYA—Characteristic functions of p-hyponormal operators 141

Theorems V.5.1 and 5.2 of [12] we have the following two results. Hence we omit
the proof.

Theorem 1. Let T = U|T| € p-HU and ¢ € p(U|T|*"). Then
L€ op(UITIP) (or €€ op((UITP")"))
if and only if
0e Up(VVg) (correspondingly 0 € ap((m)*).
The restriction of the mapping
Ly :h — (te™™ —p3)"tah, (he H*(D))

to ker(Wy) is a one-to-one bounded linear operator from ker(Wy) to ker(U|T|2P — 1),
whose inverse is f — P(af) (correspondingly

My :h — (e —pg)~tah, (he ker((V%)*)

is a bounded linear operator from ker((m)*) to ker((U|T|?P)* — £)).

Let ¢ € o,(U|T|?) (respectively € € o,((U|T|?)*)). Then the multiplicity of £
(respectively £) is equal to the multiplicity of the eigenvalue 0 of the operator Wy

(respectively (Wy)*).

Using the Berberian method, we construct R D H and R?(D) D H?(D). The
mappings B(H) — B(R) and B(H?(D)) — B(R*(D)) are both denoted by
m. Then we have

0a(T) = op(n(T)).

The dimension of ker(w(T — ¢)) is called the approximate multiplicity of T'
corresponding to the approximate eigenvalue /.

Theorem 2. Let T = U|T| € p-HU and ¢ € p(U|T|**). Then
€ o (UT?) (or €€ o,((U|T|?P)*))
if and only if

0 € 0,(Wy) (correspondingly 0 € oq((We)*).

The mapping w(Lg) (or w(My)) is a one-to-one bounded linear operator from ker(ﬁ(m))
to ker(m(U|T|?P — ¥)) (respectively from ker(w((m)*)) to ker(n((U|T|**)* — 1)) and
its inverse operator is bounded.

Let £ € 0,(U|T|?") (respectively £ € a,((U|T|??)*)). Then the approzimate mul-
tiplicity of £ (respectively £) is equal to the approzimate multiplicity of the eigenvalue
0 of the operator Wy (respectively (Wy)*).
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For the next theorem, we need the following result.

Theorem D ([2, theorem 4]). Let T = U|T)| be p-hyponormal. If (T—re®) f, —
0, then (|T| = 7)f, — 0 and (U — ) f, — 0.

Theorem 3. (1) Let T = U|T| € p-HU and £ = |l|e™ € p(U|T|*). If {h,} is a
sequence of unit vectors in H*(D) such that Wihy, — 0, then \€|ﬁeiw € 0,(7)
and
1 thn .
(T —|¢|2r e™) fr]] — O, where f, = Toehnl for sufficiently large n.
£l
(2) If t € o,(T), ¢y € p(U|T?") and {fn} is a sequence of unit vectors in H such
that ||(T — €)fnll — O, then there must be a sequence {hy,} of unit vectors in
Lplin

— L )
H?*(D) such that Wy, h,, — 0 and ||f, — m” — 0, where £, = |[¢|?Pe™.
Lplin

PROOF. -

(1) Since (U|T|* — l)L¢h, = —e®®Wylh,,, we have (U|T|?*’ — 1)L4h, — O.
Since aLghy, = (I — Wy)h,, it holds that [[(U|T|?? — £)f,|| — 0, where f, =
Loh,
”LéhnH .
we have [[(U — ) f,|| — 0 and ||(|T|?" — |£])fn]] — 0. Hence it is clear that

I(T| = €2 ) fall —> 0. Hence we have |¢|7 e € o,(T).

for sufficiently large n. Since U|T|? is semi-hyponormal, by Theorem D

(2) Let (T —4£)fn]] — 0. Then by Theorem D we have ||(|T| = |¢|)full — 0O
and [|(U—e™)f,|| — 0. It is easy to see that || (U|T|*? —|¢|?Pe') f,.|| — 0. Since
Wi, Pa = Pa(U|T[?P — [€|2e) =1 (U|T?P — [¢|*Pe™), we have W, Paf, — 0.
Since Ly, Po = I—(U|T?P—|0)2re) =1 (U|T |2 —|¢|2Pe™), hence lim,, [|Le, Pafnl| =
1.

This completes the proof. M

Theorem 4. Let T = U|T| € p-HU and ¢ = |[(|e™. Let ¢, € p(U|T|*). Then
t e o(T) (or €€ a(T")) if and only if 0 € a(Wy,) (respectively 0 € o((Wy,)*),
where €, = |{|*Pe™.

PROOF. From the spectral mapping theorem, ¢ € o(T) if and only if¢,, € o(U|T|??).

It holds that ¢, € o(U|T|?) (or £, € o((U|T|?")*) if and only if 0 € o(Wy,)

(respectively 0 € a((Wy,)*). So the proof is complete. M

For T = U|T| €SHU, there exists the mosaic Br(e?,r) of T' (cf. [12, theorem
V.2.5]). We define the Pincus principal function of T'.
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Definition 2. For T = U|T| € p-HU, let T}, = U|T|*. Since T,, € SHU, the Pincus
principal function g7 (-, -) is defined by

gr(e”,r) = Tr (Br, (e, 7)),
where Tr (-) is the trace on D.

We denote the trace class of operators by C;.

Definition 3. For T = U|T| with unitary U, T is called p-nearly normal if
[U,|T|??] = U|T|?** — |T|*U € C;.

1-nearly normal is said to be nearly normal, simply.

Definition 4. Let K € C;. The determinant of (I — K) is defined by

v(K)
det(I — K) = H (1= Xi(K)),

j=1
where we describe {\;(K )}J”(:If) as the sequence of non-zero-eigenvalues of K,
counted according to their algebraic multiplicities [8, p. 157]. If I — K is
invertible, the determinant (I — K) is equal to that of Xia [12, p. 175].

We denote ABA-'B~! by {A,B}, which is called the multiplicative
commutator. The following theorem is a key tool in this paper (see also [9, chapter
X, lemma 2.6]).

Theorem E ([12, lemma VIIL.4.1]). If A, B € B(D) and [A, B] € C1(D), then
det ({eA, e?}) = exp (Tr[A4, B)) .
Let T = U|T| € p-HU. Since T, = U|T|?*’ € SHU, we use the polar symbols

of Theorem A. By [12, theorem V.2.5], for ¢ with Im¢ > 0 there exists uniquely
0<Br, (€?, p) < I such that

BTp (eie ) p)

I+a@wﬂﬁ@w)_@_aﬂé%:”mp</}T%) Pt

dp) (2.2)

for almost all e € T.

Theorem 5. With the above notations, if T is p-nearly normal,

det (I + a(e®)(B(e) — ) 'a(e®)) = exp <2p/ Wd?‘) ;

Gry =L

for almost all ¢ € T.
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PrOOF. Let T, = U|T|?P. Let log : C — (—o0,0]i — C denote the branch of the
logarithm normalised so that logi = 7/2i. Then using Dunford integral, by (2.2)
we have

By, (¢, p)

d
p—t "

log (I +a(e”)(B(e") = )" a(e™)) = /(|T2p)

(see [9, p. 208]). Since T is p-nearly normal, by (2.1) the operator a(e?) is
compact. Hence a(e®) (B(e"?) — E)_l a(e?) is compact. From this fact, if {e*"}
is the complete set of eigenvalues of I +a(e??)(B(e?) —£)~ta(e?), then {z,} is the

B ei@
complete set of eigenvalues of / M

dp. Since T}, is nearly normal, by
o(Tze) P —L

[12, theorem VII.4.2], we have

det (1+a(e) (8(e) = ) " a(e?)) =[] e = exp (Z zn>

n

B 6
= exp (Tr (/ T”(eép)dp>> .
o(IT??) P~

Since Tr (BTP (e, p)) =gr (ei‘)7 pﬁ), we have

e o35
det (1+a(e) (B(e™) — )" a(e)) = exp (/ gT(p ' )dp> :

a712r)

for almost all € € T. Since p € o(|T|?) if and only if p7 € a(|T]), by the
transformation p = r?? we have

det (I + a(e®)(B(e') — E)fla(eie)) = exp <2p/(

oy L
for almost all ¢’ € T. So the proof is complete. H

As denotes the set of all Laurent polynopmials of two variables » and z and has

N N
the form of p(r, z) = Z Z ajr - 2% where N is a positive integer and aji, are

j=0 k=—N
constant coefficients. Let X be an operator and Y be an invertible operator. For
N N
p(r,z) = Z Z ajr - 172" € Ag, we define
j=0 k=—N

N N

XYY =) > ap- XIYE

j=0 k=—N
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We denote the Jacobian for p, g € Ay by J(p, q), that is

oy _ O, ey 04, ey 0P g Oq,
J(p,q)(?‘,ee):E(T,€9)~&(T7eg)—&(7‘,69)~5(T760).

Then we have the following result.

Theorem F ([3, theorem 10]). Let n be a positive integer and T = U|T| € 5--
HU. If T is ﬁ-nearly normal, then, for p,q € Asg,

(0. o171, 00]) = [ /(T) (0.0)(r, ) g (e, )drdm(9).

Theorem 6. Let n be a positive integer and T = U|T| € ﬁ-HU. If T is ﬁ-nearly
normal, then, for p,q € Asg,

det({exp W(T].0))  exp <q<|T|,U>>}) —exp( r(p(T].U), <|T|,q>}>)

= X Teie GieTeiOT’ ram .
- p<//a(T)J<p,q><, el gp(e,r)drd <9>>

PRrROOF. By Theorem F, we have, for p,q € A,

(b0 a7, 00) = [ /(T) (0.0)(r, ) g (e, )drdm(9).

Letting the exponential of both side, by Theorem E we have

det({exp (W(IT].0)) . exp <q<|T|,U>>}) =exp(wpmU>,q<|T|,q>]>)

= exp (/ /T(T) J(p,q)(r, e g (et )drdm(@)) .

So the proof is complete. H

Corollary 7. Let n be a positive integer and T = U|T| € 5--HU. If T is —-nearly
normal, then, for p,q € Asg,

det({exp W(IT],0))  exp (¢(|T). U))})
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1 o ,
=exp | - / / J(p,q)(r,e®)e gr(e”,r) drdo
u o(T)

PROOF. Since dm(f#) = 5-df, by Theorem 6 we have

det({exp W10 exp (g(|T). U))})

1 L )
= exp 2—// J(p,q)(r, e’e)ezegT(em,T)drdG
m a(T)
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