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ABSTRACT

Recently, cone metric spaces have received attention because the category of cone
metric spaces (even with normal constant M = 1) is bigger than the category of
metric spaces. In this paper, we shall give two results about common fixed points
of two multifunctions on cone metric spaces with normal constant M = 1.

1. Introduction

Fixed point theory and common fixed point theory have basic roles in the
applications of some branches of mathematics. The theory of common fixed points
of multifunctions is a generalisation of the theory of fixed point of mappings in a
sense. There are many articles about fixed points of contractive maps (for example,
[3]). Also, there are many articles about fixed point theory and fixed points of mul-
tifunctions (for example, [1; 4; 6]). In some the articles, the authors define an order
by using a cone in a vector space. In this manner, Huang and Zhang [2] defined cone
metric spaces and were able to generalise some of the fixed point theory of metric
spaces to cone metric spaces. Indeed, they substituted a ‘metric’ that has values in
a normed space rather than the real line and they used the theory of normal cones
in order to obtain their results. As we know, most of known cones are normal with
normal constant M = 1. In this paper, we shall give two results about common fixed
points of two multifunctions on the cone metric spaces with normal constant M = 1.

Let E be a real Banach space and P a subset of E. P is called a cone whenever
(i) P is closed, non-empty and P # {0},

(ii) ax + by € P for all z,y € P and non-negative real numbers a, b, and

(iii) PN (=P) ={0}.

For a given cone P C E, we can define a partial ordering < with respect to P
by x < y if and only if y — x € P. ¢ < y will stand for x < y and = # y, while
z < y will stand for y — = € intP, where intP denotes the interior of P ([2]).
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The cone P is called normal if there is a number M > 0 such that for all x,y € F
0 <z <y implies [lz|| < Mlly|.

The least positive number satisfying the above is called the normal constant of P
([2])- It is clear that M > 1.

In the following, let F be a normed linear space, P be a cone in F satisfying
int(P) # (), and ‘<’ denote the partial ordering on F with respect to P.

Definition 1.1. Let X be a non-empty set. Suppose that the mappingd : X x X —
FE satisfies:

(d1) 0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if x =y,

(dz) d(z,y) = d(y,z) for all z,y € X, and

(d3) d(l‘,y) S d(%, Z) + d(zay) fOT’ all x, Y,z € X.
Then d is called a cone metric on X, and (X,d) is called a cone metric space ([2]).

Example 1.2. Let E=R? P={(z,y) € E:2,y >0}, X =R andd: X x X —
E defined by d(z,y) = (|z — y|, o)z — y|), where & > 0 is a constant. Then P is a
normal cone with normal constant M =1 and (X,d) is a cone metric space ([2]).

Example 1.3. Let E=(', P = {{z,}n>1 € E: z,, >0, for all n}, (X, p) a metric

space and d : X x X — E defined by d(z,y) = {p(g,;y)}nzl. Then P is a normal

cone with normal constant M = 1 and (X,d) is a cone metric space.

This example shows that the category of cone metric spaces is bigger than the ”one”
metric spaces.

Definition 1.4. (/2]) Let (X,d) be a cone metric space, x € X and {x,}n>1 a
sequence i X. Then
(i) {zn}n>1 is said to converge to x whenever for every ¢ € E with 0 < ¢ there
is a natural number N such that d(z,,x) < ¢ for allm > N. We denote
this by limy, oo T, = o7 T, — .

(ii) {zn}tn>1 is said to be a Cauchy sequence whenever for every ¢ € E with
0 < c there is a natural number N such that d(z,,, ) < ¢ for alln,m > N.

(iii) (X,d) is called a complete cone metric space if every Cauchy sequence is
convergent.
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Definition 1.5. Let (X, d) be a cone metric space and B C X.

(i) A point b in B is called an interior point of B whenever there exists a point
p, 0 < p, such that

N(b.p) C B,
where N(b,p) :={y € X : d(y,b) < p}.

(ii) A subset A C X is called open if each element of A is an interior point of
A.

The family B = {N(z,e) : « € X,0 < e} is a sub-basis for a topology on X. We
denote this cone topology by 7.. The topology 7. is Hausdorff and first countable

([5))-

2. Main results

Most of familiar cones are normal with normal constant M = 1. But for each k > 1
there are cones with normal constant M > k. First we prove the following two
lemmas.

Lemma 2.1. Let (X,d) be a cone metric space, P a normal cone with normal
constant M =1 and A a compact set in (X, 7.). Then, for every x € X there exists
ag € A such that

ld(z, ao)l| = inf [ld(z, 0)].

PROOF. Let z € X be given. Define f, : X — [0,00) by fz(y) = ||d(z,y)||. Let
y € X and € > 0. Choose 0 < ¢ such that ||c|| < e and suppose that z € N(y, c).
Note that, by using the normality and the relations

dly,z) <d(y,z) +d(z,x), d(z,z) <d(z,y)+d(y,z),
we have
ld(y, )| = lld(z,z)|| < [ld(y, 2)|| <e, [ld(z,2)[ - [ld(y, )| < [[d(z,9)|| <e.

Thus, |f2(y) — fz(2)] < e. Hence, f, is continuous on X. Since A is compact, f(A)
is compact subset of [0, 00), and so there exists ag € A such that

ld(z, ao)l| = inf ||d(z, a)].

Lemma 2.2. Let (X,d) be a cone metric space, P a normal cone with normal
constant M =1 and A, B two compact sets in (X, 7.). Then,

sup d'(z, A) < oo,
zeB

where d'(z, A) = inf,c 4 ||d(x, a)||, for each x in X.
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PROOF. Define g4 : X — [0,00) by ga(z) = infseca ||d(z,a)||- Let € X and € > 0.
Choose 0 < ¢ such that ||¢|| < £ and suppose that y € N(z,¢). Note that by using
the normality and the relation d(x,a) < d(z,y) + d(y,a) we have

ga(x) — ga(y) < |ld(z,y)|.

Thus, |ga(x) — ga(y)| < e. Hence, g4 is continuous on X. Since B is compact,
ga(B) is compact subset of [0,00). This completes the proof. ®

Definition 2.1. ([6]) Let (X,d) be a cone metric space, P a normal cone with
normal constant M = 1, H.(X) the set of all compact subsets of (X,7.) and A €
H.(X). By using Lemma 2.2, we can define

ha:He(X) — [0,00) and dpg : He(X) X He(X) — [0, 00)

by

ha(B) = stelgd'(m,B) and dg(A, B) = max{ha(B),hp(A)},

respectively.

Remark 2.1. Let (X,d) be a cone metric space with normal constant M = 1.
Define p: X x X — [0,00) by p(z,y) = ||d(z,y)||. Then, (X,p) is a metric space.
This implies that for each A,B € H.(X) and xz,y € X, we have the following
relations

(i) d'(z, A) < |ld(z, y)|| + d'(y, A),
(ii) d'(z,A) < d'(z,B) + hp(A), and
(ili) d'(z, A) < [|d(z,y)|| + d'(y, B) + hp(A).

Theorem 2.3. Let (X,d) be a complete cone metric space with normal constant
M=1and T, T : X — H.(X) two multifunctions satisfying the relation

du(Thx, Toy) < e(d' (z, Tiz) + d'(y, Tay))

for all x,y € X, where ¢ € (0, %) is a constant. Then, Ty and Ty have a common
fized point, that is, there exists x € X such that x € Thx and x € Thz.

PROOF. Let g € X be given. By Lemma 2.1, there is 1 € Tixg such that
d' (w0, Thwo) = ||d(z0,21)]|.

Also, there is xo € Toxq such that
d'(z1, Tow1) = ||d(z1,22)]|.

Thus, we obtain a sequence {z,}n>1 in X such that

Ton—1 € T1%on—2, Ton € ToTon_1,
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d'(wan—2, T1T2n—2) = ||d(x2n—2, T2n—1)|],
and

d'(an—1,Tow2n—1) = ||d(x2n—1, 22|,

for all n > 1. Thus, for all n > 1 we have
lld(@2n, ont1)|| = d (25, Trz2n)
< hiyagn 1 (Th2on) < dua(Tozon—1, ThT2,)
< e(d (zon, Thxon) + d' (X2—1, Tox2-1))

= c(ld(w2n, Tant1) || + [|d(@2n—1, T20)])-

Hence, ||d(zan, Tan+1)|| < 7= ||d(xan—1, z2,)|| for all n > 1. Also,

— l—c

ld(z2n—1,220)| = d'(x2n—1,Tox2n-1) < hryzy, > (ToT25-1)

<dp(Thzon—2,Toxon—1) < c(||d(@an—2, T2n—1)|| + [|[d(z2n—1, Z2n)]]),

for all n > 1. Hence,

c
||d(l’2n,1, m?n)” é TC Hd(l'2n727 xanl)”a

for all n > 1. This implies that ||d(zm, Tmy1)| < 15 1d(Tm—1, )], for all m > 1.
Put s = 1%. Then, for n > m we have

n

ld(@n, zn)l < D lld(as,zima)]

i=m+1

_ m s™
< (Sn 1++5 )Hd(l’o,(l}l)” S 17_S||d(1:0,11)||
This implies that
lim ||d(zn, zm)] = 0.

m,n— oo

By [2; lemma 4], {z,},>1 is a Cauchy sequence in X. Thus, there exists z* € X
such that x,, — 2*. Now by using Remark 2.1, we have

d/(I*,Tll'*) < d/($*7T2I2n—1) + Ay2s, (le*)
< d'(z*, Towon-1) + du(Toxon—1, Thx™)

< ||d<$*,$2n)” + C(d/(xgn_l,Tg.’Egn_l) + d/(l‘*,TlI*)),
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for all n > 1. Hence,

e C I
d'(z*, Thz™) < Edl(ﬂan—laTQw%z—l) + mﬂd(ﬂﬁ s Tan) ||

c 1
= d n—1,42n —||d *7 n)ils
s, o)+ Tl 220
for all n > 1. Therefore, d’'(z*, T12*) = 0. By Lemma 2.1, 2* € Tiz*. On the other
hand, similarly we have

dl(l'*, sz*) < d/(i*, Tlxgn) + hT1$2n (Tgﬁ*)

< d'(z*, Thwan) + du(Tiw2y, Tox™)

< Nd(@™, 2an 1)l + od (20, Tywan) + d' (27, Tox")),

for all n > 1. Hence,

* * & 1 *
d/(qj ,Thx ) < id/(l'ZnaTlx?n) + m”d(l‘ ,$2n+1)||

c 1

1 C|\d($2n+17$2n)|| + E||d($*,$2n+1)||7

for all n > 1. Therefore, d’'(z*, Toz*) = 0. By Lemma 2.1, 2* € Tox*. Therefore, z*
is a common fixed point of 73 and 7. MW

Theorem 2.4. Let (X,d) be a complete cone metric space with normal constant
M=1and T1,To : X — H(X) two multifunctions satisfy the relation

du(Tha, Toy) < c(d'(y, Thx) + d'(z, Toy))

or all x,y € X, where ¢ € (0,3) is a constant. Then, Ty and T» have a common
2
fized point.

PROOF. A similar argument to that of the proof of Theorem 2.3 shows that there
exists a Cauchy sequence {zy},>1 in X such that

Top—1 € T1Top—2, Ton € ToTon_1,

d'(zon—2, T1Ton—2) = ||d(@2—2, Ton—1)|],
and
d'(zon—1,Towon—1) = ||d(X2n—1,z2n)|,

for all n > 1. Thus, there exists z* € X such that z,, — x*. Now by using Remark
2.1, we have

d/(l‘*, Tl.’L‘*) < dl(l‘*, TQIQn_l) + hT212n—1 (Tlf*)
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< d'(x*, TQ(Eanl) + dH(TZxanl, Tlx*)
< ld(z™, won) || 4 c(d (27, Towon 1) + d'(z2n—1, Thz™))

< [ld(@™, man) | + clld(z”, w2n) || + ed' (2", Thaz™) + clld(z”, 22n-1),

for all n > 1. Hence,

d/(CL' T )S 1 7C||d($ 7$2n)” + E”d(x ,.’L‘anl)”,

for all n > 1. Therefore, d'(x*, T12*) = 0. By Lemma 2.1, z* € Tyz*. Also, we have

d'(z*, Tox™) < d'(z*, Thxon) + hyay, (Toz™)

< d'(z*, Thwon) + du(Tiw2y, Tox™)
< |ld(a™, w2ng1) || + o(d (2", Traon) + d (w20, Tra"))

< lld(@”, won 1)l + clld(@”, won )| + ed' (27, Tox™) + clld(z”, z2n) ),

for all n > 1. Hence,

d'(z", Tra™) < Eﬂd(fﬁ s Tans1) | + Elld(w s Z2n),

for all n > 1. Therefore, d'(xz*, Tox*) = 0. By Lemma 2.1, z* € Tox*. Therefore, z*
is a common fixed point of 77 and 7. MW
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