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ABSTRACT

Given ¢1,g2 € C\ {0}, we construct a unital Banach algebra B, 4, that contains a
universal normalised solution to the (g1, ¢2)-deformed Heisenberg—Lie commutation
relations in the following specific sense: (i) By, 4, contains elements by, be and bs,
which satisfy the (g1, g2)-deformed Heisenberg-Lie commutation relations (that is,
b1b2 - qlbgbl = bg, Qlebg - bgbl =0 and b2b3 - QngbQ = 0) and ||b1H = ||b2H = ].,
(ii) whenever a unital Banach algebra A contains elements a;, as and as satisfying
the (g1, g2)-deformed Heisenberg—Lie commutation relations and |aq|], ||az| < 1,
there is a unique bounded unital algebra homomorphism ¢: By, 4, — A such that
@(bj) =a; for j =1,2,3.

For q1, g2 € R\{0}, we obtain a counterpart of the above result for Banach *-alge-
bras. In contrast, we show that if ¢1, g2 € (—00,0), q1,¢2 € (0,1), or ¢1,g2 € (1,00),
then a C*-algebra cannot contain a non-zero solution to the %-algebraic counterpart
of the (¢1, g2)-deformed Heisenberg-Lie commutation relations. However, for many
other pairs ¢1,¢q2 € R\ {0}, an explicit construction based on a weighted shift
operator on f5(Z) produces a non-zero solution to the x-algebraic counterpart of
the (g1, g2)-deformed Heisenberg—Lie commutation relations. We determine all such
pairs.

1. Introduction and main results

Let ¢; and g2 be non-zero complex numbers. We say that three elements b;, bs and b3
of a complex algebra satisfy the (q1,q2)-deformed  Heisenberg—Lie
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commutation relations if
ble - q1b2b1 = b3, Qlebg - b3b1 =0 and b2b3 — Qngbg =0. (11)

In the case where ¢ = g2 = 1, these relations reduce to the classical Heisenberg—
Lie commutation relations, while for ¢; = ¢ = —1, they are known as the coloured
Heisenberg-Lie commutation relations (see [23; 25]).

After presenting the paper [23] at the Second Oresund Symposium in Non-
commutative Analysis and Geometry, held in Copenhagen 2003, the second
author raised the problem of how to realise the (g1, ¢2)-deformed Heisenberg—Lie
commutation relations inside a Banach algebra. It is not hard to see that non-zero
solutions exist; for instance, we have the following example.

Ezample 1.1. The three complex (3 x 3)-matrices

by = by = and b3 =

o O O

0
0
1

o O O
O = O
o O O
o O O
= o O
o O O
oS O O

satisfy biby = bs and bjby = 0 for (j,k) # (1,2), and therefore (1.1) is trivially
satisfied in this case, no matter what ¢; and ¢o are.

Whether or not a given set of commutation relations can be realised inside
a normed algebra is an important question with deep connections to the struc-
ture theory of algebras and their representations. The seminal result in this area
is the Wintner-Wielandt theorem (see [27; 28], or [16; 18] for more modern ac-
counts) stating that no unital normed algebra A contains elements a and b satisfying
Heisenberg’s canonical commutation relation

ab —ba = 14, (1.2)

where 14 denotes the identity of A. The unital complex algebra with two gen-
erators a and b and defining commutation relation (1.2) is called the Heisenberg
algebra; it is also known as the Weyl algebra, especially in the algebra literature.
The Wintner-Wielandt theorem implies that this algebra cannot be normed.

The motivation behind this result comes from quantum physics. Indeed, it was
prompted by Heisenberg’s fundamental postulate that, up to a constant, the oper-
ators representing the quantum-mechanical momentum and position, respectively,
satisfy the commutation relation (1.2). The Wintner-Wielandt theorem implies that
these operators cannot both be bounded. Thus any mathematical formulation of
quantum mechanics in terms of operators acting on a Hilbert (or a Banach) space
must necessarily involve unbounded operators.

Heisenberg’s canonical commutation relation (1.2) is closely related to three-
dimensional Lie algebras and the commutation relations (1.1); indeed, it arises
from (1.1) by taking ¢1 = g2 = 1, by = a, bo = b and b3 = 14 (the identity of the
underlying algebra).

If instead we take ¢ = g2 = —1, then the algebra with generators by, by
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and b3 satisfying the relations (1.1) is known as the universal enveloping alge-
bra of the coloured Heisenberg—Lie algebra. This is one of the main examples of a
non-commutative, three-dimensional coloured Lie algebra; a detailed investigation
of this class of algebras can be found in [25]. Coloured Lie algebras generalise Lie
algebras and Lie superalgebras by allowing a grading by an arbitrary abelian group
and by twisting the skew-symmetry and Jacobi identity by a commutation factor.
They were originally introduced in theoretical physics in the 1970s, motivated by
problems in particle physics, field theory, models of gravity and string theory (see
[10; 17]), but they have subsequently taken on a life of their own in mathematics
(see for instance [1; 2; 3; 5; 11; 12; 13; 14; 15; 20; 21; 22; 23; 24; 25]

Operator representations of coloured Lie algebras and their g-deformations have
attracted a fair amount of interest over the years, as witnessed for instance by the
papers [5; 6; 8; 11; 19; 23; 24; 26]. In [5; 11;28], *-representations by bounded and
unbounded operators on a Hilbert space are described for the coloured analogues
of the Lie algebra sl(2;C) and of the Lie algebra of the group of plane motions,
two other important examples of non-commutative, three-dimensional coloured Lie
algebras. The latter case is generalised to ¢-deformations in [26].

A different approach is taken in [23], where operator representations of the
coloured Heisenberg—Lie commutation relations are constructed using power series
of representations of Heisenberg’s canonical commutation relation (1.2). By choos-
ing various specific pairs of operators a and b satisfying (1.2) and substituting them
into the power series for by and b3, classes of specific operator representations are
found. They are then shown to lead to non-trivial functional differential-difference
interpolation and combinatorial identities involving Euler, Bernoulli and Stirling
numbers. Most of the operators arising in these representations are unbounded;
this is perhaps not surprising in the light of the Wintner—Wielandt theorem.

For q; = go = —1, it is immediate from (1.1) that b2 commutes with b; and bs,
so that b3 is a central element of the unital algebra generated by by, by and bg. As-
suming that the centre is trivial (a condition that arises naturally for instance in the
context of irreducibility and Schur’s Lemma), we deduce that b2 is a scalar multiple
of the identity. As observed in [23], this cannot happen in a unital normed algebra
unless b3 = 0. Indeed, assume towards a contradiction that A is a unital normed
algebra containing elements by, by and bs that satisfy (1.1) with ¢ = ¢ = —1,
such that b3 = a 14 for some a € C\ {0}. The first relation in (1.1) implies that
b1bobs + babibs = bg = «al4. Since bibg = —bsb; by the second relation, we have
b1(babs) — (bab3)by = a1y, and so the elements a = by and b = a ! bybs satisfy
Heisenberg’s canonical commutation relation (1.2)and contradicting the Wintner—
Wielandt theorem. Note that Example 1.1 is in accordance with this observation,
since in this example we have b3 = 0, so that b3 does not satisfy the initial assump-
tion of being a non-zero scalar multiple of the identity.

As the results described above indicate, a better understanding of how one can
realise the (g1, g2)-deformed Heisenberg-Lie commutation relations inside a normed
algebra is needed. We resolve this problem in the present paper by constructing
a Banach algebra that contains a universal normalised solution to the (g1, ¢2)-
deformed Heisenberg—Lie commutation relations in the following specific sense.
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Theorem 1.2. For each pair q1,q2 € C\ {0}, there is a unital Banach algebra
By, g, containing elements by, b and bs satisfying the (q1, q2)-deformed Heisenberg—
Lie commutation relations and such that

(1) [[ba]l = [Ib2ll =1 and [[bs| =1+ |ql;

(ii) whenever A is a unital Banach algebra containing elements a1, az and ag,
which satisfy the (q1,q2)-deformed Heisenberg—Lie commutation relations,
and |la1|| <1 and ||laz]| < 1, there is a unique bounded unital algebra homo-
morphism p: Bg, 4, — A with p(b;) = a; for j =1,2,3; further, |j¢| = 1.

When interpreting (i), note that 1 + |¢1] is the largest possible value of the norm
of b37 given that Hb1H = ||b2|| =1 and b3 = b1b2 — qlbgbl.

We shall also consider the natural counterpart of the Heisenberg—Lie
commutation relations for x-algebras. Before making this precise, we recall some
standard definitions.

Definition 1.3. A map a — a* on a complex algebra A is an involution if it is
conjugate linear, antimultiplicative and has period two, that is,

(ea+b)* =a@a*+b*, (ab)" =b"a" and (a*)" =a (e C,a,be A).

A complex algebra with an involution is a *-algebra.

Now suppose that A is a Banach algebra with an involution. We say that A is
a Banach x-algebra if the involution is isometric, that is, if ||a*|| = ||a|| for each
a € A; and we say that A is a C*-algebra if ||a*al|| = ||a||* for each a € A.

For non-zero real parameters ¢; and g2 and elements ¢; and co of a *-algebra,
the relations

€16 — qicjer = co and gacico —ca¢1 =0 (1.3)

are the natural x-analogue of (1.1). The correspondence is given by b; = ¢1, by = ¢
and bs = co. (To be precise, (1.3) states that these three elements satisfy the first
two relations in (1.1), while taking adjoints in (1.3) and assuming that ¢; and go
are real shows that ¢ is self-adjoint and that the third relation in (1.1) holds). We
call (1.3) the *-algebraic (q1,q2)-deformed Heisenberg—Lie commutation relations,
and we obtain the following counterpart of Theorem 1.2.

Theorem 1.4. For each pair q1,q2 € R\ {0}, there is a unital Banach x-algebra
Cq,.q» containing elements ¢ and cp satisfying the x-algebraic (g1, q2)-deformed
Heisenberg—Lie commutation relations and such that
(i) flet = 1 and leall = 1+ o |
(ii) whenever A is a unital Banach x-algebra containing elements a1 and ag
satisfying the x-algebraic (q1,qz)-deformed Heisenberg—Lie commutation
relations and such that ||a1|| < 1, there is a unique bounded unital *-homo-
morphism ¢:Cq, 4, — A with ¢(c;) = a; for j =1,2; further, ||¢| = 1.

Theorems 1.2 and 1.4 are proved in Section 2. The following theorem, which
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summarises the results of Section 3, explains why Theorem 1.4 is concerned with
Banach #-algebras, not C*-algebras (which would be the conventional choice when
studying commutation relations, going back to the quantum-mechanical origins of
the subject).

Theorem 1.5. Let ¢y and co be elements of a C*-algebra.
(i) Suppose that one of the following five conditions holds:

q1,q2 € (—00,0);

q1 € (07 1) and q2 € (_<1 - Ch)/(l + (Z1)7O) U (07 1)?

q1 € (1,00) and g3 € (=00, —(q1 +1)/(q1 — 1)) U (1, 00);

q2 € (0,1) and ¢; € (—(1 —q2)/(1+ Q2),0);

g2 € (1,00) and q1 € (=00, —(g2 + 1) /(g2 — 1)).
Then the elements c¢1 and co satisfy the x-algebraic (q1,q2)-deformed
Heisenberg—Lie commutation relations if and only if ¢ = co = 0.

(ii) The elements c¢1 and co satisfy the «-algebraic (1,1)-deformed
Heisenberg—Lie commutation relations if and only if ¢1 is normal and co = 0.

This result raises the question of whether or not a pair of operators on a Hilbert
space can satisfy the x-algebraic (q1,¢2)-deformed Heisenberg—Lie commutation
relations in a ‘non-trivial’ way for parameters ¢1, g2 € R\ {0} other than those men-
tioned in Theorem 1.5. We address this question in Section 4, where we determine all
pairs qi1, g2 € R\ {0} and weights w € £, (Z) such that the corresponding weighted
right-shift operator R,, on ¢5(Z) together with the operator R, R —q1 R} R,, satisfy
the s-algebraic (¢, g2)-deformed Heisenberg—Lie commutation relations.

2. The proofs of Theorems 1.2 and 1.4

Our first aim is to construct a Banach algebra B, 4, with the properties listed
in Theorem 1.2. As it turns out, we shall define By, 4, as a quotient of a certain
semigroup Banach algebra, so we begin with some general facts about such algebras.

2.1. Semigroup Banach algebras Let S be a semigroup. The Banach space

as) = {rs |1 T <),

seS

equipped with pointwise defined vector-space operations and norm |- |1, is a
Banach algebra for the convolution product x defined as follows. For each s € S,
let §; be the point mass at s. Then each element f of ¢1(S) can be expressed
uniquely as an absolutely convergent sum f = > __¢ f(s)ds, and the convolution
product is determined by the formula §; * §; = ds; for each s,t € S. We call £1(S)
the semigroup Banach algebra of S. In the case where the semigroup S has a neutral
element e, the element . is an identity in the algebra ¢ (S).

2.2. The free semigroup on two generators Let S, be the free unital semigroup
on two generators s; and so. We write e for the neutral element of S;. There is a
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natural notion of length of an element of Sy, namely
len(e) =0 and len (sj,8j,--s5,)=n (n €N, ji,j2,- - Jn € {1,2}).
For each n € Ny (the set of non-negative integers), let W,, = {w € Sy | len (w) = n}
and define
Po: fr Y f(w)dw, €1(S2) — £1(S).

weW,

Then P, is an idempotent operator of norm 1. Since {W,,}2° , is a partition of S,
we have

I £l = Z |12 fl1 and f= Z P,.f (absolute convergence) (2.1)
n=0

n=0
for each f € ¢1(S2); further, for m,n € Ny,

P, ifm=n . . .
P,P, = { 0 otherwise and (im Pp) x (im P,) Cim Py, (2.2)

where im P,, denotes the image of the operator P,,. The identities (2.1)—(2.2) imply
that (P,)22, is a grading of ¢1(Sz).

Lemma 2.3. For each N € Ny, the set

> awaw> a, €C (w € Sy), f} < > |aw|> < oo}

weW,, n=N+1 ‘weWw,,

N 0o

[ er o= {g;ﬂ(

is a closed two-sided ideal in £1(Ss).

PROOF. Set Z = ﬂﬁ:o ker P,,,. This is a closed linear subspace of ¢1(S3) because
ker P,, is a closed linear subspace of ¢1(Sz) for each m € Ny. To see that 7 is a left
ideal in £1(S2), let f € ¢1(S2) and g € Z. Then we have

f*g:<zpmf>*< Z Png>:Z< Z me*Png>;
m=0 n=N+1 m=0 ‘n=N+1

(2.2) implies that P, fxP,g € im P, 4, C ker P, whenever m € Ngandn > N > k,
and so fx g € Z. A similar argument shows that 7 is a right ideal in ¢;(S2). ®

Lemma 2.4. Given two elements a1 and as in the unit ball of a unital Banach
algebra A, there is a unique bounded unital algebra homomorphism 6:¢1(Sz) — A
such that 0(6s;) = a;j for j =1,2. Further, ||0|| = 1.

PROOF. We begin by defining 6(d.) = 14 (the identity of A) and

9(6sj15j2"'5jn) = aj,aj, - aj, (n S N, jl,jg, . 7jn IS {1, 2})
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Since a; and as both have norm at most 1, this is also the case for 6(d,,) for each
w € Sy. Hence we can extend 6 to all of ¢1(S3) by linearity and continuity, and
this definition makes 6 multiplicative and contractive; in fact ||f|| = 1 because 6 is
unital.

To prove the uniqueness statement, let :¢1(Se) — A be any bounded unital
algebra homomorphism with ¢(d,;) = a; for j = 1,2. Then () = 14 = 0(d.) and

c'0(6511 5.72"'Sjn) = @(55].1 * 589'2 Kok (;Sjn) = 05, Agy -0 A, = 0(5‘%’1 sz"'sjn)
for each n € N and j1, jo, ..., jn € {1,2}, and so ¢ = 6 by linearity and continuity.
|

PROOF OF THEOREM 1.2. Consider the following five elements of £1(Ss):

f1 =104, f2 =05y, fa=fixfo—aq faxfi (2.3)
and

91 = q2 f1x f3 — fsx f1, g2 = fox fs — q2 f3* fo. (2.4)

Let J denote the closed two-sided ideal in ¢;(S2) generated by g; and g2, and define
By, .o = 1(S2)/J and b; = 7w(f;) for j = 1,2,3, where m:£1(S2) — Bg, ¢, is the
quotient homomorphism. It follows immediately from (2.3)—(2.4) and the definition
of J that the elements by, by and bs satisfy (1.1).

To show that their norms are as stated in Theorem 1.2(i), we recall that the
quotient norm on By, 4, is given by

Im(HlIl =if{[lf —gli[g€T}  (f €i(S2)).

In particular, we have ||b;|| < || f;]l1, so that ||b1]],[|b2]] < 1 and
||b3H < Hf3||1 = ”58182 -0 58281”1 =1+ |q1"

For the converse inequalities, we note that g;,gs € im P3 C ﬂi:o ker P,, by (2.2),
and so J C mi:o ker P, by Lemma 2.3. Since || Pi|| = || Pz|| = 1, it follows that

Ifi =gl Z1P(fi =gl =filli=1 (G=12)
and

1fs =gl = [|1P2(fs = 9)lln = Ifsll = 1+ |aa

for each g € J. This implies that ||b1]|, ||b2]] = 1 and ||b3]| = 1 + |¢1], as required.

Finally, to establish Theorem 1.2(ii), suppose that a1, as and a3 are elements
of a unital Banach algebra A satisfying ai1as — qrasa; = as, geaiaz — azay; = 0,
azas — qzazaz = 0 and |[a1]|, [Jaz|| < 1. By Lemma 2.4, there is a unique bounded
unital algebra homomorphism 6:¢;(S;) — A with 6(f;) = a; for j = 1,2 and
10]] = 1. We have

9(f3) = 9(f1)9(f2) - Q19(f2)9(f1) = aia2 — q1a2a1 = a3
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and thus
0(g91) = @20(f1)0(f3) — 0(f3)0(f1) = qearaz — azar = 0;

similarly, we see that 6(g2) = 0. Hence J C ker 6, so the first isomorphism theorem
implies that there is a unique bounded unital algebra homomorphism ¢: By, 4, — A
such that p om = 6, and ||| = ||@|| = 1. In particular, it follows that

p(b) = o(n(f;)) =0(f;) =a; (1 =12,3),

as required.

To prove the uniqueness statement, observe that if ¢: By, 4, — A is a bounded
unital algebra homomorphism with ¢(b;) = a; for j = 1,2, then ¢ o m: £1(S;) — A
is a bounded unital algebra homomorphism with Y om(f;) = 1(b;) = a; for j =1,2.
Hence 1 o m = 0 by the uniqueness of 0, and so 1) = ¢ by the uniqueness of p. H

Remark 2.5. In the case where ¢; = 1, the Wintner—Wielandt theorem implies that
the element b3 constructed in the proof above cannot be a non-zero scalar multiple
of the identity (because b3 = b1ba — baby). In fact this is true no matter what values
q1,q2 € C\ {0} take, since for each a € C we have

1bs — als| = [Ifs = adells = 1+ |qa| + |af > 1, (2.5)

where 1g = 7(d.) denotes the identity of By, 4,- Only the first equality in (2.5)
is not obvious; we prove it by a slight refinement of the argument used in the
calculation of the norm of by above. The fact that bs — alp = m(f3 — ad.) implies
that ||bs — algl|| < ||f3 — ad.||1. Conversely, since Py + P, is an operator of norm 1,
we have

13— ade — gllh = ||(Po + P2)(fs — ade — g)||, = 1 fs — adellr (g€ J),

and therefore ||bs — alg|| = || f3 — @dell1; this completes the proof of (2.5).

2.6. The involution on £1(Sg) As explained in [4, example 3.1.4(iv)], the definitions
e* =e, s] = 52, $5 = 51 and

(Sj15j2 e Sj71—1sjn)* = s;ns;n,l e 3;25;1 (n P 27 j17j27 s 7jn—1;jn € {17 2})
give an antimultiplicative mapping of period two on S,. This induces an isometric

involution on ¢1(S3) by the rule 67 = d,,+ for each w € Sg, and so £1(Sz) is a Banach
x-algebra.

With respect to this involution, the following #-analogue of Lemma 2.4 holds.

Lemma 2.7. Given an element a in the unit ball of a unital Banach x-algebra A,
there is a unique bounded wunital *-homomorphism 0:¢1(S2) — A such that
0(ds,) = a. Further, ||0]] = 1.
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Proor. Taking a; = a and as = a* in Lemma 2.4, we see that there is a unique
bounded unital algebra homomorphism 6: /1 (S2) — A with 6(,,) = a; for j = 1,2
and ||0]] = 1. A straightforward calculation shows that # is a *-homomorphism.

To prove the uniqueness statement, suppose that ¢: £1(Se) — A is any bounded
unital *-homomorphism with ¢(ds,) = @ (= a1). Then

90(652) = 4'0(6:1) = 90(581)* =a" = ay,

and so ¢ = 0 by the uniqueness of 0 (as stated in Lemma 2.4). ®

Lemma 2.8. Let q1,q2 € R\ {0}. Then the Banach algebra By, 4, constructed in
the proof of Theorem 1.2 has an isometric involution such that by = bs.

PRrROOF. The adjoints of the elements of ¢1(S3) defined in (2.3)—(2.4) are given by
fi = fo, f3& = f3, and g = —g2. Hence the closed two-sided ideal J generated
by g1 and g, is automatically a *-ideal, and so we can define an involution on By, 4,
by w(f)* = n(f*) for each f € ¢1(Sz). In particular, we have

by =m(f1)" =m(f7) = 7(f2) = b2

and the involution is isometric because

o () = llw(f) = inf{[Lf* =gl | g € T}
=mf{||f*—g"1[ge T} =mf{llf gl | g€ T} = n(f)ll

for each f € ¢1(Ss2), as required. W

PrROOF OF THEOREM 1.4. Theorem 1.2 and Lemma 2.8 imply that the elements
¢1 = by and ¢y = b3 of the unital Banach *-algebra Cy, 4, = By, ¢, satisfy (1.3) and
Theorem 1.4(i). The proof of Theorem 1.4(ii) is similar to that of Theorem 1.2(ii),
just with the reference to Lemma 2.4 replaced by a reference to Lemma 2.7. ®

3. The x-algebraic Heisenberg—Lie commutation relations in
C*-algebras

The main aim of this section is to show that, for many parameters ¢, g2 € R\ {0},
the x-algebraic (g1, g2)-deformed Heisenberg-Lie commutation relations can only be
realised ‘trivially’ in a C*-algebra (where the exact meaning of ‘trivially’ will depend
on the context). Several of our results apply to more general types of x-algebras.

We begin with the classical case, where ¢ = ¢ = 1.

For a complex algebra A, we define its conditional unitisation A to be A with
an identity adjoined if A is non-unital, and A* = A otherwise. We note that A*
is a Banach algebra whenever A is a Banach algebra and that an involution on A
extends uniquely to A*.

An element a of a Banach algebra A is quasi-nilpotent if its spectrum consists
of 0 only, that is, if a — aly is invertible in A* for each o € C\ {0} (where
14+ denotes the identity of .A%). The Kleinecke-Shirokov theorem (as stated in [7,
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problem 232] or [4, theorem 2.7.19]) implies that if by, b and bs are elements of
a Banach algebra satisfying the classical Heisenberg—Lie commutation relations,
then b3 is necessarily quasi-nilpotent. This has an important consequence in the
x-algebraic case as we shall show next, using the following standard concepts.

Definition 3.1. Let A be a *-algebra. A linear functional \: A — C is positive if
(a*a, Ay > 0 for each a € A. The *-radical of A is given by

*rad A = ﬂ{ker/\ | \: A* — C is positive}.
If x-rad A = {0}, then A is x-semisimple.

The *-radical is a *-ideal. For a Banach %-algebra A, its *-radical can be viewed
as the obstruction to representing A faithfully on a Hilbert space in the following
precise sense: A is x-semisimple if and only if there exist a Hilbert space H and an
injective *-homomorphism from A into B(H) (the C*-algebra of all bounded linear
operators on H); see [4, theorem 3.1.17] for details. In particular, every C*-algebra
is #-semisimple (e.g., see [4, corollary 3.2.13)).

The *-radical and quasi-nilpotent elements are related through the following
result, which is an immediate consequence of [4, corollary 3.1.6(ii)].

Lemma 3.2. Let a be an element of a Banach algebra A with an involution. If a*a
s quasi-nilpotent, then a € x-rad A.

Proposition 3.3. Let ¢; and co be elements of a Banach algebra A with an
involution. If c¢; and co satisfy the x-algebraic (1,1)-deformed Heisenberg—Lie
commutation relations, then cs € *-rad A.

PrOOF. By assumption, c;, ¢j and co satisfy the classical Heisenberg-Lie
commutation relations, so as already mentioned, the Kleinecke—Shirokov theorem
implies that ¢y is quasi-nilpotent; consequently c3 is also quasi-nilpotent. Now the
result follows from Lemma 3.2 because cy is self-adjoint, so that ¢3 = c5co. H

An element a of a *-algebra is normal if it commutes with its adjoint, that is,
if aa* = a*a. We can now describe all solutions to the *-algebraic (1, 1)-deformed
Heisenberg—Lie commutation relations in the x-semisimple case as follows.

Corollary 3.4. Let c; and co be elements of a x-semisimple Banach algebra A with
an involution. Then ¢1 and co satisfy the x-algebraic (1,1)-deformed Heisenberg—Lie
commutation relations if and only if ¢1 is normal and co = 0.

PROOF. ‘=’. Proposition 3.3 together with the *-semisimplicity of A imply that
co = 0. Since ¢a = c1¢f — qicier and g1 = 1, we conclude that ¢; is normal.
The converse is immediate. H
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Having thus settled the classical case, we proceed to consider other parameters,
starting with the following simple observation.

Lemma 3.5. Let q1,q2 € R\ {0}, and let ¢ be an element of a *-algebra. The
following five conditions are equivalent:

(a) qic*c® + qacc* = (1 + qiq2)cc*c

(b) ¢1 = ¢ and co = cc* — qic*c satisfy the x-algebraic (q1,q2)-deformed
Heisenberg—Lie commutation relations;

(¢) 1 = ¢ and ca = cc* — gy 'c¢*c satisfy the *-algebraic (g5 ", q; *)-deformed
Heisenberg—Lie commutation relations;

(d) ¢; = ¢* and ¢y = c¢*c — q7 tec* satisfy the x-algebraic (q7*, g5 *)-deformed
Heisenberg—Lie commutation relations;

(e) 1 = ¢* and co = c*c — gaec® satisfy the *-algebraic (g2, q1)-deformed
Heisenberg—Lie commutation relations.

PROOF. The elements ¢; = ¢ and ¢ = cc* — g1 ¢*c satisfy the first relation in (1.3)
by definition, while substituting them into the second relation and rearranging, we
see that the identities gacico — coc1 = 0 and qic*c? + goc?c* = (14 q1g2)cc*c are
equivalent. This proves that conditions (a) and (b) are equivalent.

The other implications can be verified in a similar fashion. H

Proposition 3.6. Let ¢y and co be elements of a =x-semisimple Banach
x-algebra A, and let ¢ and g2 be non-zero real mumbers satisfying one of the
following siz conditions:

(1) 0<gr<land0<gs <1
(ii) 1 > 1 and g2 > 1;

1—q
iii) 0 < g1 <1 and — < g2 < 0;
( ) q1 1+q q2
. 1—¢o
iv) 0 < q2 <1 and — < q1 <0
(iv) q2 1+ ¢ Q1
1
() @ > 1 and g < =25 (< 1),
1
(vi) @2 > 1 and g1 < ’% (< -1).

Then ¢1 and co satisfy the x-algebraic (qi,q2)-deformed Heisenberg—Lie
commutation relations if and only if c; = co = 0.

PrOOF. Only the implication ‘=’ requires proof. By assumption, we can take
a Hilbert space H and an injective x-homomorphism ¢:.4 — B(H). Since ¢;
satisfies the identity in Lemma 3.5(a), the same is true for ¢ = ¢(c1) € B(H).
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Right-multiplying this identity by ¢* and applying standard properties of the norm
on B(H), we obtain

(lqul + la2llell* = lqrc*Pe™ + g2c®(c*)?||
= (1 4+ qigz)ec*ec*|| = [1 + q1qa] ||| *. (3.1)

As ¢ is injective, it suffices to show that ¢ = 0. We establish this by considering
each of the six cases separately.

(i) In this case (3.1) states that (q; + q2)lc||* = (1 + q1q2)]|c||*, which can be
rewritten as 0 > (1—q1)(1—ga)||¢/[|*. Since 1—g; and 1— g are both positive
by assumption, we conclude that ¢ = 0, as required.

(ii) We reduce this to case (i) as follows. Lemma 3.5 implies that ¢* and
cc —qq Lee* satisfy the s-algebraic (g1 1,q2_ 1)—deformed Heisenberg—Lie
commutation relations. Since ¢; ', ¢ ' € (0, 1), case (i) implies that ¢* = 0,
and thus ¢ = 0.

(iii) We have

l—q  1+4f

1+ >1-— =
q192 Q11+q1 1+aq

>0,

so that (3.1) states that (q1 —q2)|lc/|* = (14+q1g2)||c/|*. Assuming that ¢ # 0,
we can cancel ||c||* and rearrange to obtain

021+qae+e-—a=1+1+a)e-—a>1—-1-q)—q =0,

which is clearly absurd. Hence we conclude that ¢ = 0.
Finally, cases (iv), (v) and (vi) follow from Lemma 3.5 in conjunction with (iii). M

To deal with the case where ¢; and gy are both negative, we require the following
notion.

Definition 3.7. Let A be a x-algebra. We say that A is proper if, given a € A
such that a*a = 0, we have a = 0; and we say that A is very proper if, given n € N
and a1, as,...,a, € A such that ZZ:1 ayar =0, we have a1 = ap = --- =a, =0.

Note that a x-semisimple x-algebra is very proper, and a very proper x-algebra
is proper.

Proposition 3.8. Let ¢; and ¢y be elements of a very proper x-algebra A, and let
¢1,q2 € (—00,0). Then c¢; and co satisfy the x-algebraic (q1,q2)-deformed
Heisenberg—Lie commutation relations if and only if c; = co = 0.

PrROOF. Only the implication ‘=’ requires proof. By assumption, ¢; satisfies the
identity in Lemma 3.5(a). Left-multiplying this identity by —qig; ¢} and
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rearranging, we obtain

2 % x 2 % ‘I1 «“w2 2 @1
gicici1€i1c1 — 116 € = p (c1)7ci — q*ClClClCl
2 2

On the other hand, if we take adjoints in the identity in Lemma 3.5(a), left-multiply
by —c1, and rearrange, then we get

* * *\ 2 _ 27 *\2 * *
aciac; —qe(c)) e = gei(d))” — qugearciacy.

Now expanding the product cicy and substituting the above identities into the
resulting expression, we conclude that

* _ * * 2 _ * * *\2 2 % * * 2 %
e = (1] — qucicr)” = aicieicy — quea(cl) e + giciaicier — qucieic

2
2/ x\2 « w22 Ao« o«
= q2¢1(c1)” — qugzercicicy +?(cl) €1 — ;010101017
2 2

and consequently we have

2

q *\2 2 q1 *
(c1)7ci + —cjacie

q2 QQ

= cyCa + (\/jlz(cx{)%*(\/—i%(ﬁ) ) + ( NG 0101 (\/q1Q2 0161)

() () (Vo) (Vi)

As A is very proper, this implies that

2=V (c})? =vVaecac = (a/V=—a@)d =Va/e@cia =0.

In particular we see that cjc; = 0, and thus also ¢c; =0. R

* 2 *\ 2 *
0 = chea — qoci(c])” + qrgeercicicy —

We note that since C*-algebras are *-semisimple and thus very proper,
Theorem 1.5 is a special case of Corollary 3.4 and Propositions 3.6 and 3.8.

Proposition 3.9. Let ¢ be an element of a x-semisimple Banach x-algebra A, and
let ¢ € R\ {0,£1}. Then the elements c; = ¢ and ca = cc* — qic*c satisfy the
x-algebraic (q1, fql_l)—deformed Heisenberg—Lie commutation relations if and only
if 2 = 0.

PROOF. By Lemma 3.5, we must show that gic*c? — ¢ “1e2er = 0 if and only if
¢ = 0. The implication ‘<’ is obvious. Conversely, suppose that q;c*c? — ¢ 'c?c* = 0.

Left- and right-multiplying by ¢;c* and rearranging, we obtain ¢?(c*)2c? = c*c?c*
and gic*c®c* = ¢2(c*)?. Substituting the first of these equations into the second,

we conclude that ¢i(c*)%c? = c2(c*)?. By x-semisimplicity, we can take a Hilbert

space H and an injective *-homomorphism ¢: .4 — B(H), and we then have
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It follows that Jg1[*[l¢(c)?12 = lp()?|%, and thus (1 — g1|)l|p()?]2 = 0. Now
lg1|* # 1 because q; # 41, and therefore 0 = (c)> = p(c?). Hence ¢ = 0 by
injectivity of . H

Remark 3.10. Proposition 3.9 does not extend to the class of all Banach x-algebras.
Indeed, for any ¢1, g2 € R\ {0}, consider the Banach *-algebra Cg, 4, constructed in
the proof of Theorem 1.4 and the elements c1,c2 € Cy, 4, satisfying the x-algebraic
(g1, q2)-deformed Heisenberg—Lie commutation relations. By definition, ¢; = 7(ds, ),
so that ¢ = m(d42); consequently, as in the proof of Theorem 1.2, we obtain

1=l > m(0:3)]l = inf{l|d2 — gl [ g € T}
> inf{[| P20z — 9)ll1 | g € T} =inf{|[dz]1 g€ T} =1,

showing that ||c?|| = 1. In particular, ¢? # 0, and Proposition 3.9 implies that
Cyy,—q- is nOt s-semisimple for any q1 € R\ {0,£1}.

Proposition 3.11. Let ¢ be a non-zero normal element of a proper x-algebra A,
and let ¢1,q2 € R\ {0}. Then the elements ¢c1 = ¢ and co = cc* — q1¢*c satisfy the
x-algebraic (q1,q2)-deformed Heisenberg—Lie commutation relations if and only if
¢1 =1 (in which case ca =0) or go = 1.

PROOF. Since ¢ is normal, the identity in Lemma 3.5(a) reduces to

(1+qig2 — q1 — q2)cc”c = 0.

Now cc*c # 0 because ¢ # 0 and A is proper, so Lemma 3.5 implies that ¢; and
co satisfy the s-algebraic (¢, g2)-deformed Heisenberg-Lie commutation relations
if and only if

0=1+q@p—-—qa-—g¢=1-q)l-qg),
that is, if and only if s =lorge=1. ®

In the light of Propositions 3.3, 3.6, 3.8, and 3.9, it is interesting to know what
x-algebraic properties the Banach x-algebras Cg 4, defined in the proof of
Theorem 1.4 possess.

Definition 3.12. A x-algebra A is hermitian if each self-adjoint element a of A
has real spectrum, that is, if @ — al4: is invertible in A* whenever a = a* and
aecC\R.

It is shown in [4, example 3.1.4(iv)] that ¢1(Sz) is not hermitian. We imitate the
proof of this result to obtain the same conclusion for Cy, 4,. For the convenience of
the reader we include full details.

Proposition 3.13. For each pair q1,q2 € R\ {0}, the Banach x-algebra Cq, 4,
defined in the proof of Theorem 1.4 is not hermitian.
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PROOF. Given &, € D (the closed unit ball in C), Lemma 2.4 implies that there
is a unique bounded unital algebra homomorphism 6¢,:¢1(Sz) — C such that
Oc n(ds,) = & and b¢ (ds,) = 1. More explicitly, we have

Ocn(f) =D Flw)gm Wyt (f € t4(Sy)),

WES2

where nq(w) and ng(w) denote the total number of times that s; and s,
respectively, occur in w € Sq. In particular it follows that

Ocn(gr) = (@2 — @2 — 14+ @) & and  be(92) = (1 — @1 — @2 + q142) €077,

where g1 and g are defined as in (2.4). Taking n = 0, we see that g1, g2 € ker 6 o,
and so J C ker0¢ . Hence the first isomorphism theorem implies that there is
a unique bounded unital algebra homomorphism ¢:Cq, 4, — C such that 6o =
e om. With ¢; = m(ds,) (as in the proof of Theorem 1.4), we have

Pe(cr) = Pe(m(0s,)%) = the(m(05,)) = Oe.0(ds,) =0 and  ¢e(cr) = Og,0(0s,) =&,

so that ¢ is not a *-homomorphism when { # 0. However, each multiplicative
linear functional on a hermitian x-algebra is automatically a *-homomorphism by [4,
proposition 1.10.22(i)], and consequently Cy, 4, cannot be hermitian. W

Remark 3.14. It is not hard to display explicitly a self-adjoint element of Cg 4,
whose spectrum is not real. Indeed, set h = d5, + ds, € ¢1(S2). Then h is self-
adjoint, and therefore mw(h) € Cy, 4, is self-adjoint. By elementary spectral theory
(e.g., see [4, proposition 1.5.28]), we have

o(w(h)) U{0} 3 Ye(m(h)) = beo(h) =€ (£€D),
so that D C o(w(h)) U {0}.

4. Weighted shift operators satisfying the x-algebraic Heisenberg—Lie
commutation relations

In this section we investigate for which pairs ¢1,¢2 € R\ {0} there is a bounded
weight sequence w such that the corresponding weighted right-shift operator R,
on l5(Z) together with the operator R, R —q1 R} R, satisty the s-algebraic (g1, ¢2)-
deformed Heisenberg—Lie commutation relations.

We begin by making precise what we mean by a ‘weighted right-shift operator’.

Construction 4.1. Let (en)nez denote the standard orthonormal basis for the
Hilbert space f2(Z). For each w = (wp)nez € floo(Z), the weighted right-shift
operator

R,: Z O Cn Z apwnent1, o(Z) — L(Z),
nez nez

is bounded and linear, with norm | R, || = ||w]|oo; its adjoint is the weighted left-shift
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operator given by

R:): Z Qp€p Z anwnflenfla gQ(Z) - ‘eQ(Z)’

ne”Z neZ

as is easily verified.

Lemma 4.2. For each pair q1,q2 € R\ {0} and each weight w = (wn)nez € loo(Z),
the following three conditions are equivalent:

(a) for each n € Z, either w, =0 or q1|wni1]? + @2lwn—11* = (1 + q1¢2)|wn|?;
(b) (1 RLR2 + ¢oR2RY = (1 + q1g2) Ru R Ry;

(c) the operators ¢y = R, and ca = R, RS — q1R* R, satisfy the x-algebraic
(q1, q2)-deformed Heisenberg—Lie commutation relations.

PRrROOF. The equivalence of (b) and (c) is immediate from Lemma 3.5(a)—(b).
To prove that (a) and (b) are equivalent, we observe that, for each n € Z,

(RER2 + oR2RY)en = (q1|wns1|® + @2lwn—1]*)wnent1,

WY hlle
R R R en = ‘w ‘ wnpe +
W (s w~n n ntn+1-

Hence (b) is satisfied if and only if
(Q1‘Wn+1‘2 + Q2|Wn—1|2)wn =1+ Q1Q2)|Wn|2wn (n € Z),
which is clearly equivalent to (a). W

Remark 4.3. Another three equivalent conditions can easily be added to Lemma 4.2
using the counterparts of Lemma 3.5(c)—(e).

Guided by the condition in Lemma 4.2(a), we seek to characterise the sequences
(pr)nez = (|wn]?)nez that satisfy

pn=20 or @1Pn+1 + ©2pn—1 = (1 + q1q2) pn (neZ). (4.1)

We begin with the case where gq1g2 = —1. This case is simpler and requires special
treatment because the right-hand side of the second equation in (4.1) vanishes, thus
allowing us to reduce (4.1) to the simplified form (4.2) below.

Lemma 4.4. Let g1 € R\ {0}. A complex sequence (py)nez satisfies

pn=0  or  gipp1=po1  (nEZL) (4.2)

if and only if one of the following two conditions is satisfied:



LAUSTSEN AND SILVESTROV —Heisenberg—Lie commutation relations 179

(i) for each n € Z, p, # 0 implies that p,—1 = ppy1 = 0; or

(ii) for eachn € Z, pan = q7 >"po and pans1 = q; " p1.

PROOF. It is easy to check that any sequence (py)nez satisfying either (i) or (ii)
will also satisfy (4.2).

Conversely, suppose that (p,)nez satisfies (4.2), but fails (i). Then there is an
integer N such that py # 0 and pyy1 # 0. Two applications of (4.2) show that
pN_1 = qipn+1 and pnio = ¢ 2pn. In particular py 1 # 0 and px o # 0, s0 we
may apply (4.2) again to obtain py_o = ¢ipy and pyy3 = qupNH. Continuing
by induction, we conclude that pyio, = qf2”pN and pyiont1 = qu”pNH for
each n € Z; clearly this implies (ii). M

Corollary 4.5. Let g1 € R\{0}, and let w = (wn)nez € Loo(Z). Then the operators
c1 = R, and ¢ = R,R, — 1 R:R,, on l2(Z) satisfy the x-algebraic (q1,—q;")-
deformed Heisenberg—Lie commutation relations if and only if one of the following
two conditions is satisfied:

(i) for each n € Z, w,, # 0 implies that w,—1 = wpy1 = 0; or

(ii) ¢1 = £1 and for each n € Z, |wan| = |wo| and |want1| = |wi]-

PROOF. By Lemmas 4.2 and 4.4, the operators ¢; and cy satisfy the x-algebraic
(q1, —qy ')-deformed Heisenberg-Lie commutation relations if and only if
the sequence (p,)nez = (|wn|?)nez satisfies one of the following two conditions:
(i) for each n € Z, |w,|* # 0 implies that |w,—1]*> = |wp41]? = 0; or
(ii') for each n € Z, |wan|? = q; 2" |wo|? and |wan 1| = ¢ 2" |w1]?.
Clearly conditions (i) and (i’) are equivalent, and (ii) implies (ii’).
Conversely, suppose that (ii’) is satisfied. If wy = 0, then ws,, = 0 for each n € Z,
so that (i) is satisfied. Otherwise we have ¢; > = |wa,|?/|wo|? for each n € Z. As w

is bounded, this implies that the sequence (q; *"),cz is bounded, and consequently
¢1 = £1. Hence (ii) is satisfied. W

Remark 4.6. Corollary 4.5(1) implies that R2 = 0, in accordance with
Proposition 3.9.

Having thus settled the case where g1¢g2 = —1, we proceed to prove a counterpart
of Lemma 4.4 for q1q> # —1. This requires the following concept.

Definition 4.7. For n € Z and ¢ € R\ {0}, the nth q-number is given by

n ifg=1,
{n}e = q" —1
qg—1

otherwise.
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We note that, for each ¢ € R\ {0}, the g-numbers satisfy the recurrence relation
{0}, =0  and {n+1}, =1+ q¢{n}, (ne€Z),
and {n}, = Z?;OI ¢’ for n € N.

Lemma 4.8. Let q1,92 € R\ {0} with q1q2 # —1. A complex sequence (pn)nez
satisfies (4.1) if and only if one of the following five conditions is satisfied:

() pn=0 (nez);
(ii) there is an integer M such that p, = 0 if and only if n > M, and

PrM—n =G5 " {n+ 1} g gpMm (n € N); (4.3)

(iii) there is an integer N such that p, = 0 if and only if n < N, and

pPN+n =q; {n+1}g oy (R EN); (4.4)

(iv) there are integers M < N such that p, =0 if and only if M <n < N, and
PM—n and pN1p are given by (4.3) and (4.4), respectively, for each n € N;

(V) pn=a1"(po + (q1p1 = po){n}q,q,) # 0 for each n € Z.

PrOOF. It is straightforward to check that a sequence which satisfies one of the
conditions (i)—(v) will also satisfy (4.1).

Conversely, suppose that the sequence (p,,)nez satisfies (4.1). If p,, = 0 for each
n € Z, then (i) is satisfied. On the other hand, if p, # 0 for each n € Z, then an
inductive argument based on the second equation in (4.1) shows that (v) is satisfied.
Thus it remains to deal with the case where p,, = 0 for some, but not all, n € Z.
There are three possible scenarios to consider.

First, if there is an integer M such that p, = 0 for each n > M, then by
choosing M minimal (that is, such that pps # 0), an inductive argument based
on (4.1) shows that pas—, is non-zero and given by (4.3) for each n € N, and
therefore (ii) is satisfied.

Second, if there is an integer N such that p, = 0 for each n < N, then an
argument similar to the one just outlined establishes that we are in case (iii).

Third, if none of the above applies, then there are integers M < N such that
om #0, p, =0for M <n < N, and py # 0. Repeating the inductive arguments
used to establish cases (ii) and (iii) above, we see that for each n € N, ppr—,, and
PN-+n are non-zero and given by (4.3) and (4.4), respectively, and so (iv) is satisfied.
|

Lemma 4.9. Let r,s € R\ {0} with rs # £1, and let u,v € R. Then the sequence
(ur™ + vs™™)nen is bounded if and only if (u=0 or|r| < 1) and (v =20 or|s| > 1).
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PrOOF. The implication ‘<=’ is easy because if u = 0 or |r| < 1, then the sequence
(ur™)nen is bounded, and if v = 0 or |s| > 1, then the sequence (vs™")pen is
bounded.
We prove the converse by contraposition. Suppose that « # 0 and |r| > 1, or
that v # 0 and |s| < 1, and consider the following four cases:
(i) If u = 0, then v # 0 and |s| < 1, and so |ur™ +vs™"| = |v||s|™" — o0
n — 0.
(ii) Similarly, if v = 0, then we have u # 0 and |r| > 1, so that |ur™ + vs™"| =
|u| |r|™ — o0 as n — 0.
(iii) If |rs| > 1, then also |r| > 1 (because either |r| > 1 or |s| < 1, and in the
latter case we have |r| = |rs|/|s| > 1); by (i), we may suppose that u # 0,
and it then follows that

Q

S

lur™ + vs™"| = |ul r]™* = |v||s| 7" = |r[" (Ju| = v] |rs| ") — oo as n — oo.

(iv) Finally, if |rs| < 1, then necessarily |s| < 1, and so, assuming in addition
that v # 0 (as we may by (ii)), we obtain
|n

lur™ +vs™" = |v||s]™" — |ul|r]" = |s|_”(|v| — |ul |7“s|") — 00 as N — 0.

Thus in each case the sequence (ur™ 4+ vs™"),en is unbounded, as required. M

Lemma 4.10. Let r,s € R\ {0} with rs # —1, and define t,, = s "{n + 1},; € R
for each n € N. Then:

(i) tn > 0 for each n € N if and only if r > —s~1;

(i) (tn)nen is bounded if and only if |r| < 1, |s| = 1, and (r,s) # £(1,1).

PROOF. (i). The implication ‘=’ follows from the fact that ¢; = s=! +r by defini-
tion, so that ¢; is positive if and only if » > —s~1.

Conversely, suppose that r > —s~!, and let n € N. First we consider the case
where s > 0. Then rs > —1, and we split in two further cases: if rs > 0, then
both factors s™" and {n + 1}, of ¢, are positive, so that t,, is positive. Otherwise
0 >rs> —1, and we have

(rs)ntt —1

fy =t
s?(rs—1)

(4.5)
by definition. Both the numerator and the denominator of this fraction are negative,
and therefore t,, is positive.

Second, in the case where s < 0, we have rs < —1, so that ¢, is given by (4.5).
Now the numerator is positive for n odd and negative for n even, and the same is
true for the denominator; consequently t, is always positive.

(ii). If rs = 1, then ¢, = r™(n + 1), which is uniformly bounded in n € N if and
only if |r| < 1. Since s = 71, this is equivalent to saying that |r| < 1, |s| > 1, and

(r,8) # £(1,1).
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Otherwise rs # 1, and t,, is given by (4.5), which can be rewritten as

rs 1
t, = " -n e N),
" rs—lr rs—ls (n )

showing that Lemma 4.9 applies with u = rs/(rs — 1) and v = —1/(rs — 1).
Since v and v are both non-zero, it follows that (t,)nen is bounded if and only if
|r| <1 and |s| > 1; the condition (r,s) # £(1, 1) is automatically satisfied because
rs#1. 1

Theorem 4.11. Let ¢1,92 € R\ {0} with g1g2 # —1, and let w = (wWn)nez be
a complex sequence. Then w is bounded and the operators ¢; = R, and co =
RLR: — 1 RER,, on l2(Z) satisfy the x-algebraic (q1,q2)-deformed Heisenberg—Lie
commutation relations if and only if one of the following four conditions is satisfied:

(i) we,=0 (ne€z);

(ii) g1 and qa satisfy one of the following two conditions:
e ¢ €(—1,0) and ¢z € [1,—qf1), or
® g1 S (07 1]7 q2 S (—OO, _Q1_1) U [1,00) and (C]17QQ) # (17 1)a

and there is an integer M such that wyr # 0 and
lwrr—n| =/ @2 "{n + 1}41q, W] and Wh4n =0 (n € N);

(iii) ¢ € (=00, —1)U[1,00) and g2 € (—q; *, 1] with (q1,q2) # (1,1), and there
is an integer N such that wy # 0 and

wn-n =0 and  |wnin| =@ {0+ g lon] (n€N);
(iv) either ¢y =1 or gz =1 (or both), and |wy| = |wo| #0 (n € Z).

PROOF. Lemma 4.10, together with the conditions imposed on ¢; and g in (ii)
and (iii), respectively, ensures that the arguments of the square roots in (ii) and (iii)
are always positive and uniformly bounded in n € N; thus w € /(. (Z)
whenever one of the conditions (i)—(iv) is satisfied, and we may therefore
suppose that w € £, (Z). Lemmas 4.2 and 4.8 then imply that the operators ¢; = R,,
and co = R, RS — q1 R R,, satisfy the x-algebraic (q1, ¢2)-deformed Heisenberg—Lie
commutation relations if and only if the sequence (p,)nez = (|wn|?)nez satisfies
one of the following five conditions:

(i) lwal?=0 (neZ)
(ii’) there is an integer M such that |w,|? = 0 if and only if n > M, and

war—nl® =g "{n+ g plon*  (n€N); (4.6)
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(iii’) there is an integer N such that |w,|? = 0 if and only if n < N, and

wnnl® =" {n+ Bgglon* (0 €N); (4.7)

iv') there are integers M < N such that |w,|? = 0 if and only if M < n < N,
g
and |wps—n|? and |wyyn|? are given by (4.6) and (4.7), respectively, for each
n €N;

(V) |wn|? = ql_"(|u.10|2 + (q1|w1]? — |w0|2){n}q1q2) # 0 for each n € Z.

It remains to prove that one of the conditions (i)—(iv) is satisfied if and only if one
of the conditions (i')—(v’) is satisfied.

Clearly (i) and (i’) are equivalent.

We claim that (ii) and (ii’) are equivalent. The implication (ii)=-(ii’) is obvious.
Conversely, suppose that (ii’) is satisfied. Then g5 "{n + 1}4,4» = |wrr—n|* lwar| 72
for each n € N; as the expression on the right-hand side is positive and uniformly
bounded in n, the same is true for the left-hand side. Hence Lemma 4.10 implies
that ¢1 > —q2_1, lg1] <1, |g2| = 1, and (q1, g2) # £(1,1). We now split in two cases:

o If g < —1, then ¢; > —qgl implies that g1g2 < —1, so that ¢ > 0 and
¢2 < —q; '; combining this with the fact that |¢| < 1, we conclude that
q1 € (0,1] and ¢ € (—o0, —q7 ).

e Otherwise ¢ > 1, and ¢q; > —qgl implies that q1g2 > —1. If ¢1 < 0, this
means that go < —¢; ', so that ¢ € (—1,0) and ¢z € [1, —¢; ). (Note that
we cannot have g1 = —1 because this would imply that ¢1g2 = —g2 < —1.)
Otherwise ¢; > 0, in which case q1g2 > —1 is trivially satisfied, so that we
have ¢; € (0,1] and g2 € [1,0).

Hence ¢; and go satisfy the conditions stated in (ii), and the formula for w is
immediate from (4.6).

A similar argument shows that (iii) and (iii’) are equivalent.

Next, we prove that (iv) and (v') are equivalent. A straightforward calcula-
tion shows that (iv) implies (v’). Conversely, suppose that (v') is satisfied. If
qi|lw1]? — Jwo|* = 0, then (v') reduces to |w,|?> = ¢ "|wo|? # O for each n € Z,
so that wg # 0 and ¢; ™ = |wy,|?|wo| =2 for each n € Z. Since the right-hand side
of this identity is positive and uniformly bounded in n, the same is true for the
left-hand side, and therefore g; = 1. Hence (iv) is satisfied in this case.

Otherwise we have q|w1|? — |wo|? # 0. If g1g2 = 1, then by choosing n € Z of
suitably large absolute value and of suitable sign and parity, we can arrange that

0> ¢; " (Jwol?> + (q1]w1|* = [wo|*)n).
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This, however, contradicts that the expression on the right-hand side is equal
to |wn|? > 0 by (v/). Hence we must have gi1g2 # 1, and (v') can be rewritten as
follows:

qig2 — 1

(q192)" — 1)

jwal? = q1”(|wo|2 T (@lr? - wol?)

_ (J1|w1|2 - |wo|2 ny q1 ((I2\w0\2 - |w1|2) “n
q1q2 — 1 ? q1q2 — 1 !

— g} +v" (neZ), (4.8)
where we have introduced

_ Q1|W1|2 - |Wo|2

o = A 0P

_ q1 ((]2|wo|2 - |w1|2) .

)

and
qig2 — 1 ¢1q2 — 1

note that u # 0 by assumption. Boundedness of w implies that both of the sequences
(ugh +vq; " )nen and (ugy " +vq} )nen are bounded, and therefore |g2| = 1 and either
v =0 or |q1] = 1 by Lemma 4.9. However, as ¢g1¢q2 # £1, we cannot have |¢;| = 1,
so v = 0, and consequently ga|wo|? = |w1]?. It follows that ga = |w1|*|wo| ™2 > 0, so
that ¢o = 1 and |wp| = |w1|. Substituting this into (4.8), we obtain |w,|? = u = |wol?
for each n € Z, so that (iv) is satisfied. Hence (iv) and (v') are equivalent.

Finally, we claim that no bounded sequence w satisfies (iv’). Indeed, by Lemma
4.10(ii), boundedness of the sequences (|was—n|?)nen and (Jwnin|?)nen given by
(4.6) and (4.7), respectively, implies that |¢1] = |g2| = 1 and (q1,¢2) # £(1,1), so
that (q1,¢2) = £(1,—1), contradicting our assumption that q1q2 # —1. ®

Remark 4.12.

(i) The conditions imposed on ¢; and ¢o in Theorem 4.11(ii)—(iv) ensure that
there is no contradiction with Theorem 1.5(i) in the sense that if ¢; and go
satisfy one of the conditions (ii)—(iv) in Theorem 4.11, then they fail all five
conditions in Theorem 1.5(i).

(ii) The operator R, is normal if and only if |w,| = |wy| for each n € Z. Thus
the conditions on ¢; and gz in Corollary 4.5(ii) and Theorem 4.11(iv) are in
accordance with Proposition 3.11 and Theorem 1.5(ii).

Remark 4.13. Methods similar to those applied in this section can be used to
construct (one-sided) weighted shift operators satisfying the (g1, ¢2)-deformed
Heisenberg—Lie commutation relations on Banach spaces other than Hilbert space.
Indeed, suppose that E is a Banach space having a normalised unconditional basis
(en)2% 1, which is equivalent to (e,)%2,. (Details of the unexplained terminology
can be found in any standard text on Banach space theory, such as [9].) Then there
are weighted right- and left-shift operators on F, and in analogy with the results
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above, one can characterise the weight sequences whose associated shift operators
satisfy the (q1, ¢2)-deformed Heisenberg—Lie commutation relations.
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